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1 Approximation

In this section we discuss approximation of functions by polynomials. In particular, we
consider functions defined on the interval Ω = (−1, 1) on the real line. Note that this does
not represent any fundamental limitation of our discussion since we can always perform an
appropriate coordinate transformation which will allow us to consider a function in this
interval.

Let PN (Ω) be the space of functions which are polynomials of degree N or less over Ω.
Given a function u(x) defined on Ω, our objective is to find an approximation of u(x) by
a polynomial uN (x) ∈ PN (Ω). In general, we can express this polynomial as

uN (x) =
N∑
j=0

cjx
j . (1)

Note that in (1) we have chosen a particular basis for PN :

PN (Ω) = span{1, x, x2, . . . , xN}. (2)

The coefficients {cj} are the associated basis coefficients.
However, a different (and much better) basis for PN (Ω) are the Legendre polynomials

Ln(x), n = 0, . . . , N , with Ln(x) ∈ Pn(Ω), i.e.,

PN (Ω) = span{L0(x), L1(x), L2(x), . . . , LN (x)}; (3)

see also Figure 1. Using this basis, we can write

uN (x) =
N∑
n=0

anLn(x), (4)

where {an} is the new set of basis coefficients.
A key reason why the Legendre polynomials are interesting as a basis for PN (Ω) is due

to the fact that {Ln}∞n=0 represents an orthogonal basis for L2(Ω), the space of square
integrable functions over Ω. In particular, for all integers m,n ≥ 0,∫ 1

−1
Ln(x)Lm(x) dx =

{
0, n 6= m

1
n+ 1

2

, n = m.
(5)

The two alternative bases given in (2) and (3) both comprise N + 1 linearly independent
basis functions, however, an orthogonal basis is much preferred both in terms of mathemat-
ical analysis and in terms of actual numerical computations. In fact, using the basis (2) in
actual computations is a very unstable process due to the introduction of large round-off
errors as N increases.
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Figure 1: The first Legendre polynomial is simply L0(x) = 1, i.e., the constant mode. The
plot depicts the next three Legendre polynomials: L1(x) = x (blue) , L2(x) = 1

2(3x2 − 1)
(red) and L3(x) = 1

2(5x3 − 3x) (cyan), for x ∈ [−1, 1].
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Let us now return to the problem of finding the best approximation of u by a polynomial
uN (x). With “best” we mean an approximation which minimizes the quadratic error

E =

∫ 1

−1
(u− uN )2 dx = ‖u− uN‖2L2(Ω).

In order to determine the basis coefficients ak in (4), we require

∂E

∂ak
= 0, k = 0, . . . , N.

∂E

∂ak
= −2

∫ 1

−1
u
∂uN
∂ak

dx+

∫ 1

−1
2uN

∂uN
∂ak

dx = 0,

⇓

−
∫ 1

−1
uLk dx+

∫ 1

−1

( N∑
n=0

anLn
)
Lk dx = 0,

N∑
n=0

an

∫ 1

−1
LnLk dx =

∫ 1

−1
uLk dx,

Exploiting the orthogonality property (5) of the Legendre basis, we finally obtain

ak =

∫ 1
−1 uLk dx∫ 1
−1 L

2
k dx

=
(u, Lk)

(Lk, Lk)
= (k +

1

2
)

∫ 1

−1
uLk dx. (6)

We sometimes denote {an} as “generalized Fourier coefficients.”
Assume now that the given function u(x) has a certain regularity. In particular, let

u ∈ Hσ(Ω),

where

Hσ(Ω) = {v |
∫ 1

−1

σ∑
j=0

(djv
dxj

)2
dx < ∞}.

