MA8109 Stochastic processes and differential equations

Fall 2015 - Synopsis
This note is intended to provide a synopsis of the course: What has been cov-
ered, basic definitions and important results, etc.
The note will keep on growing as the lectures move ahead. Ideally, a new ver-
sion will be posted every week.
Notation
Here I summarize some notation used throughout.

- N, Z, Q, R, C are the sets of natural numbers (starting at 1), integers, rational
numbers, real numbers, and complex numbers respectively. Also, Ng = {0} UN,
and R = [—00,00].

— Iwrite lim and lim instead of the more common liminf and limsup.

— B is the o-algebra of Borel sets on R or R (depending on context).

— Tuse :=to mean “is defined as”, and =: if the term being defined is on the right.

- ACis the complement Q\ A. The “universal” set Q needs to be understood.

- Au B is the union AU B of two disjoint sets A and B.

o0
- ] An is the union of a sequence of pairwise disjoint sets.
n=1
— YX, where X and Y are sets, is the set of functions X — Y.
— As aspecial case, YN is the set of all sequences (1, )2,...)in Y.
— [S] equals 1 if the statement S is true, 0 otherwise (indicator bracket).
— [A] is the indicator function of the set A, defined by [A](x) = [x € A].
— If a € R we write a* := max(a,0) and a™ := (—a)* = —min(a,0).
Then a*=0,ata =0,a=a*—a,and |a|=a* +a".
— If f is a function, define f* by f*(x) = f(x)*.
— I write 04, 0y for partial derivatives wrt. ¢ and x respectively; also 0, for the
second order derivative.
— I prefer Evans’ notation .2 and M? over @ksendal’s V and W.



First week (W34)

A recurring example is coin tossing space Q = {0, 1 }N, consisting of all infinite se-
quences of zeroes and ones, representing coin tosses (zero for tails, one for head)
if you wish.

An algebra on Q, (or perhaps more precisely, an algebra of subsets of Q) is a set
A of subsets of Q so that
- gpeA
- Ae Aimplies A€ A
- A,Be Aimplies AUB € sA

For each n € N, there is an algebra F,, of subsets of Q, defined as the events
determined by (w1, ...,wy): Thus A € F if and only if whenever w € A and 0’ € Q
wi =) for k=1,..., n implies ' € A. Or put differently, if 7,,: Q — {0,1}" is the
projection map onto the first n coordinates, the members of J,, are the inverse
images of sets B< {0,1}". Thus , has 22" members.

If we think of independent coin tosses with an unbiased coin, elementary prob-
ability theory dictates a probability P(r,,' (B)) =2~"#B when B < {0,1 }n (here #B
is the number of members of B).

The algebras ), form an increasing sequence of algebras, and so their union

oo
Fo=UFn
n=1

is an algebra too: It consists of all finitely determined events.
The strong law of large numbers implies that

where “a.s.” stands for “almost surely”, meaning “with probability 1”.

Note that we are unable to even give this statement a precise meaning within
our current framework so far, since it is a statement regarding an event not in F,
(worse, it is utterly independent of any finite number of cointosses wy).

Our next task is to remedy this.



o-algebras and measures

1 Definition. A o-algebra on Q) (or perhaps more precisely, a o-algebra of subsets
of Q) is a set F of subsets of Q so that

- QeTF
- AeFimplies A€ F oo
- ApeFforn=1,2,...implies | J Ay e F

k=1
Because any intersection of o-algebras is itself a -algebra, there exists a smallest
o-algebra 3 := 0(J,) containing F, called the o-algebra generated by F ..
We want to extend P to a probability measure on &F.

2 Definition. A measureon J isamap u: F — [0,00] satisfying

- u(@)=0 oo o0

- A, € J pairwise disjoint for n € N implies ,u( L] An) = Z w(Az)
n=1 n=1

3 Definition.

— A measurable space is a pair (Q,F) where Q is a set and J a o-algebra on Q.

— A measure space is a triple (Q,J, u) where (Q,F) is a measurable space and u a
measure on F.

— A probability space is a measure space (Q2,J,) where P is a probability measure.

