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1 Model problem 1
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Figure 1: The physical domain Ω = (0, Lx) × (0, Ly) can be viewed as coming from the
reference domain Ω̂ = (−1, 1)× (−1, 1) through the one-to-one mapping F : Ω̂ −→ Ω.

We consider here the numerical solution of the two-dimensional Poisson equation

−∇2u = f in Ω,

with the following mixed boundary conditions specified along ∂Ω:

u|Γ1 = 0 { Dirichlet
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Here, ∂u
∂n = ∇u · n is the derivative of u in the outward normal direction.

We first formulate the corresponding weak formulation. Let X be the function space

X = {v ∈ H1(Ω) | v|Γ1 = 0︸ ︷︷ ︸
Only Dirichlet conditions

}.

The weak form is then: Find u ∈ X such that∫
Ω
∇u · ∇v dx dy =

∫
Ω
fv dx dy +

∫
∂Ω

(∇u · n) v ds ∀v ∈ X,

where ∫
∂Ω

(∇u · n)v ds =
4∑

k=1

∫
Γk

∂u

∂n
v ds =

∫
Γ3

gv ds ∀v ∈ X.
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We may also formulate this problem abstractly as: Find u ∈ X such that

a(u, v) = l(v) ∀v ∈ X,

where

a(u, v) =

∫
Ω
∇u · ∇v dx dy,

l(v) =

∫
Ω
fv dx dy +

∫
Γ3

gv ds.︸ ︷︷ ︸
Non-zero Neumann conditions

We now proceed with a discretization based on high order polynomials. We first define
the discrete space

XN = {v ∈ X | v ◦ F ∈ P(Ω̂)}.

The discrete problem (with quadrature) is then: Find uN ∈ XN such that

aN (uN , v) = lN (v) ∀v ∈ XN ,

where aN (·, ·) and lN (·) denote evaluation of the bilinear form and linear form by Gauss-
Lobatto Legendre (GLL) quadrature.

The next step is to derive a system of algebraic equations. To this end, we have to
define a basis for our discrete space, XN :

∀ v ∈ XN , v ◦ F = v̂, v̂(ξ, η) =

N∑
m=0

N∑
n=1

vmn `m(ξ) `n(η)

where `m(ξ), m = 0, . . . , N are the usual one-dimensional Lagrangian interpolants through
the GLL points. We remark that dim(XN ) = N(N + 1). With this nodal, tensor-product
basis, we can express the numerical solution (in the reference variables) as

ûN (ξ, η) =

N∑
m=0

N∑
n=1

umn`m(ξ)`n(η). (1)

Note that, since u|Γ1
= 0,

ûN (ξ,−1) = 0 =⇒ um0 = 0, m = 0, . . . , N.

As usual, we choose test functions

v̂(ξ, η) = `i(ξ)`j(η)
∀i = 0, . . . , N
∀j = 1, . . . , N.

(2)

3



Using (1) and (2), we are now ready to give an explicit expression for the bilinear form
aN (uN , v). First, we note that

a(uN , v) =

∫
Ω
∇uN · ∇v dx dy =

∫
Ω̂

(
Ly
Lx

∂ûN
∂ξ

∂v̂

∂ξ
+
Lx
Ly

∂ûN
∂η

∂v̂

∂η

)
dξ dη.

Using (2) and applying GLL quadrature, we arrive at (for this particular test function)

aN (uN , v) =
N∑
m=0

N∑
n=1

(
Ly
Lx
ÂimB̂jn +

Lx
Ly
B̂imÂjn

)
umn,

with

Âpq =
N∑
α=0

ραDαpDαq (the one-dimensional Laplace operator on (−1, 1)),

B̂pq = ρpδpq (the one-dimensional mass matrix on (−1, 1)).

In a similar fashion, we can derive an explicit expression for the linear form lN (v).
First, we note that

l(v) =

∫
Ω
fv dx dy +

∫
Γ3

gv ds

=
LxLy

4

∫
Ω̂
f̂ v̂ dξ dη +

Lx
2

∫
Γ̂3

ĝ v̂ dξ.

Again, using (2) and applying GLL quadrature, we arrive at

lN (v) =
LxLy

4

N∑
α=0

N∑
β=0

ραρβ fαβ `i(ξα)`j(ξβ) +
Lx
2

N∑
α=0

ρα gα `i(ξα)`j(1)

=
LxLy

4
ρiρjfij +

Lx
2
ρigi δjN︸︷︷︸

only contribution
along Γ3

, i = 0, . . . , N, j = 1, . . . , N.

We note that

J =
LxLy

4
: Jacobian (volume)

JS =
Lx
2

: Jacobian (surface)

fij = f(x(ξi), y(ξj))

gi = g(x(ξi))
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2 Model problem 2

• The same problem as model problem 1, except that Ω is now deformed.

• The same boundary conditions.

• The same abstract formulation.

• The domain Ω is approximated using an isoparametric representation.

