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1 Derivation of the equations

1.1 Conservation of mass

Following a Lagrangian description, conservation of mass is expressed as

D

Dt

∫

Ω(t)
ρ dΩ = 0,

where Ω(t) represents a material volume (see earlier lecture notes).
By using Reynolds transport theorem, we can also express this using an Eulerian de-

scription as ∫

Ω0

(
∂ρ

∂t
+∇ · (ρu)

)
dΩ = 0, (1)

where Ω0 represents a fixed control volume, e.g., Ω0 = Ω(t0). In the following, we will
simply write Ω instead of Ω0. In (1), u is the velocity associated with the material particles
in a fixed reference frame.

For an incompressible fluid (ρ= constant), conservation of mass reduces to

∇ · u = 0 in Ω. (2)

Note that this is not an evolution equation, but rather a constraint on the velocity field.
Using indicial notation, the incompressibility constraint can be also written as

d∑

j=1

∂uj
∂xj

= 0 in Ω ∈ Rd, d = 1, 2, 3,

or simply

∂uj
∂xj

= 0

assuming summation over repeated indicies (Einstein’s summing convention).

x1

x2

x3

Figure 1: Using indicial notation, ui is the velocity component corresponding to co-ordinate
direction xi, i = 1, 2, 3.
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1.2 Conservation of linear momentum

A Lagrangian description yields (Newton’s second law):

D

Dt

∫

Ω(t)
ρudΩ =

∫

Ω(t)
f dΩ

︸ ︷︷ ︸
volume forces

+

∫

∂Ω(t)
σ · n dS

︸ ︷︷ ︸
surface forces

.

Here, σ denotes the stress tensor (see earlier lecture notes).
For a Newtonian fluid, the individual components of the stress tensor σ is given as

σij = µ

(
∂ui
∂xj

+
∂uj
∂xi

)
− pδij , 1 ≤ i, j ≤ d. (3)

On a surface element, dS, with an outward normal vector, n,

d∑

j=1

σijnj = (fS)i

gives the i’th component of the force acting on this surface element per unit area.

n

dS f
S

Figure 2: A surface element with area equal to dS and an outward normal vector n.

An alternative vector notation is:

f
S

= σ · n,

however, it is often convenient to use the indicial notation, especially in the context of
using the full stress formulation.

Using Reynolds transport theorem and indicial notation, we arrive at the resulting set
of differential equations (the momentum equations or the Navier-Stokes equations following
an Eulerian description):

ρ
∂ui
∂t

+ ρuj
∂ui
∂xj

= fi +
∂σij
∂xj

in Ω ∈ Rd, i = 1, . . . , d. (4)

In the following, we focus on steady flows, i.e., ∂
∂t = 0 in (4). In addition, we focus

on creeping flows (Re� 1) for which the (nonlinear) convection term is not important in
the full Navier-Stokes equations. In this special case, the governing equations (2) and (4)
reduce to the steady Stokes equations (assume d = 3):
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−∂σij
∂xj

= fi in Ω, force equilibrium, i = 1, 2, 3,

∂uj
∂xj

= 0 in Ω, incompressibility (conservation of mass).

In addition, we will assume prescribed velocity on the boundary of the domain Ω:

ui = (ub)i on ∂Ω, i = 1, 2, 3.

The above equations and boundary conditions constitute a steady Stokes problem.
Inserting the expression for σij from (3), we can express this Stokes problem as:

 

{
− ∂

∂xj

[
µ

(
∂ui
∂xj

+
∂uj
∂xi

)]
+
∂p

∂xi
= fi in Ω, i = 1, 2, 3,

∂uj
∂xj

= 0 in Ω,

ui = (ub)i on ∂Ω, i = 1, 2, 3.

In many applications, we can assume that the viscosity, µ, is constant. In this special
case, we can use the incompressibility condition to arrive at the simplified system:

 

{
−µ ∂2ui

∂xj∂xj
+
∂p

∂xi
= fi in Ω, i = 1, 2, 3,

∂uj
∂xj

= 0 in Ω,

ui = (ub)i on ∂Ω, i = 1, 2, 3.