Hence, the function u and all of its derivatives up to order σ are square integrable, and the
norm ‖u‖Hσ(Ω) is given by

‖u‖2Hσ(Ω) =

∫ 1

−1

(
u2 +

(
du

dx

)2

+ . . .+

(
dσu

dxσ

)2)
dx.
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It can then be shown that (Canuto and Quarteroni, 1982)

‖u− uN‖L2(Ω) ≤ c0N
−σ‖u‖Hσ(Ω), (7)

where c0 is a constant. We now make several remarks. First, we see that the error between
the given function and the polynomial approximation (measured in the L2-norm) decreases
as N increases (the term N−σ decreases as N increases). Second, we see that the rate of
convergence depends on the regularity of u (the larger σ is, the faster the error decreases
with N). This is quite different compared to for example approximating u with a piecewise
linear continuous function, e.g., as in the case of usingN linear finite elements over Ω; in this
case the error goes to zero as N−2 (i.e., a fixed (quadratic) rate, independent of σ). Third,
in the particular case when σ →∞ (i.e., u is analytic), the polynomial approximation uN
will converge towards u faster than any algebraic power of 1/N . In fact, it can be shown
that the approximation error will go to zero exponentially fast as N increases. We can
express this as

‖u− uN‖L2(Ω) ∼ e−µN

for some µ ∈ R+. In this case, the basis coefficients {an} in (4) also decay exponentially
fast as N increases. A proof of the best approximation result (7) is given in Section 7.

The truncated Legendre series (4) is the polynomial of best approximation (as measured
in the L2-norm) if the coefficients an, n = 0, . . . , N , are determined as described above.
We therefore sometimes denote this approximation as ΠNu to emphasize that uN in (7) is
a projection from Hσ(Ω) to PN (Ω) with respect to the L2-norm, i.e.,

‖u− uN‖L2(Ω) = ‖u−ΠNu‖L2(Ω) = inf
v∈PN (Ω)

‖u− vN‖L2(Ω). (8)

Note that the error in the approximation we have just found can also be expressed in
a different norm. For example, the following error estimate can be derived:

‖u− uN‖H1(Ω) ≤ c1N
1−σ‖u‖Hσ(Ω), (9)

where c1 is a constant. Note that the L2-projection uN constructed as discussed above (i.e.,
by minimizing the L2-error) does not correspond to the polynomial of degree N which
minimizes the error in the H1-norm. However, the error in the H1-projection behaves
similarly as the estimate given in (9) (with a smaller constant).

Let us revisit the approximation problem one more time. The polynomial of best
approximation in the L2-norm is given by (4) and (6). On the other hand, the original
function u(x) can also be expanded in the Legendre basis, namely

u(x) =
∞∑
n=0

anLn(x),
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and with the basis coefficients again given by (6). Using the orthogonality property (5) of
the Legendre polynomials, it then follows that

||u||2L2(Ω) =
∞∑
n=0

1

(n+ 1
2)

a2
n, (10)

||uN ||2L2(Ω) =
N∑
n=0

1

(n+ 1
2)

a2
n, (11)

while the square of the approximation error (measured in the L2-norm) is given as

||u− uN ||2L2(Ω) =
∞∑

n=N+1

1

(n+ 1
2)

a2
n. (12)

The square of the L2-error is therefore given as the (weighted) sum of the squares of the
Legendre coefficients not accounted for in the polynomial approximation. Note that the
last expressions are similar to Parseval’s formula for Fourier (trigonometric) expansions.

If the given function u is analytic, the Legendre coefficients decay exponentially fast.
Due to this rapid decay, the error can be approximated as a constant times the first term
not accounted for in the Legendre series expansion (corresponding to the first term in (12)),
i.e.,

‖u− uN‖L2(Ω) ∼ |aN+1|. (13)

Note that the best approximation uN in (8) is, in fact, independent of any basis chosen
to represent an element in PN (Ω). The reason for choosing the Legendre basis here is
primarily the simplified mathematical analysis.