4 Definition. A monotone class is a set M of subsets of Q) satisfying

o0
- IfA,eMand A, S Api forall neN, then | An €M,

n=1

o0
- IfA,eMand A, 2 Ay forall neN, then [) Ap € M.

n=1

5 Lemma (Monotone Class Lemma) If A is an algebra on Q and M is a montone
class with A € M, then o (A) € M.

From this we get

6 Theorem (Uniqueness of extension) Let A be an algebra. Any two finite mea-
sures which agree on all members of A, also agree on all members of o (A).

Returning to cointossing space (Q,J) with Q = {0, 1}N, we conclude that there
cannot be more than one probability measure on this space extending the func-
tion P defined previously on J,.

That there in fact exists such a measure is non-trivial, but true. Thanks to the
uniqueness theorem, we do not need worry too much about which of several pos-
sible methods of construction we use; they must all produce the same measure.

Lebesgue measure



This is another measure of great importance. It is defined on the o-algebra B
of Borel subsets of R, which is the o-algebra generated by the set of intervals (or
equivalently, open intervals — or closed intervals — or half open intervals (a, b] — or
open sets — or closed sets — or ...). We shall write A for Lebesgue measure. It is the
unique Borel measure (meaning a measure on B) so that A((a, b]) = b— a for all
a < b. (These do not form an algebra, so the uniqueness theorem does not apply
directly — but the set of all finite unions of such integrals does, if we also include
intervals of the form (oo, a] and (a,0).)



Second week (W35)

7 Definition. A measurable function on a measurable space (Q2,J) is a function
f:Q — R so that f~!(~o0,al)—oco,a] € J for all a € R. (Then f~!(B) € J for all
Borel sets B, because the sets B satisfying the condition is a o-algebra.)

A random variable (R.V.) on a probability space (Q2,J, P) is a measurable func-
tion on (Q, F). (We usually use uppercase letters such as X for random variables.)

8Lemma If a sequence of measurable functions converges pointwise to some
limit, then the limit is measurable.

We can now define a random variable U on coin tossing space:
o0
Uw)=) w,27".
n=1

Think of it as using the coin tosses w, as the digits in the binary expansion of
U(w) €[0,1].

We write P(U < u) as shorthand notation for P{w € Q: U(w) < u}).

It turns out that P(U < u) = ufor all u € [0,1]. (Easily proved for dyadic rational
u, thatis, u = m/2F for integers m, k; then it follows for all u, beacuse P(U < u) = u
is a monotone function of u.) In other words, U is uniformly distributed on the
interval [0, 1]. We shall call such a random variable a standard uniform variable.
From it, we can build random variables of any desired distribution.

9 Definition. The distribution of a random variable X on (Q,J, P) is the Borel
measure (tx given by
ux(B)=P(XeB)= P(X"1(B)).

It is uniquely determined by the cumulative distribution function
Fx(x) = px([-o0,x]) = P(X < x).

In particular, the distribution of a standard uniform variable U is Lebesgue mea-
sure on [0, 1]:
pu(B)=A(BnI0,1]) (B € B).



Integration

We define the integral for certain measurable functions f on a measure space
Q5 ):

10 Definition. A simple function is a measurable function which takes only a fi-
nite number of values. Such a function can be written

9= arlAl
k=1

with a; € R and A, € . We can always choose the ay to be distinct and nonzero
and the Ay to be nonempty and mutually disjoint. This may be called the canon-
ical representation of ¢. It is unique up to permutation of the indices. For a non-
canonical representation, we must take care not to subtract infinities. So we dis-
allow aj = —oo, ay =ocoand A; N Ay # @.

11 Definition. The integral of a simple function such as above is

n
f pdu=) arp(Ap).
Q k=1

Here and elsewhere we use the convention that 0- (+o00) = 0. If the sum contains
terms equal to both —oco and +o00, we do not define the integral of ¢. Note that the
integral of a nonnegative simple function is always defined. Its value may be co.

12 Definition. The integral of a nonnegative measurable function f is
f fdu= sup{f pdu: @issimpleand 0 < ¢ < f}.
Q Q

13 Theorem (The Monotone Convergence Theorem (MCT)) If f,, is a measurable
function and 0 < f;, < f,,+1 for n e N then

f lim f,dy= limffnd,u.
Q n—oo Jo

n—oo

(Note that both limits exist by monotonicity, and the limit function on the left is
measurable.)

