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system (in Lagrangian variables):

⌧t = vy,

vt = (
µ(✓)vy

⌧
� p(✓, ⌧))y,

✓t � ((✓)✓)y =
µ(✓)

⌧
|vy|2 � p(✓, ⌧)vy,

where ⌧ , v, and ✓, are the specific volume, velocity, and temperature, respectively. Here,
the pressure is given by the ideal gas law p(✓, ⌧) = R ✓

⌧
and the transport coe�cients µ

and  are allowed to depend on temperature.
In Paper 5, we study global existence and large-time behavior of weak solutions to the

fluid-particle interaction model:

@t% + divx(%u) = 0,

@t(%u) + divx(%u⌦ u) +rx(p(%) + ⌘) = µ�u + �rx divx u,

@t⌘ + divx(⌘(u�rx�))��⌘ = 0,

where %, u, and ⌘, are the fluid density, velocity, and the particle density. The pressure
p(%) is given by the relation p(%) = a%�.

There are many continuum mechanical equations that describe the flow of a fluid.
They have in common that they are derived from the same set of physical principles.
Their di↵erences are the results of various assumptions on the type of fluid and flow in
question. To introduce the various assumptions that apply to the models we study, we will
in the ensuing section derive the models. The reader familiar with classical fluid mechanics
and thermodynamics can safely proceed to the next section.

1 Physical background

In the literature there seems to be few recent textbooks on fluid mechanics that cater
to the applied mathematician. An excellent treatise of the subject is given by Serrin in
[67]. Unfortunately, it is not electronically available. To the author’s knowledge, the
best and most basic references are the first three chapters of Batchelor’s classical book [7]
supplemented by the first two chapters of Shapiro’s book [68] and Serrin [67].

We will begin the exposition by defining some key concepts.

Definition of a fluid

The defining property of fluids, lies in the ease with which they may be deformed. A
piece of solid has a definite shape and will only change shape if external conditions are
changed. A portion of fluid, on the other hand, does not have a preferred shape and may
deform freely. More specifically, a fluid is a substance which deforms continuously under
the action of shearing forces. This definition is not sharp as there are fluids that exhibit
both fluid and solid like properties. Here, we consider only ”simple” fluids such as air or
water. For this purpose, the above definition is su�cient.
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The continuum hypothesis

A portion of fluid is composed of a myriad of molecules in constant motion and collisions.
To model the fluid, the most fundamental approach is thus to set up the laws of motion
for each individual particle. This approach, often referred to as the kinetic approach, leads
to an unpractical number of equations. In fact, the number of molecules in 1cm3 of air,
at room temperature and pressure, is of the order 1019 ([7]).

We will be interested in the macroscopic behavior of a fluid. The basic assumption
is that we can consider the fluid as being continuous. This is known as the continuum
hypothesis. In comparison with experiments, the hypothesis is known to break down ([68])
whenever the mean free path of the molecules are of comparable size with the smallest
”significant” dimension of the problem. A point in the continuum should be considered
as a tiny average over a large number of molecules.

1.1 The equation of motion

In accordance with the continuum hypothesis, a fluid is understood as a continuum oc-
cupying at any given time t > 0, a spatial domain ⌦ ⇢ RN , N = 1, 2, 3. The state of
the fluid is characterized through observable macroscopic quantities such as mass density
% = %(t, x), velocity u = u(t, x) 2 RN , and temperature # = #(t, x).

Motion in continuum mechanics is represented by a continuous transformation

X(t, ·) : ⌦! ⌦, t 2 (0, T ), (1.1)

where (0, T ) is the time interval. For each time t 2 (0, T ), the pair (t,X(t, y)) gives the
”current” position of the fluid ”particle” initially occupying the position (0, y). Accord-
ingly, the curve (0, T ) 7! (X(t, y), t) is the trajectory of a specific fluid particle in the
flow. In light of the continuum hypothesis, it is reasonable to require that the mapping
X is a di↵eomorphism.