1.1 Example 1: u(x) analytic

Consider the function u(x) = sin(π cos(π(x+ 1))) for x ∈ Ω; see Figure 2. Since this is an
analytic function, we expect rapid decay of the magnitude of the Legendre coefficients in
(6) as a function of the mode number k. Figure 3 shows the absolute value of the first 50
Legendre coefficients ak, together with the best approximation error ||u−uk||L2(Ω), i.e., the
error in the polynomial approximation uk ∈ Pk(Ω) determined such that the error between
u and uk is minimized with respect to the L2-norm. In this case, the approximation is
based on an expansion using the first k Legendre polynomials (or modes). As expected,
both the (nonzero) Legendre coefficients ak and the approximation error ||u − uk||L2(Ω)

goes to zero exponentially fast as k increases (note that the scale along the vertical axis
is logarithmic). In addition, we also observe that the error estimate (13) is quite good in
this case (the decay rate is certainly similar).
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Figure 2: A plot of the function u(x) = sin(π cos(π(x+ 1))) for x ∈ [−1, 1].
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Figure 3: A plot of the absolute value of the Legendre coefficients of the function u(x) =
sin(π cos(π(x + 1))), x ∈ [−1, 1], as a function of k, the mode number (blue circles).
The plot also depicts the best approximation error ||u − uk||L2(Ω) as a function of k (red
circles). Since u(x) is an even function over Ω, all the odd Legendre coefficients are zero
(computationally, they are zero to machine precision). In addition, the coefficient a0 is
zero due to the fact that u(x) has zero mean.
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1.2 Example 2: u(x) of finite regularity

Consider the function u(x) = |x|3, which is a function of finite regularity. Hence, we do not
expect exponential convergence of the Legendre coefficients and the approximation error,
but rather algebraic convergence. Figure 4 shows the absolute value of the first 50 Legendre
coefficients ak, together with the best approximation error ||u−uk||L2(Ω). As expected, both
the (nonzero) Legendre coefficients ak and the approximation error ||u − uk||L2(Ω) decays
much more slowly than in the previous example as k increases. In order to more clearly
see that we have algebraic convergence, we replot the (non-zero) Legendre coefficients in
a log-log plot; algebraic convergence should then result in a straight line. This is, indeed,
what we observe; see Figure 5. We can also use the slope of this straight line to estimate
the finite regularity of u(x); see the Exercises at the end of these notes.

1.3 Relevance to the numerical solution of differential equations

We end this section by commenting on the relevance of the above results to the solution
of differential equations. To this end, consider the Poisson equation in R1 with essential
boundary conditions specified at x = ±1:{

−uxx = f in Ω = (−1, 1),
u(−1) = u(1) = 0.

The exact solution to this problem is the function u(x). Now, consider an approximation
of u by a polynomial of degree N , denoted by ũN (x). In particular, a Galerkin procedure
(based on the equivalent weak form) will give a discrete solution ũN (x) which satisfies the
following error estimate

‖u− ũN‖H1(Ω) ≤ c̃N1−σ‖u‖Hσ(Ω),

where c̃ is a constant. The key result here is that the discretization error is only a constant
away from the best fit (even though we don’t know the exact solution to the Poisson
problem). Note that this result holds if we use exact integration of the bilinear and linear
forms in the Galerkin approximation. We will return to a detailed discussion of this problem
later.
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Figure 4: A plot of the absolute value of the Legendre coefficients of the function u(x) =
|x|3, x ∈ [−1, 1], as a function of k, the mode number (blue circles). The plot also depicts
the best approximation error ||u − uk||L2(Ω) as a function of k (red circles). Since u(x) is
an even function over Ω, all the odd Legendre coefficients are zero (computationally, they
are zero to machine precision).

10



10
0

10
1

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

k

a k

Legendre coeff. (abs)

Figure 5: A plot of the absolute value of the Legendre coefficients of the function u(x) =
|x|3, x ∈ [−1, 1], as a function of k, the mode number (blue circles), but now plotted in a
log-log plot.
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2 Interpolation results

Again, we consider a one-dimensional function u(x) ∈ Hσ(Ω), with Ω = (−1, 1). Let
INu(x) be the polynomial interpolant of u(x) defined as{

INu(x) ∈ PN (Ω),
INu(xi) = u(xi), i = 0, . . . , N.

