
1 Commutative algebra

Theorem 1.1: Problem 15

If µi(xi) = 0, there exists j ≥ i such that µij(xi) = 0.

Proof. Suppose µi(xi) = 0 for some i ∈ I. Then xi is an element of Mi ∩D and hence is
a finite sum of generators of D in Mi, i.e.

xi =
k∑

s=1
x(s) − µisjs(x(s)). (1.1)

Here we have i1, i2, . . . , ik, j1, j2, . . . , jk ∈ I where ir ≤ jr for r ∈ 1, . . . , k and x(1) ∈
Mi1 , x(2) ∈Mi2 , . . . , x(k) ∈Mik

.
Since all our i’s and j’s make a finite subset of I, call this J , we can find another element
t ∈ I such that i ≤ t for all i ∈ J ∪ i.
Now, for all elements l ∈ I we define πl to be the projection homomorphism, i.e.

πl(xi) =

 xi, if l = i

0, else.
(1.2)

By the first part of the problem, we have

πl(xi) =
∑
ib=l

x(b) −
∑
jc=l

µibjc(x(c)). (1.3)

We can now apply the function µlt, and we get

µlt(πl(xi)) =
∑
ib=l

µibtx(b) −
∑
jc=l

µjctµibjc(x(c)). (1.4)

Now, summing over all of the l’s we get

∑
l∈I

µlt(πl(xi)) =
k∑

s=1
µistx(s) −

k∑
s=1

µjstµisjs(x(s)) = 0. (1.5)

Hence, since the left side is equal to just µit(πi(xi)) = µit(xi) we get our final result,

µit(xi) = 0. (1.6)
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