Alternatively, the steady Stokes problem can be expressed as the velocity formulation:

 

{
−µ∇2u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = ub on ∂Ω.

Remark: The steady Stokes problem constitutes a linear problem.
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1.3 Example (including an analytic solution)

(0, H)

(0, 0) (L, 0)

g

u = 0

u = 0

Figure 3: Flow in a two-dimensional channel. The channel height is H and a length L of
the channel is modelled. No-slip conditions (u = 0) are imposed on the lower and upper
channel walls, and periodic boundary conditions are imposed in the x-direction. The flow
is driven by a constant pressure gradient in the x-direction.

For simple problems, it is possible to solve the steady Stokes problem analytically. As
an example, consider creeping flow in a two-dimensional channel Ω = (0, L) × (0, H); see
Figure 3.

We denote the unknown velocity components along the x- and y-direction as ux and
uy, respectively, i.e.,

u =

(
ux
uy

)
.

We assume that the flow is driven by a given constant pressure gradient, α, in the x-
direction, i.e.,

∂p

∂x
= α (with α < 0).

The no-slip boundary conditions can be expressed as

u(x, 0) = 0, 0 ≤ x ≤ L,
u(x,H) = 0, 0 ≤ x ≤ L,

while the periodic boundary conditions can be expressed as

u(L, y) = u(0, y), 0 ≤ y ≤ H.
∂u

∂x
(L, y) =

∂u

∂x
(0, y), 0 ≤ y ≤ H.

Finally, we assume that gravity is pointing in the negative y-direction.
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The steady Stokes problem is then given as:

 

{
−µ
(
∂2ux
∂x2

+
∂2ux
∂y2

)
+ α = 0 in Ω,

−µ
(
∂2uy
∂x2

+
∂2uy
∂y2

)
+
∂p

∂y
= ρg in Ω,

∂ux
∂x

+
∂uy
∂y

= 0 in Ω,

+ boundary conditions.

With a constant pressure gradient in the x-direction and a steady flow solution, we
expect unidirectional flow, i.e., uy = 0. We remark that such a solution will also be
compatible with the prescribed periodic boundary conditions.

Together with the incompressibility constraint, this gives

∂ux
∂x

= 0 ⇒ ux = ux(y).

The momentum equation in the y-direction reduces to

∂p

∂y
= ρg ⇒ p(x, y) = p̃(x) + ρgy,

where p̃(x) must be of the form

p̃(x) = αx+ p0,

where α is the given, constant pressure gradient in the x-direction and p0 is a constant.
Hence, the pressure can be expressed as

p(x, y) = αx+ p0 + ρgy. (5)

With uy = 0, the momentum equation in the x-direction reduces to

−µ∂
2ux
∂y2

+ α = 0 in Ω.

Integrating twice and using the homogeneous boundary conditions finally gives

ux = ux(y) =
α

2µ
y(y −H), (parabolic velocity profile) (6)

uy = 0. (7)

Note from (5) that the pressure is only determined up to a constant p0. Also note from
(6) that a negative α (the pressure gradient) gives a flow in the positive x-direction.
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1.4 Uniqueness and weak formulation of the Stokes problem

Consider the velocity formulation of the steady Stokes problem:

−µ∇2u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = ub on ∂Ω.

u =



ux
uy
uz


 or u =



u1

u2

u3


 is the fluid velocity,

p is the pressure.

∂Ω

Ω

1.4.1 A solvability condition

We have shown that conservation of mass reduces to ∇ · u = 0. However, this implies that

∫

Ω
∇ · udΩ =

∫

∂Ω
u · n dS =

∫

∂Ω
(ub · n) dS = 0,

which gives a condition on the prescribed velocity boundary conditions. This solvability
condition simply states that, for an incompressible fluid, the net amount flow into the
domain must equal the net amount flow out of the domain. This is obviously satisfied when
ub = 0, i.e., prescribed no-slip conditions (sometimes also referred to as “wall” boundary
conditions), and for prescribed periodic boundary conditions.

