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1 Introduction

In this set of lecture notes, we will discuss the numerical solution of the Poisson
problem in more than one space dimension. The discretization we consider will be
a spectral method based on high order polynomials; the discussion here will be a
direct extension of the what we have done earlier for the one-dimensional case.

We will primarily focus on the extension to two space dimensions since the
discussion will be a bit easier. However, the tools and the new ideas that we will
introduce will be equally applicable to the three-dimensional case.

We will restrict our discussion to two- or three-dimensional domains which
are simple rectangles (two-dimensional case) or simple brick-like domains (three-
dimensional case). The emphasis will be on the pure spectral case.

Two extensions to these cases will be considered later: (i) the extension to
deformed domains, i.e., deformed rectangles or deformed hexahedra; and (ii) the
extension to the multi-domain case, i.e., decomposing the global domain into sev-
eral smaller domains, and approximating the solution and the given data as high
order polynomials within each such individual subdomain. This latter extension
is also denoted as the spectral element method.

2 The Poisson model problem

We consider the Poisson problem in a rectangular domain 2 = (0, L,) x (0, L,).
The strong statement of our Poisson model problem reads: For a given f € L*(Q),
find the solution uw which satisfies

~Viu=f in Q (1)
u=0 on OS). (2)

The associated weak form of this Poisson problem reads: Find u € X = H}(Q)
such that

a(u,v) = (fiv)  VveX, (3)
where
ou 0 ou 0
a(u,v) :/Q (a—z 8_:: + a—Z a—Z) dz dy, (4)
h V?ZVv 3
(f,v):/Q fvdzdy. (5)

We have assumed homogeneous Dirichlet boundary conditions for our model prob-
lem, and a right hand side f(z,y) which is square integrable.
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Figure 1: The affine mapping F is a one-to-one mapping between Q and Q.

3 The reference domain

It will prove useful to introduce a (two-dimensional) reference domain Q= (—1,1)%,
and consider our physical domain {2 obtained as an affine mapping F of this ref-
erence domain. We will denote a point in the physical domain as (z,y), while the
corresponding point in the reference domain is denoted as (£, 7). Hence,

(@, y) = F(&n); (6)

see also Figure 1. We call this mapping affine since the physical domain is obtained
from the reference domain through a simple translation and stretching. Our map-
ping is nothing else than a simple change-of-variables which is explicitly given as:

x(&)z%(&ﬂ), Z—zz%, (7)
y(n)z%(nﬂ), %Z%. (8)

4 Transformation to reference variables

The solution we are searching for is denoted as u(x,y). Since x is a function of &
and y is a function of 1, we can also express the solution in terms of the reference
variables,

u(z,y) = u(z(§),y(n) = (&, n). (9)

We have here introduced @ in order to distinguish it from u (in general, @ and u
will not have the same functional form).



Similarly, since £ is a function of z, and 7 is a function of y (given explicitly
by the F~1), we can also write

a(&,n) = u(é(x),n(y)) = u(z,y). (10)

Finally, the solution expressed in terms of the reference variables can also be
expressed as the composition

a(,n) = (uo F)(&,n). (11)
The way to read the last expression is to first obtain (z,y) = F(£,n), and then
obtain u(x,y). That is, u(z,y) = a(&,n) with (z,y) = F(&,n).

The reason for introducing the reference domain will be clear as we proceed:
the reference domain will provide a natural and convenient domain to express the
basis for the discrete space, to perform differentiation, and to perform numerical
quadrature.

As an example, consider differentiation:

Ou 0u 0§ 0Ou 2
Ov 06 0w 0 Ly
As another example, consider the evaluation of the right hand side,
(o) = [ fGag) ol dody
Q
d d
= [ £(al€). ) v(x(©).y(m) d—zds—ydn
Q
~ [rePremwerEn g

/fsn (€n) 52 22 dgd

d—d
a £

T [ et dsan

The integrals in the weak form of our Poisson model problem can thus be written

as:
L, 8400 L, 80 90
alu,v) = /(L_a_fa_f * L—ya—na—n)dfd’?

L, L A
(fo) = 55 [ Fo dedy
2 2 Ja

Jacobian

Sometimes in the following, we may drop the "hat” above a field variable when it is
clear that we mean the field variable expressed in terms of the reference variables.
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5 Discretization

We start by defining the high-order polynomial space P N(Q), but this time in more
than one space dimension,

Pr(Q) = {v(€,n) [v(&n*) € Px((—1,1)),
(e, ) € Py((—1,1))},

where superscript ”star” denotes a fixed value. Hence, in multiple space dimen-
sions, Py (€2) means the space of functions that are polynomials of degree less than

A

or equal to NNV in each spatial direction. An alternative way to define Py (€2) is
Px(Q) = {v(&n) [ v&n) = D e &)
0<ij<N

However, we will not use the basis indicated above. Instead, we will use an exten-
sion of the one-dimensional basis, namely, a nodal basis based on a tensor-product
Gauss-Lobatto Legendre grid; see Figure 2. We will return to this issue shortly.
Finally, note that

dim (Py(Q)) = (N+1) in R

Figure 2: A two-dimensional tensor-product Gauss-Lobatto Legendre (GLL) grid. The
coordinates of the points go from -1 to 1 in each spatial direction and correspond to the
one-dimensional GLL points.