Using the mapping (1.1), there are two evident (and equivalent) ways to describe
the state of the system. We can let (t, y) be independent variables. Then, for a fixed
y 2 ⌦, (0, T ) 7! (%(t,X(t, y)), u(t,X(t, y)), #(t,X(t, y))) gives the state of one specific fluid
particle as the flow evolves. This is referred to as the Lagrangian description. Conversely,
we can let t and x = X(t, y) be the independent variables. Then, (%(t, x), u(t, x), #(t, x))
gives the state of the fluid particle that happens to reside at (t, x). This description is
referred to as the Eulerian description. To distinguish the two descriptions, we will use
(t, y) to denote a point in the Lagrangian framework and (t, x) for the Eulerian framework.

The motion X(t, y) is completely determined by a velocity field u(t, x) through the
system of equations:

@

@t
X(t, y) = u(t,X(t, y)), X(0, y) = y . (1.2)

To represent volume changes, we introduce the specific volume:

J = detryX .
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From the equation of motion (1.2), the following equation for the specific volume can be
derived

@

@t
J(t, y) = J(t, y) divx u(t,X(t, y)) . (1.3)

Incompressible fluids

If a fluid can be assumed to move without change in volume, that is to be incompressible,
(1.3) yields

divx u = 0.

When this assumption can be made depends on a dimensionless quantity called the Mach
number. The Mach number is defined as M = |u|

c
where c is the sound speed. From

experiments ([67]), it is known that the overall variation of the density at Mach numbers
M < 0.4, and constant temperature, is less than 8%. Hence, in such flows, a fluid can be
assumed to be incompressible. In liquids, the sound speed is large and flow velocities low.
For this reason, liquids are almost always assumed to be incompressible.

In this dissertation, we will not make this assumption.

Conservation of mass (continuity equation)

Let B ⇢ ⌦ be arbitrary. Then, the volume X(t, B) ⇢ ⌦ moves with the flow. The law of
mass conservation can be expressed by the statement

@

@t

Z

X(t,B)

%(t, x) dx = 0.

By a change of variables and (1.3),

0 =
@

@t

Z

X(t,B)

%(t, x) dx =
@

@t

Z

B

%(t,X(t, y))J dy

=

Z

B

h

@t% + urx%
i

(t,X(t, y)) J(t, y) + %(t,X(t, y))(@tJ(t, y)) dy

=

Z

B

h

@t% + divx(%u)
i

(t,X(t, y)) J(t, y) dy

=

Z

X(t,B)

@t%(t, x) + divx

�

(%u)(t, x)
�

dx.

(1.4)

Since this holds for any B ⇢ ⌦, we conclude the continuity equation:

@t% + divx(%u) = 0 in (0, T )⇥ ⌦. (1.5)

By comparing (1.3) and (1.5), one discovers the following relation

J(t, y) =
%(0, y)

%(t,X(t, y))
.
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Newton’s second law of motion (momentum equation)

The dynamics of the fluid is governed by the action of forces, external and internal, acting
on the fluid. To derive a governing equation we utilize the Cauchy stress principle:

Upon any imagined closed surface S there exists a distribution of stress vectors
t whose resultant and moment are equivalent to those of the actual forces of
material continuity exerted outside S upon the inside.

According to this principle, we may assume that the stress acting upon an imaginary
surface S with unit normal vector ⌫ can be represented by a vector field t = t(t, x; ⌫).

We consider a control volume X(t, B), B ⇢ ⌦, moving with the flow. Newton’s second
law of motion 1 states that ”the rate of change of linear momentum of a material volume
X(t, B) equals the resultant force on the volume”. Mathematically, this is represented by
the statement:

@

@t

Z

X(t,B)

%u dx =

Z

X(t,B)

%f dx +

Z

@X(t,B)

t dS,

where f is a given function representing body forces such as gravity or magnetism. The
calculations corresponding to (1.4) yield

Z

X(t,B)

@t(%u) + divx(%u⌦ u) dx =

Z

X(t,B)

%f dx +

Z

@X(t,B)

t dS,

where ⌦ is the vector tensor product (u⌦u)i,j = uiuj, and ui is the ith component of the
vector u. Since B is arbitrary, the above still holds for a fixed domain

1

|@B|
Z

B

@t(%u) + divx(%u⌦ u) dx =
1

|@B|
Z

B

%f dx +
1

|@B|
Z

@B

t dS, (1.6)

where we have also divided by the measure of @B. Letting |B|! 0, we obtain

lim
|B|!0

1

|@B|
Z

@B

t dS = 0.