1.4.2 Uniqueness

As usual, consider two solutions, (u1, p1) and (u2, p2), of the steady Stokes problem

 

{ −µ∇2u+∇p = f, in Ω,

∇ · u = 0, in Ω,

u = ub, on ∂Ω.

Then, due to linearity, w = u1 − u2 and q = p1 − p2 represent a solution to

 

{ −µ∇2w +∇q = 0, in Ω,

∇ · w = 0, in Ω,

w = 0, on ∂Ω.
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We now multiply each momentum equation with wi, i = 1, 2, 3, and integrate over Ω
(i.e., no summation of repeated indicies here):

∫

Ω
−(µ∇2wi)wi dΩ +

∫

Ω

(
∂q

∂xi

)
wi dΩ = 0, i = 1, 2, 3.

We integrate by parts and use the homogeneous boundary conditions (wi = 0 on ∂Ω):

µ

∫

Ω
∇wi · ∇wi dΩ−

∫

Ω
q · ∂wi

∂xi
dΩ = 0, i = 1, 2, 3.

Finally, we add the momentum equations together to arrive at

3∑

i=1

µ

∫

Ω
|∇wi|2 dΩ−

∫

Ω
q∇ · w︸ ︷︷ ︸

=0 in Ω

dΩ = 0

⇒
3∑

i=1

µ

∫

Ω
|∇wi|2 dΩ = 0 in Ω,

⇒ ∇wi = 0 in Ω, i = 1, 2, 3,

⇒ wi = 0, in Ω (wi = 0 on ∂Ω), i = 1, 2, 3,

or u1 = u2 in Ω,

i.e., uniqueness of the velocity.
With w = 0, it follows that ∇q = 0, which again means that q is a constant in Ω.

Hence, the pressure is only determined up to a constant: if p1 is a solution, so is

p2 = p1 + p0,

where p0 is called the hydrostatic mode. At this point we make a couple of remarks. First,
we note that ∇p2 = ∇p1 (only the gradient of the pressure appears in the momentum
equations). Second, for other types of boundary conditions than the velocity conditions
considered here, the pressure may be uniquely determined.

We have here discussed the uniqueness of the solution to the steady Stokes problem.
For example, the analytic solution derived for two-dimensional channel flow is an example
of such a solution. However, it is interesting to note that this analytic solution (i.e., a
unidirectional parabolic velocity profile) is also a solution of the nonlinear Navier-Stokes
equations at any Reynolds number. However, for high Reynolds numbers (convection-
dominated flows), this solution will only be a mathematical solution. The flow at sufficiently
high Reynolds numbers (for Re > Recrit ∼ O(103)) will be unsteady and turbulent, and the
parabolic solution will not be physically realizable. Even if the initial condition were equal
to the unidirectional parabolic velocity profile derived for the steady Stokes problem, and
even if such a solution satisfies the Navier-Stokes equations, small perturbations would be
amplified, and the flow would turn into an unsteady and turbulent state.
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1.4.3 Weak formulation

We consider the steady Stokes problem in Ω ⊂ Rd, d = 2, 3. In particular, we consider the
velocity formulation with homogeneous velocity boundary conditions,

 

{ −µ ∂2ui
∂xj∂xj

+
∂p

∂xi
= fi in Ω, i = 1, . . . , d,

∂uj
∂xj

= 0 in Ω,

ui = 0 on ∂Ω, i = 1, . . . , d.

Let

X = {v ∈ (H1(Ω))d | v|∂Ω = 0} = (H1
0 (Ω))d,

Y = {q ∈ L2(Ω) |
∫

Ω
q dΩ = 0} = L2

0(Ω).