Hence, the interpolant coincides with u at the chosen interpolation points {xi}Ni=0. We know
from introductory numerical analysis that constructing a high order polynomial interpolant
using equidistant points is not a good idea. In fact, the error between the given function
u(x) and the interpolant INu(x) does not go to zero as N increases for this choice of points
(the Runge phenomenon). On the other hand, for particularly well chosen interpolation
points (the Gauss points), it can be shown that

‖u− INu‖L2(Ω) ≤ C0N
−σ‖u‖Hσ(Ω),

where C0 is a constant. Sufficient regularity of u is required for the above result to hold;
in particular, σ > 1

2 . Furthermore, it can be shown that (assuming σ > 1),

‖u− INu‖H1(Ω) ≤ C1N
1−σ‖u‖Hσ(Ω),

where C1 is a constant. Note that these results are similar to the best approximation
results derived earlier, but with C0 ≥ c0 and C1 ≥ c1.

When constructing a high order polynomial interpolant, we could also now use the
Legendre basis (4) to express the interpolant. However, given the important role played by
the chosen set of interpolation points {xi}Ni=0, it it often convenient to use a different basis.
While the Legendre basis is referred to as a modal basis, an interpolant is often expressed
using a nodal basis. We now explain this alternative in more detail.

As a basis for the space PN (Ω) we choose the high-order Lagrangian interpolants `j(x),
j = 0, . . . , N , through the N + 1 interpolation points {xi}Ni=0:

PN (Ω) = span{`0(x), `1(x), . . . , `N (x)}. (14)

The basis functions are linearly independent (in fact, almost L2-orthogonal), and they
satisfy the following conditions:

`j(x) ∈ PN (Ω), j = 0, . . . , N, (15)

and

`j(xi) = δij , i = 0, . . . , N, j = 0, . . . , N. (16)
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With this basis for PN (Ω), we can express the interpolant INu(x) as

INu(x) =

N∑
j=0

uj`j(x), (17)

where the basis coefficient uj is simply given as uj = u(xj) = INu(xj), i.e., the value of
the interpolant at the interpolation point (or node) xj ; for this reason we denote (17) as a
nodal basis.

Of particular interest in the following are the Gauss-Lobatto Legendre (GLL) points.
The GLL points are usually denoted as ξj , j = 0, . . . , N , with ξ0 = −1 and ξN = 1. Figure
6 depicts one of the nodal basis functions in the case of using GLL points and with N = 7.

ℓi(x)

Figure 6: A plot of the Lagrangian interpolant `i(x) defined on the interval [−1, 1]. The
basis function is a polynomial of degree N ; the plot shows a particular case when N = 7
and i = 2. All the associated N + 1 = 8 Gauss-Lobatto Legendre points ξj , j = 0, . . . , N ,
are indicated as red circles. By construction, `i(ξi) = 1, while `i(ξj) = 0 for j 6= i.

3 Gauss-Lobatto Legendre(GLL) quadrature

We now discuss numerical integration using Gauss-Lobatto Legendre quadrature. As for
other Gauss-type quadrature, this quadrature rule can integrate polynomials up to a certain
degree exactly. For GLL quadrature we have the following result:∫ 1

−1
ϕdx =

N∑
j=0

ρjϕ(ξj), ∀ϕ ∈ P2N−1(Ω), Ω = (−1, 1).

Here,

{ρj}Nj=0 are the GLL quadrature weights;

{ξj}Nj=0 are the GLL quadrature points.
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Consider now a polynomial v ∈ PN (Ω) and a function f ∈ Hσ(Ω). Let

(f, v) =

∫ 1

−1
fv dx ,

and consider the discrete inner product (f, v)N based on GLL quadrature:

(f, v)N =

N∑
j=0

ρjf(ξj)v(ξj) .