Hence, the equation (1.6) implies that the stress forces are in local equilibrium. From this
fact, it follows (see [67]) that t can be expressed as a linear function of the components of
the normal vector ⌫. Hence, there exists a stress tensor T such that

t(t, x; ⌫) = T · ⌫.
In order to conserve angular momentum (which we do not describe here), the tensor T
needs to be symmetric (see [67]). This property holds for the fluids we consider.

By applying the Green’s theorem to (1.6), we obtain the momentum equation:

@t(%u) + divx(%u⌦ u) = divx T + %f in (0, T )⇥ ⌦. (1.7)

1A more correct term would be ”the law of conservation of linear momentum”. Newton’s second law
of motion concerns solid bodies and the above statement cannot be derived from this [67]. However, the
underlying principle is the same and the law is often attributed to Newton.
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1.2 Classical thermodynamics

In the previous section, we derived the equations (1.5) and (1.7) from the law of conserva-
tion of mass and Newton’s second law of motion. To obtain a closed system of equations
for %,u, and #, we will need additional equations. This will be obtained using classical
thermodynamics. The purpose of this section is to introduce the concepts and results we
will need in this process.

Classical thermodynamics concerns equilibrium states. That is, states in which the
fluid is at rest, have constant density, and constant temperature. The aim in classical
thermodynamics is to obtain relations between the various state variables as the system
moves from one equilibrium state to another. Consequently, these relations are not re-
ally valid for a fluid in non-equilibrium. However, experiments show that the results for
equilibrium states are approximately valid for non-equilibrium fluids (see [7]).

It is taken as a fact of experience that the state of a fluid in equilibrium can be
uniquely specified by two independent parameters. These parameters could for instance
be the density % and pressure p. All other variables, such as the temperature #, can be
expressed in terms of these variables. Such a relation, relating one state variable to two
others, is called an equation of state.

The internal energy

The internal energy e is defined by the first law of thermodynamics 2: ”the change in
the internal energy e of a system, when moving from one state to another, is equal to
the amount of heat added to the system minus the amount of work done on the system”.
Mathematically, this is represented by the statement:

de = dQ� dW, (1.8)

where dQ is the heat added to the system and dW is the work done on the system. For
a reversible process, where the only work on the fluid is through volume changes (see [68]
and [7]), it may be shown that

dW = p d⌧, (1.9)

where ⌧ denotes the specific volume. No real processes are reversible. However, the
relations following from this assumption still make sense for irreversible processes. Again,
experiments show that the relations valid for reversible processes are approximately valid
for irreversible processes.

The entropy

The entropy S is motivated by the second law of thermodynamics. There are several
equivalent versions of this law3. Here, we will be content with the corollary:

dS � dQ

#
. (1.10)

2More specifically, the internal energy is defined by the statement: the change in the internal energy
is equal to the amount of work done by the system during an equal temperature process (see [68]).

3See Shapiro’s [68] excellent treatise.
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If dQ = 0, this reduces to the principle of increasing entropy. For a reversible process, the
equality sign holds. In fact, this is the property that defines the entropy (see [68]).

The Gibb’s relation

Combining (1.8), (1.9), and (1.10), leads to the conclusion: for a reversible process, where
the only work on the fluid is through volume changes, the following relation holds:

# dS = de + p d⌧. (1.11)

This relation is known as the Gibb’s relation. In what follows, it will be a standing as-
sumption that (1.11) holds.

Important quantities and relations

We end this exposition of classical thermodynamics by stating some results we will need
later. See [68] or [7] for a proper motivation and derivation of the results.

We shall need the specific heats given by

cp =

✓

dQ

d#

◆

p

, cv =

✓

dQ

d#

◆

⌧

, (1.12)

where the subscript denotes the variable held constant during the di↵erentiation. Provided
the Gibb’s relation holds, it can be shown that

✓

de

d⌧

◆

#

= #

✓

dp

d#

◆

⌧

� p, (1.13)

cp � cv = #

✓

dp

d#

◆

⌧

✓

d⌧

d#

◆

p

. (1.14)

We also define the following parameter:

� =
cp

cv

=

✓

@p

@⌧

◆

S

.

✓

@p

@⌧

◆

#

, (1.15)

which will play a prominent role throughout this dissertation.

