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1 Symmetric saddle problems

Consider the symmetric saddle problem [4]
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¢ oflyl lg)’
e.g., the algebraic system associated with the discrete steady Stokes problem.

In terms of the matrix, A, the following properties hold:
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z#0, z'Az>0 (positive definiteness).

In terms of the matrix CT, we know the following:

ct e rxm (rectangular).

Assume further that m < n. Then

rank(CT) = rank(C) < m.

If rank(CT) = m, CT has m linearly independent columns, and

2 Uniqueness
Assume two solutions (z,y,) and (25,y,) to our symmetric saddle problem (1).

Then,

z, +C"y, =,

x =9,

Q[

and

Azy+Cly, = f,



Subtracting the two systems gives

=0, (2)

A(z) —z9) +C (y, —y,) =0
Clzy — z5) =0 (3)

Multiplying (2) from the left by (z; — z5)”:

(2 — 29) Ay — z) + (21 —29)"CT(y, —y,) =0

:(Ql 7yz)TQ(zl ) ) =0
—_—

=0 from (3).

= (2 - 22)TA(£1 —z5) =0,
= 2;—25=0 because A is SPD,

= T =Ty i.e., uniqueness in z.

Inserting z; = z, in (2) gives us the conditions

Cy, —y,) =0 (4)

A central question now is whether the conditions (4) imply Yy, — Y, =0, and hence,
that we also have uniqueness in y; we will now discuss this issue further.

If rank (CT) < m, C7 has a nontrivial nullspace, i.e., ker(CT) # (. In this case,
Jy* € R™,  y* #0, such that

cTy* =o0.

It follows that we can add any such y* € ker(C7) to Yy, and

Yo=Y, +y

will also be a solution. Hence, z is unique, but not y.

Let us now examine an alternative condition that will ensure uniqueness also for y. Let
us first recall the reason for x to be unique, namely positive definiteness of A,
2T A

>0 Ve eR" x#0. (5)
This is, of course, related to the fact that

1R

e"Ax > az’z  VzeR", z#0,



where o = A\pin(A), the minimum eigenvalue of A. We can also write this condition as

TA
inf £ ;x =a>0
zeR® T X
We note that the Rayleigh quotient
T
' Az Ve eR"?
= L2 > ) = )
ng _)\mm>0 Q#Q,

is a “coercivity” condition on A, where the coercivity constant, «, is given as

o = )\min (A)

We will now give a condition on C7 which will ensure uniqueness of y. This condition
is often referred to as the inf-sup condition, and offers a necessary and sufficient condition
to ensure uniqueness of y. This condition was derived by Babuska [1] and Brezzi [2] in the
seventies.

3 The inf-sup condition

Let w € R", g € R™, with w = QTQ. The condition to ensure uniqueness of y is

w=0 iff ¢=0.

For this to be true, w must be non-zero when ¢ # 0, i.e.,

wl'w = |lw|> >0  for agiven g € R™, |lq|| = (¢79)"/* =1.

Here, we have normalized the “input” vector ¢ to have a length equal to one.
An equivalent way to express this last condition on w is to require that [3]

q € R™,
sup  (vTw) >0 for a given vector: (¢T9)'/? =1,

(vTw)/2=1

Obviously, the supremum of the innerproduct, v”w, is obtained for a (normalized) v which
is proportional to w and pointing in the same direction as w.
We can rewrite the last condition as

sup QTQTQ =((¢q) >0 VgeR™
vern (¢T)V2(vT0)1/2 7= =

For some choice of ¢, $(g) will obtain its minimum. In order to ensure uniqueness of y,

this minimum must be strictly positive, i.e.,




vI'CTq

inf sup

GER™ ycRrn (g g)1/2(UT’U)1/2 = Bmin > 0. (6)

This last condition is called the inf-sup condition, or the LBB-condition (Ladzenskaya-
Babuska-Brezzi), and S, is usually referred to as the inf-sup parameter.

The inf-sup condition is both a necessary and sufficient condition for uniqueness of
y. Note that, for our saddle problem, both the coercivity condition (5) and the inf-sup
condition (6) must be satisfied for uniqueness of our saddle solution, (z, Y)-

Remark 1: Let us look at what happens with the inf-sup condition in the special case
when m = n, and CT = A € R, with A = A”.

TA TAT A
6= inf (sup 2 24 > = inf 1 £ 2

aeR™ \ yern (g7 q) 12 (0Tw)1/2 geRm (ng)l/Q(gTATAg)lﬂ

AN AN
= inf ( ) = ( 1nf T >
qerm\  ¢Tq qcR™ ql'q

= \/ Amin(42) = \/ A (A) = Amin(4) = a,

ie.,
8= a.
Remark 2: It is most common to normalize the vector v in the inf-sup condition with

respect to the matrix A which appears in the symmetric saddle problem. The inf-sup
condition then reads

q
inf su =
q€R™ vERBL (¢" Q)l/Q(Q Av)

172 = /Brnin > 0. (7)

The convention used here does not change the condition for uniqueness. The only
change will be that the precise (numerical) value of the inf-sup parameter Spni, changes.
In the following, this version of the inf-sup condition will be used. Furthermore, we will
refer to Bmin simply as 5.