Then
|(f, v)− (f, v)N | ≤ cN−σ‖f‖Hσ(Ω) ‖v‖L2(Ω)

where c is a constant. If σ → ∞ (i.e., f is analytic), the quadrature error decreases
exponentially fast as N →∞.
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4 Numerical results

We will here approximate the function u(x) = sin(π cos(π(x + 1))) using three different
methods. First, we will approximate the function by a high order polynomial which is
determined by the L2-projection introduced earlier. Second, we will approximate the func-
tion by a high order polynomial which is determined by the GLL-interpolant. Third, we
will approximate the function by using a truncated Fourier-expansion. The truncated
Fourier-expansion (with period equal to 2) can be expressed as

uM (x) =

M/2∑
k=−M/2+1

ûke
iπkx, (18)

where ûk is the k’th Fourier-coefficient. When comparing the Fourier-expansion with the
polynomial approximations we have used N = M − 1.

In Figure 7, we show a comparison of u(x) = sin(π cos(π(x + 1))) and the best L2-
approximation, ΠNu(x), and the N ’th order GLL-interpolation, INu(x), with N = 6
and Ω = (−1, 1). Figures 8 and 9 are the same as Figure 7, but with N = 12 and
N = 18, respectively. Figure 10 compares the Fourier-expansion with the exact solution
for M = 6 and M = 12. Figure 11 shows the convergence for the three cases, where the
error is measured in the L2-norm. As expected, all show exponential convergence, but
the convergence for the Fourier-expansion is more rapid. This is due to the fact that the
function, u(x), is closer to a trigonometric function than a polynomial, and that it is also
periodic in all derivatives.

Next, we use the same function, u(x), but the domain is now Ω = (0, 1). Figure
12 shows a convergence plot for this case. For the two polynomial cases, we see better
performance here, since we only have half the domain and therefore get better resolution
for a given N . For the Fourier case, however, we only achieve algebraic convergence. This
is due to the lack of periodicity in the derivatives. For this case, we have periodicity in the
function and the first derivative, but not in the second derivative and above. Figure 13
displays the Fourier case in a loglog-plot, and we observe that the slope is approximately
-2.5. In Figure 12 we also see that the Fourier-expansion quickly reaches an absolute error
of 10−2, and therefore it is difficult to observe the error visually.

Finally, we use the same function, u(x), with domain Ω = (1
2 , 1). For this case we have

continuity in the function, but not in any derivatives. Figure 14 shows the convergence
results. The polynomial approximations show better performance for the same reason
as before, while the Fourier expansion is now even worse. From Figure 15, we see that
the slope is approximately -1.3. In Figure 16 we compare the Fourier-expansion with the
exact function for M = 6. Note that, even though the exact solution is not periodic in
its derivatives, the numerical approximation based on the truncated Fourier expansion is
periodic in all the derivatives. This explains the fact that the error is largest near the
boundary of the domain.
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(b) Comparison - u(x) and INu(x)

Figure 7: The exact solution, u(x), compared with both the best L2-projection and the
GLL-interpolation, for polynomial order N = 6.
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Figure 8: The exact solution, u(x), compared with both the best L2-projection and the
GLL-interpolation, for polynomial order N = 12.
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Figure 9: The exact solution, u(x), compared with both the best L2-projection and the
GLL-interpolation, for polynomial order N = 18.
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Figure 10: The exact solution u(x) compared with the Fourier-expansion for M = 6 and
M = 12 degrees of freedom.
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Figure 11: Convergence plot for ΠNu, INu and Fourier-expansion for Ω = (−1, 1). The
error is measured in the L2-norm.
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Figure 12: Convergence plot for ΠNu and INu and Fourier-expansion for Ω = (0, 1). The
error is measured in the L2-norm.
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Figure 13: The error of the Fourier expansion with Ω = (0, 1) depicted in a loglog-plot.
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Figure 14: Convergence plot for ΠNu and INu and Fourier-expansion for Ω = (1
2 , 1). The

error is measured in the L2-norm.
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Figure 15: The error of the Fourier expansion with Ω = (1
2 , 1) depicted in a loglog-plot.
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5 Approximation based on truncated Fourier expansions