1.3 The energy equation

In the previous section, we introduced the concept of internal energy. Using this, we now
define the total energy.

Define the total energy E of a volume X(t, B), B ⇢ ⌦, as the sum of the kinetic and
internal energy:

E =

Z

X(t,B)

1

2

%u2 + %e dx. (1.16)

We require that the total energy E is conserved, and in accordance with the first law of
thermodynamics, satisfies the integral identity

@tE =

Z

X(t,B)

%fu dx +

Z

@X(t,B)

u(T · ⌫) dS(x)�
Z

@X(t,B)

q · ⌫ dS(x),
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where q is the heat flux vector into the volume X(t, B) and must be specified through a
constitutive relation. By the similar calculations as those leading to (1.5) and (1.7), we
obtain the energy equation:

@t

�

%
�

1

2

|u|2 + e
��

+ divx

�

%
�

1

2

|u|2 + e
�

u
�

+ divx q = divx (Tu) + %f · u. (1.17)

The equations (1.5), (1.7), and (1.17), represent the most general system governing
the time evolution of any body in continuum mechanics. Unfortunately, they do not
constitute a closed system of equations and additional equations are needed. To find
additional equations one typically tries to incorporate properties specific to the type of
fluid in question. Such equations are referred to as constitutive relations.

Using the momentum equation (1.7), the energy equation (1.17) can be split into an
equation for the kinetic energy and the following equation for the internal energy:

@t(%e) + divx(%eu) + divx q = T : rxu, (1.18)

where the colon operator denotes the matrix product A : B =
P

ij AijBij.

1.4 Constitutive relations

To derive a closed system of equations for %, u, and #, we will have to make further
assumptions based on the particular nature of the fluid in question. In particular, the
stress tensor T, the pressure p, the internal energy e, and the heat flux q need to be
expressed in terms of the state variables. We now introduce the various constutive relations
we will need in this dissertation.

The ideal gas

A fluid consists of numerous molecules. In a liquid, the molecules are relatively close to
each other. As a consequence, they interact not only through collisions but also through
molecular binding or repulsion forces. In a gas, the distance between molecules is much
larger and the molecular forces nearly absent. An ideal gas is a gas in which there are no
molecular forces and the only interaction is through collisions.

By considering an ideal gas on the kinetic level, one can derive the equation of state
(see [7]):

p(%, #) = R%#, (1.19)

where R is a constant specific to the type of gas in question. Through experiments, this
law has been found appropriate for many gases, including air.

The ideal gas law (1.19) cannot be used in situations with dense gases or high tem-
peratures. In the first case, the relatively distance between molecules is no longer large
enough to neglect molecular forces. In the latter case, collisions are violent enough to
split a molecule into its constituents. This violates another assumption in the derivation
of (1.19) (See [7]).
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With the ideal gas equation of state (1.19), the relation (1.13) yields
✓

de

d⌧

◆

#

= 0.

Hence, the internal energy e is a function of the temperature # alone. Moreover, cp� cv =
R, and thus (1.15) reads

� =
cv + R

cv

.

By definition (1.12) and the fact that de = dQ, the specific heat cv = cv(#) is also a
function of the temperature alone. This leads to the following expression for the internal
energy:

e =

Z #

0

cv(z) dx.

For monoatomic or diatomic gases (air), cv is approximately constant for a large range
of temperatures on both sides of the room temperature. From kinetic theory and experi-
ments, it is known that cv = 3

2

R for monoatomic gases while cv = 5

2

R for diatomic gases.
The corresponding values of � become � = 5

3

and � = 7

5

, respectively. For gases consisting
of complex molecules, the value of cv can become large and the value of � close to one.

In this dissertation, we will always assume that the fluid in question is an ideal gas.

The isentropic

Later, we will often assume that the flow is isentropic. A flow is said to be isentropic if
the entropy is constant along streamlines. This assumption can appropriately model flows
where both the conduction and generation of heat can be neglected. This assumption
simplifies the model substantially.

We return to the setting of thermodynamics and assume that the entropy is constant,
that the fluid is an ideal gas, and that cv is constant. Then, by integrating the Gibb’s
relation (1.11), we find that the entropy is given by4

S = cv log (p⌧ �) + const.

This can be solved for the pressure p to obtain

p = e
S

c

v %�.

