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1 Symmetric saddle problems

Consider the symmetric saddle problem [4][
A CT

C 0

] [
x
y

]
=

[
f

g

]
, (1)

e.g., the algebraic system associated with the discrete steady Stokes problem.
In terms of the matrix, A, the following properties hold:

A ∈ Rn×n,

A = AT (symmetry),

∀x ∈ Rn, x 6= 0, xTAx > 0 (positive definiteness).

In terms of the matrix CT , we know the following:

CT ∈ Rn×m (rectangular).

Assume further that m ≤ n. Then

rank(CT ) = rank(C) ≤ m.

If rank(CT ) = m, CT has m linearly independent columns, and

CT q = 0 ⇒ q = 0 (q ∈ Rm).

2 Uniqueness

Assume two solutions (x1, y1
) and (x2, y2

) to our symmetric saddle problem (1).
Then,

Ax1 + CT y
1

= f,

C x1 = g,

and

Ax2 + CT y
2

= f,

C x2 = g.
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Subtracting the two systems gives

A(x1 − x2) + CT (y
1
− y

2
) = 0, (2)

C(x1 − x2) = 0. (3)

Multiplying (2) from the left by (x1 − x2)T :

(x1 − x2)TA(x1 − x2) + (x1 − x2)TCT (y
1
− y

2
)︸ ︷︷ ︸

=(y
1
−y

2
)TC(x1 − x2)︸ ︷︷ ︸

=0 from (3).

=0

= 0

⇒ (x1 − x2)TA(x1 − x2) = 0,

⇒ x1 − x2 = 0 because A is SPD,

⇒ x1 = x2 i.e., uniqueness in x.

Inserting x1 = x2 in (2) gives us the conditions

CT (y
1
− y

2
) = 0. (4)

A central question now is whether the conditions (4) imply y
1
− y

2
= 0, and hence,

that we also have uniqueness in y; we will now discuss this issue further.

If rank (CT ) < m, CT has a nontrivial nullspace, i.e., ker(CT ) 6= ∅. In this case,
∃ y∗ ∈ Rm, y∗ 6= 0, such that

CT y∗ = 0.

It follows that we can add any such y∗ ∈ ker(CT ) to y
1
, and

y
2

= y
1

+ y∗

will also be a solution. Hence, x is unique, but not y.
Let us now examine an alternative condition that will ensure uniqueness also for y. Let

us first recall the reason for x to be unique, namely positive definiteness of A,

xTAx > 0 ∀x ∈ Rn, x 6= 0. (5)

This is, of course, related to the fact that

xTAx ≥ αxTx ∀x ∈ Rn, x 6= 0,
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where α = λmin(A), the minimum eigenvalue of A. We can also write this condition as

inf
x∈Rn

xTAx

xTx
= α > 0.

We note that the Rayleigh quotient

xTAx

xTx
≥ λmin > 0

∀x ∈ Rn,
x 6= 0,

is a “coercivity” condition on A, where the coercivity constant, α, is given as

α = λmin(A).

We will now give a condition on CT which will ensure uniqueness of y. This condition
is often referred to as the inf-sup condition, and offers a necessary and sufficient condition
to ensure uniqueness of y. This condition was derived by Babuska [1] and Brezzi [2] in the
seventies.

3 The inf-sup condition

Let w ∈ Rn, q ∈ Rm, with w = CT q. The condition to ensure uniqueness of y is

w = 0 iff q = 0.

For this to be true, w must be non-zero when q 6= 0, i.e.,

wTw = ‖w‖2 > 0 for a given q ∈ Rm, ‖q‖ = (qT q)1/2 = 1.

Here, we have normalized the “input” vector q to have a length equal to one.
An equivalent way to express this last condition on w is to require that [3]

sup
v∈Rn

(vT v)1/2=1

(vTw) > 0 for a given vector:

q ∈ Rm,

(qT q)1/2 = 1,

with w = CT q.

Obviously, the supremum of the innerproduct, vTw, is obtained for a (normalized) v which
is proportional to w and pointing in the same direction as w.

We can rewrite the last condition as

sup
v∈Rn

vTCT q

(qT q)1/2(vT v)1/2
= β(q) > 0 ∀ q ∈ Rm.