Let us revisit the numerical results presented in the previous section. In particular, let us
try to predict the convergence behavior when approximating a function u(x) based on a
truncated Fourier expansion. We recall that the convergence in Figure 11 is exponential,
while the convergence in Figure 13 is algebraic with a slope approximately equal to -2.5.

With no loss in generality, let us consider a 2π-periodic function u(x). (The function we
considered in the previous section had a period equal to 2, however, this is not important
for what follows.) Note that, when we here say that the function is 2π-periodic, it means
that u(x) = u(x± 2π) = u(x± 4π) = . . ..

A truncated Fourier expansion is given as

uM (x) =

M/2∑
k=−M/2+1

ûke
ikx,

The Fourier coefficient ûk is given as

ûk =
1

2π

∫ 2π

0
u(x)e−ikx dx. (19)

Let us now assume that the first derivative, u′(x), is also 2π-periodic, but that the
second derivative, u′′(x), and higher derivatives are not 2π-periodic. In this case, we can
try to find out how the Fourier coefficients depend on k. To this end, we integrate (19) by
parts,

ûk =
1

2π

∫ 2π

0
u(x)e−ikx dx

= [
1

2π

−1

ik
u(x)e−ikx]2π0 +

1

2π

1

ik

∫ 2π

0
u′(x)e−ikx dx

=
1

2π

1

ik

∫ 2π

0
u′(x)e−ikx dx.

The boundary terms here cancel due to periodicity. We can integrate by parts on more
time,

ûk =
1

2π

1

ik

∫ 2π

0
u′(x)e−ikx dx

= [
1

2π

−1

(ik)2
u′(x)e−ikx]2π0 +

1

2π

1

(ik)2

∫ 2π

0
u′′(x)e−ikx dx

=
1

2π

1

(ik)2

∫ 2π

0
u′′(x)e−ikx dx.
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Again, the boundary terms cancel due to periodicity. Finally, we can repeat the process
one more time,

ûk =
1

2π

1

(ik)2

∫ 2π

0
u′′(x)e−ikx dx = [

1

2π

−1

(ik)3
u′′(x)e−ikx]2π0 +

1

2π

1

(ik)3

∫ 2π

0
u′′′(x)e−ikx dx.

In this case, the boundary terms do not cancel (since u′′(x) is not periodic).
We now observe that the Fourier coefficients ûk can be expressed as

ûk =
ck
k3
,

where ck is a constant (different for each k). In particular, we obtain the result

ûk ≤
c

k3
(20)

for all |k| ≤M/2 for some constant c.
Now, the error between the exact function u(x) and uM (x) is simply given by the terms

which have been omitted in the truncated Fourier expansion, i.e.,

u(x)− uM (x) =
∑

|k|>M/2

ûke
ikx.

Hence, using the orthogonality of the trigonometric basis functions, we arrive at the fol-
lowing expression for the approximation error in the L2-norm (Parseval),

‖u− uM‖2L2(Ω) = 2π
∑

|k|>M/2

|ûk|2.

Inserting the expression for û given in (20), we get

‖u− uM‖2L2(Ω) ≤ 2π c2
∑

|k|>M/2

1

k6
.

By approximating the sum as an integral, we easily obtain

‖u− uM‖2L2(Ω) ≤ 2π c2
∫
|x|≥M/2

1

x6
dx = 4π c2

∫ ∞
M/2

1

x6
dx = 4π c2 [

1

−5x5
]∞x=M/2 = c̃2 1

M5
,

where c̃ is a constant. Taking the square root, we get the convergence estimate

‖u− uM‖L2(Ω) ≤ c̃M−5/2.