4 The steady Stokes problem

Let us now return to our continuous steady Stokes problem (weak form) in R%:
Find u € X and p € Y such that

a(u,v) +b(v,p) = (f,v), VvelX,
b(u, q) =0, Vgev,

where

X = (Hy (),
Y = L§(9),

a(w,v):/VW-Vde, Yw,v € X,
Q

Vv e X,
b(V,q):—/gqu-de, vgey.

We assume that £ € (L%(Q))%.
The framework and concepts provided by the finite-dimensional case extend directly to
the infinite dimensional case.

1) For the steady Stokes problem, the coercivity condition reads:
Vwe X, a(w,w) > oz||w||%H1(Q))d
with a € R, «a > 0.

2) The inf-sup condition reads:

inf sup b(v,q)

=5 >0.
€Y vex llallz2) VI @)

The coercivity condition and the inf-sup condition will ensure a unique solution to the
steady Stokes problem.



4.1 The discrete steady Stokes problem

Discretization of the steady Stokes problem using a spectral Galerkin approach yields the
problem: Find uy € Xy C X and py € Yy C Y such that

aN(uN,V) + bN(V,pN) = (f,V)N, Vv e XN,
bN(uN7q) =Y, quYN7

where X and Yy are appropriate finite-dimensional (polynomial) subspaces of X and Y.
As usual, ay(-,-), by(+,-), and (+,-)n, denote evaluation of the integrals using numerical
(Gauss-type) quadrature.

1) The coercivity condition reads:

an(w,w) > aNHWH?Hl(Q))d > 0 Vw e Xy. (8)

2) The inf-sup condition reads:

. bN(V, Q)
inf sup
a€¥n vexy lallz2@) vl @)

= By > 0. (9)

We now make a couple of remarks. First, we note that ay > « since Xy C X. Second,
we note that Sy may depend on the polynomial degree, N, even though Sy > 0. Ideally,
one would like to construct discretization schemes where Sy is independent of N. For
many low-order finite elements, B, is independent of the mesh size, h. Such elements are
called stable finite elements.

4.2 System of algebraic equations

We will soon define X and Yy, and define bases for these spaces. Similar to the Poisson
problem, we will use nodal bases. For now, we just assume that

n = dim(Xy),

The resulting system of algebraic equations can be expressed as:
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A e R™"™: the discrete viscous operator,
T e R™™ . the discrete gradient operator,

D e R™"™: the discrete divergence operator,

[Z € R™™ . the nodal (unknown) basis coefficients for u, and py.

F € R": the discrete right hand side in the momentum equations.

Note that I = B f where B is the diagonal mass matrix and f is a vector representing the

given right hand side f at the chosen nodes.
Using the Uzawa decoupling procedure explained earlier, we can also write (10) as

o x| [ lox

p DAIF} ) (11)

0 —(DA'DT)

Using (11), we first solve for the pressure from

(DA'D")p=-DA'F,

and then solve for the velocity from

In the following, let us define the (Uzawa) pressure operator, U, as

Q — QéilgT c Rmxm,

In the inf-sup condition (9), the norms, [l¢||z2(q) and |v|g1(qy)e, can be approximated
(very well) by the corresponding discrete norms (these are equivalent norms),

Vae Y, llalze = (607 = (@03 = (" Bg)"?

and

WWe Xy, V@ = (v, V)Y2 = (v, vv)? = (T A0)"2

Here, B is the mass matrix associated with the chosen pressure basis. Furthermore,

by(v,q) = —v'D'q Vv e Xy, VgeYy.



or

We can then write

. by (v, q) . v"D"q
By = inf sup ~ inf sup = = .
0Vv vexy lallz@lvla@)s — aeR™ verr (¢7B g)1/2(vT Av)l/2
Here, we first notice that
v"Dq 0" A2 DTg
SUp —+——- = SUp ————————,
26115 (QTAQ)I/ 2 @@5 @T@l/ 2
where we have introduced
T = A",
= v=A"73
Next, define w = 4_1/2QTQ. Since
ETA—I/QQTQ B ETM
@2 @2
supremum is obtained when v = w. Hence,
T T T —1/2 4—1/2 1T
v'D'q ¢ DA /A2 D q
sup _ — (QTQQ)UZ

setn (WTAQ)2 ~ (DA A PDTe — 4

Having found an expression for the supremum, we can thus write (12) as

Trr 1/2 L
By = inf LLD T e

= min \— Q)’
qER™ (QTEQ)1/2

~—1
Amin(B- U) ~ 5%.

That is, the minimum eigenvalue of the Uzawa pressure operator with respect to the
pressure mass matrix is equal to the square of the inf-sup parameter associated with the
discrete Stokes problem.

It can also be shown that

Amax(B_lg) =cC (a COIlSta.Ilt).



~-1
The condition number of B U can therefore be expressed as

~—1
K/(B_lg) _ )\max (%_1Q) C
Amin(B~ U) P

Hence, if we solve the pressure system

(DA™'D")p=-DA'F, (13)

using (nested) conjugate gradient iteration, the number of (outer) iterations required for
convergence will scale as

Niter ~ O(M(é‘lU))”) ~ OBy

Note that the (outer) conjugate gradient iteration needs to be preconditioned with

1
B in order for this estimate to be correct. If Sy is independent of the discretization
parameter N (in the high order context, the polynomial degree; in the low order finite
element context, the mesh size), Niter will be independent of N.
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