14 Theorem (Fatou’s lemma) If f,, = 0 is measurable for all n € N then

lim fydu< lim [ fndp.
Q

Q n—oo n—oo



After showing that any nonnegative measurable function is a pointwise limit of a
non-decreasing sequence of nonnegative simple function, we have no difficulty
using MCT to show that the integral is additive, and in the end, we get an integral
that is linear, given by

15 Definition. The integral of a measurable function f is defined to be

[ rau= rrau-[ rdp

If both integrals on the right have infinite value, we do not define the integral. If
they are both finite, we call f integrable.

16 Theorem (The Dominated Convergence Theorem (DCT)) If f,, is measurable
and |f,| < g for all n € N where g is integrable, and if the sequence converges
pointwise, then

fm}ggofn dp= ,}ggofgfn dp.

The Riemann integral (or the Darboux integral — the two are equivalent, even
though they are constucted in slightly different ways) is the integral you learned
in basic calculus based on Riemann sums. Any Riemann integrable function is
Lebesgue integrable, and the Riemann integral equals the Lebesgue integral. (Iam
sure you are much relieved.) But it is trivial to find Lebesgue integrable functions
which are not Riemann integrable: The indicator function [Q] of the rational num-
bers is one example. Note that @ is countable, and so A(Q) = 0, since the Lebesgue
measure of any singleton set is zero. But [Q] is discontinuous everywhere, whereas
Riemann integrable functions are continuous almost everywhere (i.e., except on a
set of measure zero).



Third week (W36)

The expectation of a random variable X : Q — R is simply its integral with respect
to probability measure:

E[X] ::f XdP.
Q

Ifg: R—Ris any Borel measurable function, then g(X) is another random vari-
able. (Strictly speaking, we should write it as a function composition g o X, since
we are really talking about the function w — X(g(w)), but common convention
suggest hiding w as much as possible.)

Recalling the definition of the distribution px of X, we find

E[g(X)] =fﬁgdux.

(This is almost trivial when g is a simple function, and the general case follows by
the bootstrapping procedure, noting that a nonnegative measurable g is the limit
of an increasing sequence of simple functions and employing MCT.)

Thus we recover the usual formula from elementary probability.

We can create a random variable X with any given distribution y, and correspond-
ing cumulative distribution F(x) := u([—oo, x]) by letting U be a standard uniform
variable and setting

X(w) =F(Uw), F(u)=min{xeR: F(x) = u}.

In particular, we can create a standard Gaussian variable in this way, using the
standard Gaussian density function ¢ and cumulative distribution ®:

1 2 *

px)=—=e""7, q)(x):f (1) dt.
A% 2 —00 ¢

Note that if X is a standard Gaussian variable, then o X + y is a Gaussian variable

with variance o2 and expectation (mean) p.

Stochastic independence: We generalize the notion of independence from events:
algebras Ay with k =1,..., n are called independent when

n n
P(krlAk):]EP(Ak) whenever A e Ay fork=1,...,n,

and an infinite collection of algebras is called independent if every finite subcol-
lection is independent.

The o-algebra generated by a random variable X is the set of events { X € B} =
X~1(B) where B <R is a Borel set. A collection of random variables is called inde-
pendent if the o-algebras they generate are independent.



In coin tossing space, all the algebras corresponding to a single coin toss, F,, =
{®,{wn=0},{w, =1},Q}, are independent by construction.

With a bit of work, we can also conclude that the o-algebras corresponding to
disjoint sets of coin tosses, such as

o)
O'(U f-f(zk_l)zn), VVithl’lZO,l,Z,...,
k=1

are independent. It follows that the random variables

o)
Un = Z a)(zk,l)znz_n
k=1

are independent.
In proving the above, the following is useful:

17 Lemma If algebras (A;);c; are independent, then the generated o -algebras
o (A;) are also independent.

The proof is by showing that you can replace the A; by o(A;) one by one without de-
stroying independence, by noting that the set of sets A which are independent of all the A ;
for j # i is a monotone class, and using the monotone class lemma. Since the main condi-
tion for independence involves only a finite number of algebras at a time, this is sufficient.