The bilinear form a(uN , v) can now be expressed as

a(uN , v) =

∫
Ω̂

(∇̂v̂)T G̃ ∇̂ûN dξ dη (see earlier notes),

and aN (uN , v) is again obtained using GLL quadrature when evaluating the integral.
The linear form l(v) is given as

l(v) =

∫
Ω
fv dx dy +

∫
Γ3

gv ds

=

∫
Ω̂
f̂ v̂J dξ dη +

∫
Γ̂3

ĝ v̂JS dξ,

where

J =
∂x

∂ξ

∂y

∂η
− ∂x

∂η

∂y

∂ξ
Jacobian (volume),

JS =
∂s

∂ξ
Jacobian (surface).

Γ3

s
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Setting v̂(ξ, η) = `i(ξ)`j(η) and applying GLL quadrature gives

lN (v) =
N∑
α=0

N∑
β=0

ραρβJαβfαβ`i(ξα)`j(ξβ) +
N∑
α=0

ραJ
S
α gα`i(ξα)`j(1)

=

N∑
α=0

N∑
β=0

ραρβJαβfαβδiαδjβ +

N∑
α=0

ραJ
S
α gαδiαδjN

= ρiρjJijfij + ρiJ
S
i gi δjN︸︷︷︸

only
contribution

along Γ3

, i = 0, . . . , N, j = 1, . . . , N.

Computationally, we let

xN ∈ PN (Ω̂),

yN ∈ PN (Ω̂),

J =
∂xN
∂ξ

∂yN
∂η
− ∂xN

∂η

∂yN
∂ξ

,

JS =
ds

dξ
=

((
∂xN
∂ξ

∣∣∣∣
Γ̂3

)2

+

(
∂yN
∂ξ

∣∣∣∣
Γ̂3

)2)1/2

.

Γ3

s

−1 1

Γ̂3

Note also that

fij = f(x(ξi, ξj), y(ξi, ξj)),

gi = g(si) = g(s(ξi)),

where

x(ξi, ξj) = xij

y(ξi, ξj) = yij

}
computed using

Gordon-Hall

coordinates (xiN , yiN)

Γ3si

s
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3 Numerical results

Let us conclude this section with some actual numerical results. We consider the solution
of the Laplace equation in a 90 degree bend; see Figure 2.

Γ3

Γ1

Γ2

Γ4

Figure 2: The computational domain Ω corresponds to an axisymmetric bend. Two of the
edges correspond to a quarter of two concentric circles with radii r = 2 and r = 3.

We solve the Laplace equation (i.e., f = 0) using a spectral approximation based on
high order polynomials. The boundary conditions along Γi, i = 1, 2, 3, 4 are as described
in Model problem 1 and Model problem 2.

In order to approximate the geometry by high order polynomials, we first distribute
N+1 GLL points along each of the four edges. The points are distributed radially along Γ2

and Γ4, and in an angular fashion along Γ1 and Γ3 (i.e., according to arc length). Once the
boundary points are distributed, we generate all the interior points using the Gordon-Hall
algorithm described earlier. This will give us the physical coordinates corresponding to
all the GLL points on the reference domain Ω̂ = (−1, 1)2. Figure 3 and Figure 4 show
the intermediate stages in this construction, as well as final set of points {xmn}Nm,n=0.

We can now compute xN ∈ Ω corresponding to any point (ξ, η) ∈ Ω̂ via our high order
tensor-product basis

xN (ξ, η) =
N∑
m=0

N∑
n=0

xmn`m(ξ)`n(η).
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Figure 3: The Gordon-Hall algorithm. Left plot: preserving Γ1 and Γ3 (the mapping Fξ).
Right plot: preserving Γ2 and Γ4 (the mapping Fη).

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

x

y

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

x

y

Figure 4: The Gordon-Hall algorithm. Left plot: preserving the four corners (the mapping
Fξη). Right plot: the final mapping F = Fξ + Fη −Fξη.
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We first impose a constant flux g = 1 along the boundary Γ3. The numerical solution
is depicted in Figure 5. As expected, we observe exponential convergence for this problem
with regular data and geometry (represented using an isoparametric mapping).
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Figure 5: Numerical results when imposing a constant flux g = 1 along Γ3. Left plot:
contour lines of the numerical solution, uN , to the Laplace problem. Right plot: the error
‖u − uN‖ in the discrete L2-norm as a function of the polynomial degree, N , used in the
numerical approximation.

Next, we impose a trigonometric variation in the heat flux g along the boundary Γ3.
The numerical solution is depicted in Figure 6.
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Figure 6: Numerical results when imposing a variable flux, g, along Γ3. Contour lines of
the numerical solution, uN , to the Laplace problem.
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Exercise

Consider the curve Γ given by the function y(x) = cos(x) for x ∈ [0, π]. We would like to
compute the length L of this curve. The length can be expressed as

L =

∫
Γ

ds,

where ds is an infinitesimal length element along the curve Γ.

1. Suggest a reparametrization of the curve on the form (x(ξ), y(ξ)), for ξ ∈ [−1, 1].
Here, ξ = −1 corresponds to the left end point of the curve, i.e. the point (0, 1),
while ξ = 1 corresponds to the right end point of the curve, i.e., the point (π,−1).

2. Use the reparametrization to express L as an integral with respect to ξ instead of s.

3. Compute the integral numerically using GLL quadrature.
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