Since the entropy is constant, this and (1.19) yield

# = c%��1.

However, this means that the temperature is no longer a state variable and that the state
of the fluid (at rest) can be uniquely specified by the density %.

This motivates the following equation of state for an isentropic flow of ideal gas

p(%) = a%�, (1.20)

which is often referred to as a �-law. Moreover, since the temperature is given as a function
of the density, the continuity equation (1.5) and momentum equation (1.7) are su�cient
to describe the fluid motion.

4The integration does not depend on constant entropy
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The stress tensor T and Newtonian fluids

According to the above definition of a fluid, a fluid deforms continuously under the action
of shearing forces. Hence, for a fluid at rest, the stress tensor assumes the form

T
rest

= �pI,

where p is the pressure. This gives Stokes’s law :

T = S� pI, (1.21)

where the tensor S is the viscous stress tensor, which characterizes the resistance of the
fluid to flow (internal friction).

In this dissertation, we study a particular class of fluids called Newtonian fluids. Most
common fluids such as air or water are considered to be of this type. By definition, a fluid
is Newtonian whenever the viscous stress tensor depends linearly on the velocity gradient.
In view of the principle of material frame indi↵erence, the only admissible form is:

S = µ(#, %)
�rxu +rxu

?�

+ �(#, %)rx divx u, (1.22)

where the viscosity coe�cients µ and � are functions of % and # and satisfy

µ � 0, � +
2

N
µ � 0.

Since S = 0, when µ ⌘ � ⌘ 0, this is called the inviscid (non-viscous) case. If µ > 0
and � + µ > 0, we have the viscous case. Mathematical and numerical analysis of the
viscous case di↵ers substantially from the inviscid case. In particular, the inviscid case
exhibits shocks in both density and velocity, which renders analysis di�cult.

Even though all fluids are viscous in nature, fluids are often assumed to be inviscid
in computations. For this reason, it is interesting to note when the e↵ects of viscosity
are negligible. There are two aspects of this question. Firstly, inviscid flows cannot be
required to satisfy physical boundary conditions at solid walls. For instance, there is no
drag on a body emerged in an inviscid fluid. On the other hand, outside boundary layers,
the e↵ects of viscosity become small as flow velocities become large.

The heat flux vector q and Fourier’s law

We shall need a constitutive relation specifying the heat flux vector q. Here, we will
assume that the fluid in question is isotropic. From this assumption, one can derive the
Fourier law :

q = �(%, #)rx#,  � 0. (1.23)

The transport coe�cients µ, �, and 

It remains to give constitutive relations for the transport coe�cients µ, �, and . According
to the first level approximation in the kinetic theory of gases, these are functions of the
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temperature alone. In Chapman & Cowling [17, Chapter 10], the following first level
approximation is derived

µ(#) = c
1

#
1
2 , (#) = c

2

#
1
2 ,

in the case of an ideal (simple) gas. When including molecular binding and repulsion
forces, the result is

µ(#) = c
1

#�, (#) = c
2

#�, � 2 [
1

2
, 1],

where � now depends on the specific gas in question. In [17, Chapters 13 and 14] the
theoretical results are compared to experimental data and found to be in good agreement.

1.5 Boundary conditions

We now consider the dynamical conditions to be satisfied at the boundaries of a fluid. We
limit the discussion to the conditions we will need later.

At solid boundaries, it is often assumed that the fluid adhere to the solid. This as-
sumption leads to the classical no-slip (adherence) condition:

u = 0 on @⌦. (1.24)

With the no-slip condition, both normal and tangential velocities vanish at boundaries.
This leads to (thin) boundary layers. The flow at a distance away from the boundary layers
is often una↵ected by the thickness and shape of the layers. For numerical purposes, it
is desirable to avoid having to compute expensive boundary layers if the behavior inside
these are not of interest. In this dissertation, we will sometimes consider the Navier-slip
condition:

u · ⌫ = 0 on @⌦, (1.25)

curlx u⇥ ⌫ = 0 on @⌦. (1.26)

This condition avoids boundary layers while it appropriately models the flow away from
boundaries. The condition is widely used in numerical codes for geophysical flows.

For the temperature, we will assume that the fluid is thermally insulated. That is,
there is no heat flux through the boundaries:

0 = q · ⌫ = �(#)rx# · ⌫.