For some choice of q, β(q) will obtain its minimum. In order to ensure uniqueness of y,
this minimum must be strictly positive, i.e.,
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inf
q∈Rm

sup
v∈Rn

vTCT q

(qT q)1/2(vT v)1/2
= βmin > 0. (6)

This last condition is called the inf-sup condition, or the LBB-condition (Ladzenskaya-
Babuska-Brezzi), and βmin is usually referred to as the inf-sup parameter.

The inf-sup condition is both a necessary and sufficient condition for uniqueness of
y. Note that, for our saddle problem, both the coercivity condition (5) and the inf-sup
condition (6) must be satisfied for uniqueness of our saddle solution, (x, y).

Remark 1: Let us look at what happens with the inf-sup condition in the special case
when m = n, and CT = A ∈ Rn×n, with A = AT .

β = inf
q∈Rm

(
sup
v∈Rn

vTAq

(qT q)1/2(vT v)1/2

)
= inf

q∈Rm

qTATAq

(qT q)1/2(qTATAq)1/2

= inf
q∈Rm

(
qTA2q

qT q

)1/2

=

(
inf

q∈Rm

qTA2q

qT q

)1/2

=

√
λmin(A2) =

√
λ2

min(A) = λmin(A) = α,

i.e.,

β = α.

Remark 2: It is most common to normalize the vector v in the inf-sup condition with
respect to the matrix A which appears in the symmetric saddle problem. The inf-sup
condition then reads

inf
q∈Rm

sup
v∈Rn

vTCT q

(qT q)1/2(vTAv)1/2
= βmin > 0. (7)

The convention used here does not change the condition for uniqueness. The only
change will be that the precise (numerical) value of the inf-sup parameter βmin changes.
In the following, this version of the inf-sup condition will be used. Furthermore, we will
refer to βmin simply as β.
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4 The steady Stokes problem

Let us now return to our continuous steady Stokes problem (weak form) in Rd:
Find u ∈ X and p ∈ Y such that

a(u,v) + b(v, p) = (f ,v), ∀v ∈ X,
b(u, q) = 0, ∀ q ∈ Y,

where

X = (H1
0 (Ω))d,

Y = L2
0(Ω),

a(w,v) =

∫
Ω
∇w · ∇v dΩ, ∀w,v ∈ X,

b(v, q) = −
∫

Ω
q∇ · v dΩ,

∀v ∈ X,
∀ q ∈ Y.

We assume that f ∈ (L2(Ω))d.
The framework and concepts provided by the finite-dimensional case extend directly to

the infinite dimensional case.

1) For the steady Stokes problem, the coercivity condition reads:

∀w ∈ X, a(w,w) ≥ α‖w‖2(H1(Ω))d

with α ∈ R, α > 0.

2) The inf-sup condition reads:

inf
q∈Y

sup
v∈X

b(v, q)

‖q‖L2(Ω) |v|(H1(Ω))d
= β > 0.

The coercivity condition and the inf-sup condition will ensure a unique solution to the
steady Stokes problem.
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4.1 The discrete steady Stokes problem

Discretization of the steady Stokes problem using a spectral Galerkin approach yields the
problem: Find uN ∈ XN ⊂ X and pN ∈ YN ⊂ Y such that

aN (uN ,v) + bN (v, pN ) = (f ,v)N , ∀v ∈ XN ,

bN (uN , q) = 0, ∀ q ∈ YN ,

where XN and YN are appropriate finite-dimensional (polynomial) subspaces of X and Y .
As usual, aN (·, ·), bN (·, ·), and (·, ·)N , denote evaluation of the integrals using numerical
(Gauss-type) quadrature.

1) The coercivity condition reads:

aN (w,w) ≥ αN‖w‖2(H1(Ω))d > 0 ∀w ∈ XN . (8)

2) The inf-sup condition reads:

inf
q∈YN

sup
v∈XN

bN (v, q)

‖q‖L2(Ω)|v|(H1(Ω))d
= βN > 0. (9)

We now make a couple of remarks. First, we note that αN ≥ α since XN ⊂ X. Second,
we note that βN may depend on the polynomial degree, N , even though βN > 0. Ideally,
one would like to construct discretization schemes where βN is independent of N . For
many low-order finite elements, βmin is independent of the mesh size, h. Such elements are
called stable finite elements.