Our estimate is, indeed, in total agreement with the numerical results from the previous
section where we observed a slope of approximately equal to -2.5 for the case when u(x)
and u′(x) are periodic.
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We remark that using a truncated Fourier expansion is also a projection. Unlike the
projection onto a space of polynomials of degree N or less, the projection is here onto the
space of trigonometric functions of the degree M/2 or less.

Finally, let us also consider the case when the function u(x) is periodic together with
all its derivatives. In this case, we can continue the integration by parts as many times as
we wish, and we obtain the result that the Fourier coefficient ûk will decay faster than any
algebraic power of k. Hence, we can expect exponential convergence.
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6 Legendre polynomials

We denote the Legendre polynomial of degree N as LN (x), −1 ≤ x ≤ 1. That is,
LN (x) ∈ PN (Ω̂), Ω̂ = (−1, 1). These polynomials are part of a larger class of orthogo-
nal polynomials called Jacobi polynomials. In general, any orthogonal polynomial satisfy

a) an orthogonality relation;
b) a differential equation (a Sturm-Liouville problem);
c) a recurrence relation.
The following properties hold:

a) Orthogonality: ∫ 1

−1
Ln(x)Lm(x) dx =

{
2

2n+1 , n = m

0 , n 6= m

b) Differential equation (Sturm-Liouville problem):

− d

dx

[
(1− x2)

d

dx
Ln(x)

]
= n(n+ 1)Ln(x)

or

LLn(x) = λnLn(x) (an eigenvalue problem).

c) Recurrence relation:

(n+ 1)Ln+1(x) = (2n+ 1)xLn(x)− nLn−1(x), n ≥ 1,

L0(x) = 1,

L1(x) = x.

Further useful properties of the Legendre polynomials are:

|Ln(x)| ≤ 1, −1 ≤ x ≤ 1,

Ln(±1) = (±1)n,

|L′n(x)| ≤ 1

2
n(n+ 1), −1 ≤ x ≤ 1,

L′n(±1) =
1

2
(±1)n+1n(n+ 1).

24



7 A proof of the best approximation result, (7) on page 5

Let ϕ ∈ Hσ(Ω). Then, ∀s ≥ 0:

‖ϕ−ΠNϕ‖L2(Ω) ≤ cN−σ‖ϕ‖Hσ(Ω).

Preliminaries: The Legendre polynomials, Ln(x), satisfy the differential equation (Sturm-
Liouville problem)

((1− x2)L′n)′ + n(n+ 1)Ln(x) = 0 n ≥ 0.

Define the Sturm-Liouville operator, A, as

Aϕ = −((1− x2)ϕ′)′,

⇒ ALn = n(n+ 1)︸ ︷︷ ︸
λn

Ln.

Hence, Ln(x) are the eigenfunctions of the Sturm-Liouville problem

Aψ = λψ,

and λn = n(n+ 1) are the corresponding eigenvalues.
Note that A is a self-adjoint operator, meaning that

∫ 1

−1
wAv dx =

∫ 1

−1
(Aw)v dx,

or

(w,Av) = (Aw, v),

for v, w sufficiently regular functions.
Let us now return to our own proof. ϕ ∈ Hσ(Ω) in the case σ = 2m.

ϕ =
∞∑
n=0

anLn, ϕN = ΠNϕ =

N∑
n=0

anLn.

‖ϕ−ΠNϕ‖2L2(Ω) =
∞∑

m=N+1

a2
n‖Ln‖2L2(Ω),

an =

∫ 1
−1 ϕLn dx

‖Ln‖2L2(Ω)

=
1

‖Ln‖2L2(Ω)

· 1

n(n+ 1)

∫ 1

−1
ϕALn dx.
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But, ∫ 1

−1
ϕALn dx =

∫ 1

−1
(Aϕ)Ln dx.

