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1 The Gordon-Hall algorithm

In this section we discuss the Gordon-Hall algorithm [1] as a way to generate general
deformed meshes for our high-order discretizations. However, we remark that the Gordon-
Hall algorithm is very useful in order to generate deformed, structured meshes for any type

of discretization methods.
In the previous lecture notes, we found a way to computationally solve problems in

a non-rectangular domain. In particular, we could easily generate the coordinates (GLL)
corresponding to a domain like:

of (1 1)

T

The mapping F : Q- Q corresponds to an affine mapping (linear transformation).
Let us now discuss how we can deal with more complex situations.
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First, we remark that F : 0 — Q is a continuous, vector-valued function of the two
independent variables £ and n such that F maps 02 into 9f2.



Second, we remark that F is really a fiction, and that the only thing we know is the
description of 9€2. The method proposed by Gordon and Hall [1] is a way to realize this
mapping, and also a way to treat this mapping computationally.

We start with expressing the curves representing the edges of 0f) as

o z(§,—1)
00y = z(1,n)
003 z(£,1)
0y : z(—1,n)

For example, the curve z(§{,—1) corresponds to the edge 0 which is defined by
¢e[-1,1] and n = —1.
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For a given value of { (with n = —1) along the edge 9, the mapping F defines a
corresponding point (z,y) € 9€;. The vector valued function z(§, —1) will, in general,
describe a curve parametrized with &, with —1 < ¢& < 1.

Given these 4 curves (0€2;, i = 1,2, 3,4), how can we define the mapping F ?

In general, this problem is sometimes denoted as transfinite interpolation.

There exist many mappings that will map o0 precisely to 0€2, but will not be equivalent
in the interior, i.e., a point (£,7) in the interior of Q may correspond to different physical
points in 2.

Before we give an example of such a mapping, let us define the linear “shape” functions
ei(r), 1=0,1, as

ei(r) € P1(-1,1), 1=0,1,
©i(r;) = dij, 0<4,5<1,



where rg = —1 and 71 = 1; see Figure 1. The shape functions are explicitly given as
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Figure 1: Shape functions used in the context of linear interpolation.

Assume that we know the value of a function g at »r = £1. Let us denote the value
at 1o = —1 as go and the value at 71 = 1 as ¢g1. A linear approximation (in fact, a linear
interpolation) is then given as

g(r) = wo(r) go + ¢1(7) g1.

This simple concept is an essential ingredient in what follows. In particular, the values gg
and g1 will play the role as known coordinates along two opposite edges of 2.
Let us now define the mappings:

Fe(€,m) = @o(§) z(—=1,1) + ¢1(£) z(1,7)

2)
Fn(&,m) = wo(n) z(§, —1) + w1(n) (£, 1)
3) 1 1
Fen(&m) =D @i(&) wi(m) z(ri, ;)
i=0 j=0
4)

FOH = Fe+ Fy— Fen



The mapping 1), 2) and 3) have simple geometric interpretations:
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The mapping F; will preserve two of the edges exactly. The mapping F,, will preserve
the remaining two edges exactly. However, the mapping F¢, will, in general, only preserve
the four corner points of Q. The mapping 4) (Gordon-Hall) will preserve all the four edges
of Q, i.e., it will correspond to a mapping which maps o0 exactly to 092. In addition, the
interior points in ) are determined via a linear transformation (affine mapping).

2 A computational approach

In general, we may not be able to represent 02 exactly, but using some kind of approxi-
mation. In the context of high order spectral methods, it is natural to also approximate
the edges, 9€2;, i =1,2,3,4, using high order polynomials. In fact, we will be using high
order interpolants:

o« Inz(€,—1)
00 : Inz(1l,n)
003 : Iyz(€,1)
0y : Inz(—1,n)

For example,

Iyz(€, 1) € PR(-1,1)
Inz(&,—1) = (&, —1) i=0,...,N (GLL-points)
The procedure we are describing now is referred to as an isoparametric mapping. The

reason for this name is that we approximate the geometry using the same high order
approximation as for the solution of the differential equation(s) that we want to solve.



Algorithm

Step 1

Distribute the Gauss-Lobatto Legendre (GLL) points along each edge of €2, e.g., ac-
cording to arc length or chord length (use a parametric description):

Step 2

Approximate F¢ through:

1-¢ 1+¢ m=0,...,
xﬁm:[( 2m>$0"+< 2m>$N”} n=0,...

<=

Step 3

Approximate F;, through:

Step 4

Compute F¢, through:

L—&m 1-&, 1 m 1-¢,
o= [ (5 (55 oo+ (55 (155 Yo
1-&, 1 n 1 - 1 ;
+< 25 >< +26 )xONJr( +2§ )( J;é >xNN] m,n=0,...,N




Step 5

A B C

Lmn = Lmn + Lmn — Lmn

We can now compute z € Q corresponding to any point (£,7) €  via our high order
tensor-product basis

N N

m=0n=0

Instead of realizing a transfinite interpolation where o€ is mapped exactly to 0f), we
have realized an isoparametric mapping where each edge of 0f2 is approximated as a high
order interpolant.

3 The multidomain case

In general, we would like to handle even more complex geometries. However, this will
necessitate a multidomain approach.

We decompose the domain €2 into a number of (generally deformed) rectangles, i.e.

K
a=J%
k=1
Each of the elements can then be thought of as coming from a mapping Fj of the
reference domain 2 = (—1,1)2 to ..

fk:Q—>Qk, kZl,...,K,

for example,
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Note that, if the external surface 0f) is deformed, this does not necessitate that the
internal surfaces between adjacent elements need to be deformed. The internal surfaces
(or boundaries) are most often artificial; see the figure below.
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A particular consideration needs to be made in the case of time-dependent problems
where also the computational domain is time dependent, i.e., Q = (¢). An example of
such application is the simulation of unsteady free surface flows. In this case, the internal
surfaces may also deform with time. An appropriate framework for such problems are
provided by the Arbitrary Lagrangian-Eulerian (ALE) formulation. However, we will not
discuss this framework here.



We conclude this section with some comments about the weak form, in particular, as
pertains to the decomposition into multiple subdomains. As an example, consider the
bilinear form associated with the Poisson problem,

K

a(u,v) = /QVU -Vodedy = Z/Q (Vor) T Vg dz dy
k=1 k
K

(Vop)T G, Vi, d€ dn

S~

k=1

where

v = v,

up = ulq,

and Qk will depend on the mapping associated with Q, k=1,..., K.

Operator evaluation (matrix-vector products) will, in general, proceed by first comput-
ing all the elemental contributions independently, and then adding the contributions along
the interfaces between adjacent elements (“direct stiffness summation”).
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