Characteristic functions
The characteristic function of a stochastic variable X: Q — R" is the function
of ¢ € R" given by the expectation E[e!*X] where - denotes the ordinary scalar
product. We calculate

Ele*X] = /Q el X = fR e dux(x) = fix (&),

where f[Ix is the Fourier transform of .

The conventions for Fourier transforms vary, of course — here we have chosen to drop
the factor (277) "2 that is commonly included, and we also use the plus sign in the expo-
nent where a minus sign is quite common. But the present definition matches the conven-
tional definition of characteristic function.

From the theory of distributions (in analysis, not probability — also called gen-
eralized functions) we can learn the important fact that two distributions with the
same characteristic function are in fact identical.

Differentiating under the integral sign yields important formulas like

0
E[X;] = EﬁX(O)
J



and higher analogues such as

2

0¢j0¢k

EIXj Xyl = f1x(0)
and so on.

These can be proved directly from the definition of derivative, using DCT - provided
that X and X; X are integrable.

Gaussian families
(Note: We stick to Gaussian variables with expectation zero for now.)
The characteristic function of a single standard Gaussian is

2
. 1 —x2[24i¢ e P e —&2/2
NN(E)=—fex dxz—fe dx=e .
V21 JR v JRr

The second integral above can be evaluated by using Cauchy’s integral theorem around
arectangular contour with corners at + M and +M — i¢ and letting M — oo.

We generalize this to m linear combinations of n independent standard Gaus-
sians N:

n
Xj=) ajiNe
k=1

which we can write as a matrix equation X = AN where the X; form a column
vector X, the Ni form a column vector N, and A is an m x n matrix with real entries.

We calculate
fx() = E(ei$T ANy = p=¢TaAT¢I2 _ =¢TCer2,

where C = AAT is called the covariance matrix, since its Jkentryisinfact E(X; X)
(as is seen by differentiating with respect to ¢; and ¢g).

Let us define that a variable X : Q — R" is Gaussian with covariance matrix C if
its characteristic function is the one above. Here C is symmetric and non-negative
definite, which means ¢ T C¢ > 0 for all & € R”.

Next, a possibly infinite collection of random variables is called a Gaussian
family (with expectation zero) if any finite collection of them forms a Gaussian
n-dimensional variable.

The linear span of a Gaussian family is again a Gaussian family. And if you wish
to include variables with a non-zero expectation, just throw the constant functions
into the mix and take more linear combinations.

Gaussian families and Hilbert spaces

I2(Q, 7, ) is the set of square integrable functions, which in terms of expecta-
tions means that X € L? if and only if E(X?) < co.

If X,Y € L? then XY is integrable too, and the Cauchy-Schwarz inequality
holds:

|E(XY)| < EXHY2E(y*)12,

10



We define the L2 norm | - ||, and inner product (-,-) by
IXl2 = EXHY?, (X, Y)=E(XY), X, Yel’

It should be clear that this defines a real inner product space. Less obvious, but
still true, is that it is complete, so it is in fact a real Hilbert space.

You may be more familiar with the theory of complex Hilbert spaces. Real Hilbert space
theory is mostly the same, except that you don’t need to worry about complex conjugation.

There is one small problem, though: The axioms of normed spaces require that || X|| =0
only if X = 0. But || X||2 = 0 only yields X = 0 almost surely. So to really get a proper normed
space, we need to consider the elements of the space to be equivalence classes of random
variables, where X and Y are considered equivalent if X =Y a.s.

Clearly, any Gaussian family is contained in L2. It turns out that 7 members
of a Gaussian family are independent if and only if they are mutually orthogonal.
This is remarkable because pairwise independence does not imply independence
of n variables in general, but in a Gaussian family this implication does hold. Also,
it allows us to bring the whole Hilbert space theory with orthogonal projections,
etc., to bear on problems in Gaussian families.

11



Brownian motion

A stochastic process is just a family (X;) ;e of stochastic variables, where T can be

any set.

In practice for us, T will usually be the interval [0,00) or an initial segment of that inter-
val. But in many applications such as spatially distributed random fields, T will be a subset
of R" instead.

The process is called Gaussian if the variables form a Gaussian family.