We are now ready to define the discrete space for our Poisson model problem:
Xy ={veH\Q) | voF ePy(Q)}. (12)
The discrete problem is then given as: Find uy € Xy C X such that
an(uy,v) = (f,v)n Vo e Xy,

where ay(-,-) and (-, )y denote evaluation of the integrals using GLL quadrature
(as in the one-dimensional case).



6 Gauss-Lobatto Legendre (GLL) quadrature

Consider the function g(&,7) defined over . Evaluation of the integral

/A 9(&,m) d€dn
Q

using GLL quadrature consists of approximating the exact integral as

N N
ZZ Pa pﬁg(gaufﬂ)a

a=0 B=0

~

with exact integration obtained for all g(&,n) € Poy_1(€2). This is a direct exten-
sion of the one-dimensional result. In the above quadrature rule, p;, 0 < i < N
denote the one-dimensional GLL quadrature weights, while &;, 0 < i < N denote
the one-dimensional GLL points.

A

7 Tensor-product bases for Py(2) and Xy

Similar to the one-dimensional case, we will use a nodal basis for Px(€). In the
multi-dimensonal case, the Lagrangian interpolant basis will be a tensor-product

extension of the one-dimensional basis,

Vv e ]P)N(Q), U(f,?]) = Z Z Umn, gm(g) gn(n)a

m=0 n=0
where
V(&m, &) = Vmn, i.e., a nodal basis,
Gmn(&:m) = (&) Ln(n), a two-dimensional basis function,
0;(€) € PN((—L 1)), a one-dimensional basis function,

l;(&) =05, 0<i,j <N, Lagrangian interpolants.

Note that the function v(§,n) does not represent a separable function. Rather,
v(&,m) is constructed as a weighted sum of the separable functions ¢, (&, 7).

From the given boundary conditions, it now follows that a basis for Xy is given
as:

N-1N-1

Yoe Xy,  0(Em) =D Vnnlm(§) laln).

m=1 n=1



8 Discrete problem with and without quadrature

The discrete problem without quadrature can be stated as: Find uy € Xy C X
such that
a(un,v) = (f,v) Vve Xy.

Using the tensor-product basis for X, we can express

N—-1N-1

dmn (€m)

Similar to the one-dimensional case, we choose test functions representing the
individual basis functions for the space Xy,

o(&,m) = Gi(€) L;(n) 1<i,j<N-1
—
b5 (§m)
We can thus arrive at a system of algebraic equations for the N = (N — 1)2
unknown basis coefficients {ty, }.

In order to see in more detail how we can derive the system of algebraic equa-
tions, including quadrature, consider the first term in a(uy,v):

N—-1N-1

8UN (91)
= mnﬁl 0(E) L dé d
e getcan =[S X w1t ) 610 t0) s
N—-1N-1 1 1
- ( / f;@)e;n(s)ds) ( / fj(n)fn(n)dn) .
m=1 n=1 —1 RS —1 P
= (ZZE;,L)l = (Z:é")l
N—1N—-1

= (K/ 4 ) (€j7 En)l Ummn,

) Tm

where superscript (-, -)! denotes a one-dimensional inner-product over Ol = (—1,1).
Applying GLL quadrature for the first term in a(uy,v) now gives:

N—-1N-1

Biiy OO
ﬁaiga—zczgdn ~ mZMZ: (€, 0N (G L)y tn
—1N-1
:ZZ A1 Bl Umnn»
m=1 n=1



where B! and A! are the one-dimensional mass and stiffness matrices associated
with the domain (—1, 1), respectively. Hence, we can express ay(uy,v) as:

—1N-1
Lo o
y 11 o) x 1 1
UN’ ZZ A Bjn + L_Bzm Ajn ) Umn -
m=1 n=1 I\ Y J/

TV
stiffness matrix in R2

We can treat the right hand side in a similar way. In particular, consider the
term fQ f0 dédn. Similar to the one-dimensional case, we can first approximate

the given function f with its high order interpolant I f . Without applying any
quadrature, we thus get

/Af'&didn%/A (Inf) o de dn
Q Q S~

_ /Q (N Y fmnfm@)ﬂn(n)) 68 () d€ dn
:éé(/jmem(smg)-(/z ) ) 1) o

O (0n) ’
SN ) - (G ) o

Applying GLL quadrature to the last expression then yields:

A N N
[ fodedy ~ (b, €)x - (U, Cn) sy fonnm
Q m=0 n=
N-1N-1
-5 Bl Bl
m=1 n=1

Hence,

N—-1N-1 N
=33 (B B BL)
m=1 1 V2

n= N

TV
mass matrix in R2

Similar to the one-dimensional mass matrix, the multi-dimensional mass matrix is
also diagonal.