4.2 System of algebraic equations

We will soon define XN and YN , and define bases for these spaces. Similar to the Poisson
problem, we will use nodal bases. For now, we just assume that

n = dim(XN ),

m = dim(YN ).

The resulting system of algebraic equations can be expressed as:[
A −DT

−D 0

] [
u
p

]
=

[
F
0

]
, (10)
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where

A ∈ Rn×n : the discrete viscous operator,

DT ∈ Rn×m : the discrete gradient operator,

D ∈ Rm×n : the discrete divergence operator,[
u
p

]
∈ Rn+m : the nodal (unknown) basis coefficients for uN and pN .

F ∈ Rn : the discrete right hand side in the momentum equations.

Note that F = B f where B is the diagonal mass matrix and f is a vector representing the
given right hand side f at the chosen nodes.

Using the Uzawa decoupling procedure explained earlier, we can also write (10) as[
A −DT

0 −(DA−1DT )

] [
u
p

]
=

[
F

DA−1F

]
. (11)

Using (11), we first solve for the pressure from

(DA−1DT )p = −DA−1F ,

and then solve for the velocity from

Au = F +DT p.

In the following, let us define the (Uzawa) pressure operator, U , as

U = DA−1DT ∈ Rm×m.

In the inf-sup condition (9), the norms, ‖q‖L2(Ω) and |v|(H1(Ω))d , can be approximated
(very well) by the corresponding discrete norms (these are equivalent norms),

∀q ∈ YN , ‖q‖L2(Ω) = (q, q)1/2 ' (q, q)
1/2
N = (qT B̃ q)1/2,

and

∀v ∈ XN , |v|(H1(Ω))d = (∇v,∇v)1/2 ' (∇v,∇v)
1/2
N = (vTAv)1/2.

Here, B̃ is the mass matrix associated with the chosen pressure basis. Furthermore,

bN (v, q) = −vTDT q ∀v ∈ XN , ∀q ∈ YN .
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We can then write

βN = inf
q∈YN

sup
v∈XN

bN (v, q)

‖q‖L2(Ω)|v|(H1(Ω))d
' inf

q∈Rm
sup
v∈Rn

vTDT q

(qT B̃ q)1/2(vTAv)1/2
. (12)

Here, we first notice that

sup
v∈Rn

vTDT q

(vTAv)1/2
= sup

ṽ∈Rn

ṽTA−1/2DT q

(ṽT ṽ)1/2
,

where we have introduced

ṽ = A1/2v,

⇒ v = A−1/2ṽ.

Next, define w = A−1/2DT q. Since

ṽTA−1/2DT q

(ṽT ṽ)1/2
=

ṽTw

(ṽT v)1/2
,

supremum is obtained when ṽ = w. Hence,

sup
v∈Rn

vTDT q

(vTAv)1/2
=

qTDA−1/2A−1/2DT q

(qTDA−1/2A−1/2DT q)1/2
= (qTU q)1/2.

Having found an expression for the supremum, we can thus write (12) as

βN ' inf
q∈Rm

(qTU q)1/2

(qT B̃ q)1/2
= λ

1/2
min(B̃

−1
U),

or
λmin(B̃

−1
U) ' β2

N .

That is, the minimum eigenvalue of the Uzawa pressure operator with respect to the
pressure mass matrix is equal to the square of the inf-sup parameter associated with the
discrete Stokes problem.

It can also be shown that

λmax(B̃
−1
U) = c (a constant).
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The condition number of B̃
−1
U can therefore be expressed as

κ
(
B̃
−1
U
)

=
λmax

(
B̃
−1
U
)

λmin

(
B̃
−1
U
) =

c

β2
N

.

Hence, if we solve the pressure system

(DA−1DT )︸ ︷︷ ︸
=U

p = −DA−1F , (13)

using (nested) conjugate gradient iteration, the number of (outer) iterations required for
convergence will scale as

Niter ∼ O
(

(κ
(
B̃
−1
U)
)1/2

)
∼ O

(
β−1
N

)
.

Note that the (outer) conjugate gradient iteration needs to be preconditioned with

B̃
−1

in order for this estimate to be correct. If βN is independent of the discretization
parameter N (in the high order context, the polynomial degree; in the low order finite
element context, the mesh size), Niter will be independent of N .
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