Brownian motion is a Gaussian stochastic process (B;)>¢ with expectation zero
and stationary, independent increments, and normalized so that E (Bf) =1.

Equivalently (and this we shall adopt as the definition): It is a Gaussian process
with expectation zero satisfying

E(BsBy) =sAt

forall s, ¢ = 0. Here s A £ := min{s, ¢ }.

We can construct Brownian motion on coin tossing space by starting with a count-
ably infinite collection of independent standard Gaussian variables on this space,
indexed as N, .

To make a long story short, we begin by setting

n
By=) No,
P!

and noting that these do satisfy the requirements of a Brownian motion restricted
to integer t.

By induction, assume we have defined B,,,,« for all n € Ny and some k € No,
then we interpolate and add some randomness to the middle points:

1
- —(k+2)/2
Bopiryjakn = E(Bn/zk +Bi1y/2k) +2 Ni+1,n

The motivation for this is a small bit of Hilbert space geometry.

Finally, we define By , by setting By, ,, /-« = B« and interpolating linearly be-
tween these points, and we take the limit as k — oco.

The result is not only Brownian motion as defined above; but also, the above
series will almost surely converge uniformly on bounded intervals, so that the limit
function is continuous.

In summary, this version of Brownian motion has continous paths (almost surely).

This construction is known as Lévy’s construction. But it is less well known
than it deserves to be.

12



Fourth week (W37)
We finished the Lévy construction of Brownian motion. Along the way, we used

18 Lemma (Borel-Cantelli) If(A;) is a sequence ofevents with %> |, then P(A, i.0.) =
0.

Here “i.0.” stands for “infinitely often”, and the event in question is

8

)
U Ag.
lk=n

3
1l

The proof consists of noting that P(U>.  Ar) < Y32 P(Ai) — 0 when 1 — oo, be-
cause of the assumed convergence.

Here is a useful scaling law for standard Brownian motion: If (B;) > is a standard
Brownian motion and B, = v/aB;/, where a > 0 is a constant, then (B;);>o is a
standard Brownian motion as well.

We also have a simple restarting law: If (B;) ;> is a standard Brownian motion and
fo > 0 is fixed, then B, = B;_ # — B, defines another standard Brownian motion.
Quadratic variation
To begin with, note thatif 0 =y < #; < fp <--- < t,, = t, then (from a fairly trivial

calculation)
n—1

E(k:O(BtkH - By?)=t.

A bit more work shows that in fact

n-1

Z (B, _Bfk)z -1
k=0

in L? norm as the mesh size of the partition goes to zero, and so the above conver-
gence holds a.s. for some sequence of partitions with mesh size going to zero.
We may define the quadratic variation of a function f: [a, b] — R as

__n-1
QV(f;la, b)) =lim Y (f(tx+1) — (1))
k=0

where the limit superior is defined by taking the supremum over all partitions with
mesh size < § and then taking the limit § — 0.

Then it follows that for Brownian motion, QV(By; [0, t]) = ¢ a.s.

This is in stark contrast to functions of bounded (linear) variation, which have
zero quadratic variation. In particular, differentiable functions do have bounded
variation, so the paths of Brownian motion are almost surely nowhere differen-
tiable.

13



First steps toward the It6 integral: An example
We start out very naively, trying to make sense of the integral f[)t B;dB;. Re-

member that we found
n-1

Z (B, _Btk)z -1
k=0

in L% norm, i.e.,

-1

n-1 n
Z By Bry = By — Z By (Bry,, = Br) — t
k=0 k=0

However, both sums on the left are reasonable candidates for an approximation to
J BsdB!
The first sum is a Stratonovich sum, and can be used to define the Stratonovich
integral. The second sumis an If6 sum, and can be used to define the It6 integral.
We can easily evaluate the sum of the two sums:

n-1 n-1 n—-1
2 2 2 n2 2
Z Bt}m (Btk+1 +Btk) - Z Btk(Btlm _Btk) = Z (Btkﬂ _Btk) = Bt _Bo = Bt'
k=0 k=0 k=0
And so we find that
n—1
> By, By, —B)— %(B? +1) (Stratonovich),
k=0
n—1 )
Y By (By,, —By)— 3B —1) (Ito).
k=0

14



The Ito integral

Let F; be the smallest g-algebra for which B is measurable for all s < ¢.