In summary, in the simplified case when ) = O (i.e., L, = L, = 2), the system
of algebraic equations can be expressed as

N-1N-1 N-1N-1
m=1 n=1 m=1 n=1
for 1 <i,j <N —1.

Note that we have here expressed the field variables using a local numbering
scheme, that is, each unique node in the tensor-product GLL grid is represented
using two (local) integers. We could, of course, also use a global numbering of all
the nodes, i.e., with each unique node represented using a single, global integer
(e.g., using a natural numbering scheme). In this case, we can represent the system
of algebraic equations in matrix form as

Au=Bf

similar to the one-dimensional case. Here, A represents the discrete Laplace opera-
tor, u is a vector in RV representing the unknown basis coefficients, B is the global
mass matrix, and f is a vector representing the given function f at the (internal)
GLL nodes. The number of unknowns is A' = (N — 1)? ~ O(N?), the memory
requirement is O(N*?) (if we store the full, global matrix), and the computational
complexity using Gaussian elimination is O(N®). The poor scaling of the memory
requirement and of the computational cost are not satisfactory, and thus explicitly
constructing the global system is clearly not the way to go in terms of solving
the system of algebraic equations. We willl return to a better way of doing the
solution step in a separate set of notes.
For completeness, we also give the system of algebraic equations in the general
case (i.e., for general L, and L,):
Bl B ) o

N-IN-1, L, N-1N-1
Zv Al Bl B1 . U
:1( L, "™ " " Ly ) " Z Z
The discretization error for the spectral solution uy(z,y) is a direct extension

m=1 n=1
of the one-dimensional result. Assume that the exact solution v € H?(2) and that
f € HP(2). Then it can be shown that

HU_UNHHl(Q) < ClNl_UHUHH”“‘CZN_p HfHHP7

where ¢; and ¢y are constants. Again, the error is a constant times the best
approximation error plus a constant times the interpolation error of the given
data.



9 Extensions

We conclude these notes with mentioning a few generalizations and extensions of
the computational framework just presented.
9.1 Deformed geometries

It is also possible to use spectral methods based on high order polynomials on
deformed domains; see Figure 3. The key features are:

e we need to consider a more complex mapping F than the simple, affine
mapping considered earlier;

e high-order polynomial approximation of the geometry
(isoparametric mapping);

e more complex grid generation (e.g., the Gordon-Hall algorithm);

e the rapid convergence rate from the undeformed case is maintained as long
as the geometry, data and solution are also smooth.

We will return to the details of the extension to deformed geometries later.

Figure 3: The reference domain Q) is the same as in the undeformed case, but the
mapping F is now more complex. The construction of a basis for the discrete space Xy,
as well as the numerical quadrature of the integrals in the weak form, are all done with
respect to the reference variables.
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9.2 The multi-domain case

An extremely important extension is the treatment of more complex geometries
where a single domain is not sufficient to represent the domain; see Figure 4. The
important aspects are:

e the extension is based on the the weak form (Maday and Patera, 1989);

e only C’-continuity of the solution is imposed for second-order problems
(compared to C'-continuity required for the strong form);

e high order polynomial approximation and quadrature is used within each
subdomain; each element is referred to as a spectral element.

The approach here is similar to the finite element case where the global domain
is decomposed into many small elements. The main difference when using a high
order approach is that fewer elements are needed since each element is typically
able to resolve more features than a single finite element of low order.

Figure 4: The domain to the left is decomposed into three undeformed rectangles, while
the domain to the right is decomposed into four slightly deformed spectral elements.

Finally, we mention that there exists another multi-domain approach called the
mortar element method (Bernardi, Maday and Patera, 1994). The mortar element
method is a non-conforming method, which means that the discrete space Xy is
not a subspace of X. The solution is not even C°-continuous across the element
boundaries, but only weakly continuous. This allows for even more flexibility in
terms of decomposition. It also allows for meshes which slide (or rotate) relative
to each other.
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9.3

Further extensions

It is also possible to use spectral methods based on high order polynomials on
triangles and tetrahedra; see Figure 5. The main advantage of these extensions is
the added geometric flexibility. However, we will not treat these extensions in this
course (the methods involve quite technical aspects). For more information about
these extensions, we refer to Dubiner (1991), Karniadakis and Sherwin (1995), and
Wingate (1996).

Figure 5: It is also possible to develop spectral methods on triangles and tetrahedra.
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