Then
∫

Ω
−µ ∂2ui

∂xj∂xj
vi dΩ +

∫

Ω

∂p

∂xi
vi dΩ =

∫

Ω
fivi dΩ ∀v ∈ X,

∫

Ω
q
∂uj
∂xj

dΩ = 0 ∀q ∈ Y.

Integration by parts and using the homogeneous boundary conditions give

∫

Ω
µ
∂ui
∂xj

∂vi
∂xj

dΩ−
∫

Ω
p
∂vi
∂xi

dΩ =

∫

Ω
fivi dΩ ∀v ∈ X,

∫

Ω
q
∂uj
∂xj

dΩ = 0 ∀q ∈ Y.

Define the bilinear forms:

a(w, v) =

∫

Ω
µ
∂wi

∂xj

∂vi
∂xj

dΩ =

d∑

i=1

d∑

j=1

∫

Ω
µ
∂wi

∂xj

∂vi
∂xj

dΩ,

b(v, q) = −
∫

Ω
q
∂vi
∂xi

dΩ =

d∑

i=1

−
∫

Ω
q
∂vi
∂xi

dΩ,

where

a : X ×X → R (symmetric and positive definite),

b : X × Y → R.
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Define the linear form l : X → R as:

l(v) =

∫

Ω
fivi dΩ =

d∑

i=1

∫

Ω
fivi dΩ.

The weak formulation of the steady Stokes problem can then be expressed as:
Find u ∈ X and p ∈ Y such that

 

{
a(u, v) + b(v, p) = l(v) ∀v ∈ X,
b(u, q) = 0 ∀q ∈ Y.

Note:

u ∈ X = (H1
0 (Ω))d : u is continuous,

p ∈ Y = L2
0(Ω) : p may be discontinuous.

We obtain a unique pressure solution by requiring that
∫

Ω p dΩ = 0 (p ∈ Y ).

Using vector notation only, we can alternatively write the steady Stokes problem as:

Strong form

 

{
−µ∇2u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on Ω.

Weak form

 

{
Find u ∈ X and p ∈ Y such that:

a(u, v) + b(v, p) = l(v) ∀v ∈ X,
b(u, q) = 0 ∀q ∈ Y.

where

a(w, v) = µ

∫

Ω
∇w · ∇v dΩ = µ

d∑

i=1

∫

Ω
∇wi · ∇vi dΩ,

b(v, q) = −
∫

Ω
q∇ · v dΩ.
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1.5 Discretization

Before we continue the discussion of the continuous problem, let us assume that we dis-
cretize the steady Stokes problem using a spectral Galerkin (or a finite element) discretiza-
tion. In either case, the point of departure will be the weak formulation. Assuming a
conforming approach, we look for finite-dimensional approximations to u and p, which we
denote as uN and pN . The discrete problem will then generally be of the form:

Find uN ∈ XN ⊂ X and pN ∈ YN ⊂ Y such that

a(uN , v) + b(v, pN ) = l(v) ∀v ∈ XN ,

b(uN , q) = 0 ∀q ∈ YN .

Choosing a (nodal) basis for uN and pN , we can proceed with deriving a set of algebraic
equations of the form:

Au−DT p = F ,

−Du = 0,

where

A : represents the discrete viscous operator,

DT : represents the discrete gradient operator,

D : represents the discrete divergence operator,

u : represents the unknown basis coefficients for the velocity,

p : represents the unknown basis coefficients for the pressure,

F : represents the given right hand side.

The system of algebraic equations can also be expressed as

[
A −DT

−D 0

]

︸ ︷︷ ︸
Discrete steady Stokes
operator (symmetric)

[
u
p

]
=

[
F
0

]
.

The discrete Stokes operator is symmetric, however, it is not positive definite. Hence,
solving the discrete Stokes problem does not correspond to solving a minimization problem
as it did for the Poisson problem. In fact, the discrete Stokes problem corresponds to
solving a saddle-point problem. In the following, we will discuss the solution of symmetric
saddle problems a bit further before returning to the Stokes problem.
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