A stochastic process (X;) ¢ is called adapted if X, is F;-measurable for all ¢.
We call it (B x F)-measurable on [S, T] if the function (¢, w) — X;(w) is measurable
with respect to the o-algebra B x &, where B is the Borel -algebra on [S, T]. With
1 < p < oo, we say the process is an L process if

T T
E(f X} di) :f E(XP)dt < oco.
S S
Note that the first equality is just Tonelli’s theorem. Following Evans’ lead, we write

LP(S, D

for the space of all processes defined above. We shall mostly be interested in the
casesp=2and p=1.
A step process (elementary process in @ksendal) has the form

n—-1
t— Y Xpeltg <t <t
k=0

where S=fg<ti<---<tp=T.

It is adapted if and only if X} is ', -measurable for all k; then it is clearly (B x
F)-measurable, and it is in L if and only if E(X?) < oo for all k. In this case, we
define the It6 integral:

T n-1 n-1
Y Xiltx<t<txaldBi=Y Xi(By,, —B).
S k=0 k=0

Notice that if X} = By, this is an It6 sum for fST B;dBy. To get a Stratonovich sum,
we would have to put X = By, ,, but then the corresponding elementary process is not
adapted.

The It6 integral turns out to be an isometry from L2 to L2(Q, F, P):

T 2 T
E((f X, dB,) ):f E(X®)dt
S S

for any step process X € 2. Therefore, the It6 integral can be extended by con-
tinuity to the L? closure of the space of elementary adapted processes; and this
closure turns out to be all of 1L2([S, T])

Elementary properties of the It6 integral include linearity, additivity ( fST+ fTU =
fSU), and
T
E(f X, dBt) - 0.
S

15



Further, the integral is F'r-measurable, meaning in particular that the stochastic

process )
(fo Xs st) 20

is an adapted process.

16



Fifth week (W38)

Noted the Lebesgue-Radon-Nikodym theorem, of which we mainly need the Radon-Nikodyz
part, that if 4 and v are finite (or o-finite) measures with v <« p, then there is a
unique function called the Radon—Nikodym derivative and written dv/ dp so that

dv
v(A)= | —d
(A) fAduﬂ

for all measurable sets A.

The notation is meant to encourage the highly illegal practice of cancelling the du fac-
tors, after which the resulting equality is trivially true.

Conditional expectation

Recall the definition of conditinal probability: P(A|B) = P(ANB)/P(B). Clearly,
the function A — P(A| B), which we may also write P(:| B), is itself a probability
measure.

The expectation of a random variable X with respect to this probability mea-
sure is its conditional expectation. It is given by

1
E(XlB):—fXdP.
PB) Js

Next, if we partition Q into disjoint pieces, as in
n
Q=B
k=1
we can associate E(X | B;) with the piece By. Make a piecewise constant function:

n
Y(w)= ) E(X|By)lwe Bl.
k=1
This is measurable with respect to the o-algebra G generated by the sets By, k =
1,...,n, and you may verify that

deP:fXdP forall Ae§
A A

(for it is true when A = By, and any A € G is a disjoint union of some of the sets
By). Moreover Y is the only §-measurable function satisfying this property. This
motivates

19 Definition. Let X be arandom variable with E(|X|) <oo (i.e., X € L}),and G < F

a g-algebra. Then the conditional expectation of X with respect to § (or we may
say given ) is the unique G-measurable L!-function E(X | G) satisfying

fE(XIQ)dP:fXdP forall Ae§.
A A

17



The proof idea is to note that if X = 0 then A— [, X dP is a measure on G which
is (trivially) absolutely continuous with respect to P (restricted to G), and then
E(X|9) is just the Radon-Nikodym derivative of this measure with respect to P
(restricted to 9).

20 Lemma The conditional expectation of X with respect to G is the unique G-
measurable function E(X | §) satisfying

E(E(XI 9 Y) = E(XY)
for every bounded G-measurable variable Y (i.e., for every Y € L*°(9)).