Hence,

an =
1

‖Ln‖2L2(Ω)

· 1

n(n+ 1)

∫ 1

−1
(Aϕ)Ln dx.

Repeat m times:

an =
1

‖Ln‖2L2(Ω)

· 1

(n(n+ 1))m

∫ 1

−1
(Amϕ)Ln dx,

‖ϕ−ΠNϕ‖2L2(Ω) =
∞∑

n=N+1

1

(n(n+ 1))2m

(∫ 1
−1(Amϕ)Ln dx

‖Ln‖2L2(Ω)

)2

‖Ln‖2L2(Ω),

≤ N−4m
∞∑
n=0

(∫ 1
−1(Amϕ)Ln dx

‖Ln‖2L2(Ω)

)2

‖Ln‖2L2(Ω),

= N−4m‖Amϕ‖2L2(Ω).

Here,

‖Amϕ‖2L2(Ω) ≤ c‖ϕ‖
2
H2m(Ω).

With σ = 2m, it follows that

‖ϕ−ΠNϕ‖L2(Ω) ≤ cN−σ‖ϕ‖Hσ(Ω) Q.E.D.
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8 Summary

We have discussed how to approximate a given function u(x) based on high order polyno-
mials and by a truncated Fourier expansion. In the case of using high order polynomials,
the approximation error depends on the regularity of the function u(x). If u ∈ Hσ, the
error will decay like O(N−σ) in the L2-norm. If the function u(x) is analytic (σ → ∞),
the approximation error will decay exponentially fast.

In the case of using a truncated Fourier expansion, the approximation error will decay
with a rate which not only depends on the regularity of the function, but also the periodicity
of the function u(x) and its derivatives. If the function is analytic, and the function and
all its derivatives are periodic, the approximation error will decay exponentially fast.

We have also looked at the interpolation error when constructing high order polynomial
interpolants. For well chosen interpolation points (Gauss points), the interpolation error
will decay in a similar way as the approximation error.

A similar result is also true for numerical quadrature based on Gauss points.
Overall, high order polynomials are very attractive to use for approximation and inter-

polation where we expect a high degree of regularity. Unlike a truncated Fourier expansion,
high order polynomials do not assume periodicity in order to achieve good approximation
results.

9 Exercises

1. The Legendre polynomials satisfy the othogonality property (5). Assume that we
evaluate the integral in (5) using GLL quadrature based on M + 1 points, where
M = max{m,n}. Will the Legendre polynomials also be discretely orthogonal, i.e.,
when replacing exact integration with using numerical integration?

2. The basis functions `j(x), j = 0, . . . , N , used in the nodal basis (17) are almost

othogonal (in the sense that any term
∫ 1
−1 `i(x)`j(x) dx is very small when i 6= j).

Are these basis functions discretely orthogonal when using GLL quadrature based on
N + 1 points?

3. Assume that u(x) = x2 + 3x + 4. We construct a polynomial approximation uN (x)
of u(x) of the form (4) where the basis coefficients are determined by (6). Find the
basis coefficients ak analytically. How do these coefficients decay as N increases?

4. Figure 3 indicates exponential decay of the best approximation error (as measured
in the L2-norm), i.e., ‖u − uN‖L2(Ω) ∼ e−µN , for the given function u(x). From
Figure 3 we see that the error is approximately equal to 10−2 when N = 20 and
approximately equal to 10−8 when N = 40. Use this to estimate the value of µ.
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5. Figure 4 and Figure 5 indicate algebraic decay of the Legendre coefficients for the
given function u(x) = |x|3, i.e. ak ∼ k−ρ for some positive ρ. From Figure 5 we see
that a50 is approximately equal to 10−5, while a10 is approximately equal to 3 · 10−3.
Use this information to estimate the value of ρ. Does this value seem reasonable?
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