Proof: The relation holds by definitionif Y is the indicator function ofaset A€ G.
By linearity, it holds for simple §-measurable Y, and by approximation it holds for
all Y € L*°(9).
Conversely, if it does hold for all Y € L*°(9) then selecting Y to be the indicator
function of some set A € G, we recover the original definition of E(X | 9). (]
Put differently,
E(X-EXI9)Y)=0

for all such Y, which looks like the definition of an orthogonal projection.

Indeed, if X € L2 then E(X | 9) is in fact the orthogonal projection of X in the
subspace L*(Q, G, Plg)).

Given two functions Y, Z € L*°(9), we find

E(EX|19YZ)=EXY2Z),
and this shows that in fact
EXYI|9=EXI9Y for X e L'(F), Y € L®(9).
A similar argument gives the same formula if X € L2(5), Y € L2(9).

Martingales
For this, we need the concept of filtration, which is simply a family (M) ;o of
o-algebras where s < t implies My € M;. (The obvious example is F;, associated
with Brownian motion.)

21 Definition. A stochastic process (M;) = is called a martingale if E(M;| M) =
M forallt=s=0.

The terminology comes from gaming. Assuming My is your accumulated winnings at
time ¢, the martingale property says that the game is fair in the sense that your future ex-
pected winnings given your winnings at time s are the same as your current winnings.

18



22 Proposition The Ito integral fot X;dB;, where X € L2([0, T)), is a martingale.

To prove this, do it for an elementary adapted process first. The rest is an approxi-
mation argument.

We can generalize the It integral in two ways: The first is to replace the filtra-
tion (J) by any filtration 3 = ((;) />0, so that the integrand X is H{-adapted. We
then write X € [L?H([O, T1). We must also require that the Brownian motion B is a
martingale with respect to .

The other generalization is much less straightforward, but important: It is
enough to assume X € l\/l]?H ([0, T1), which is the set of H-adapted measurable pro-
cesses satisfying

T
f X?dt<oo as.
0

Once more, we can approximate such an integrand by step processes X, but this
time we merely get

T
f (Xn:—X)?dt—0 as.
0

According to @ksendal we get convergence in probability, but then some subsequence
will converges a.s.

The It6 integral of a process in M? may fail the martingale property, but like its
L2 counterpart, it has a version with continuous paths.

Sixth week (W39)

(I think some of the above material was actually covered this week.)

We proved the martingale property of the Itd integral for integrands in L?. The
most important ingredient in the proof is the observation that conditional expec-
tation is a L'-continuous map.

The proof does not work for integrands in M?, and in fact the result is not necessarily
true for such integrands.

We also proved path continuity for (some version of) the It6 integral, but the proof
did leave me with an uneasy feeling that all is not as it should be. I think we’ll move on
regardless; the result is undoubtedly true.
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It6 processes and Ito’s formula

23 Definition. A one-dimensional It0 process is given by
t t
Xt:X0+f Fsds+f G, dB; for0<t<T,
0 0

where F € M ([0, T]) and G € M2 ([0, T]). We often write this in the differential form:
dXt = Ftdt+ thBt

or even more briefly as
dX=Fdt+GdB.

Bear in mind, though, that only the integral formulation is rigorous.

24 Proposition (Itd’s product formula) IfdX; = F;dt+ G;dB fori =1,2 then
dX1X2) =X dX1 +X1dX+ GGy dt.

The final term is known as It0’s correction.

I outlined the proof, and used it to outline a proof of the following:

25 Theorem (Itd’s formula) Assume dX = Fdt+ GdB where F € M'([0, T]) and
G € M?([0, T]), and let u = u(t, x) be given, with continuous partial derivatives d,u,
Oxu, and Oy u. Then u(t, X;) is an It6 process, and

du(t,X;) =0;udt+0,dX +10.,uG*dt

The proof does not work too well if you try to work in the . setting, because
there are no growth conditions on u, which caused me a lot of unnecessary an-
guish in the lecture. But it works just fine in the M? setting, because the integrals
have a.s. continuous paths, and continuous paths on [0, 7] are bounded.
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A brief aside: Doob’s (sub)martingale inequality
An adapted L! process X is called a submartingale with respect to M if

E(X; | M) = X; when ¢ > s.

Exercise: Show that if M is a martingale and 1 < p < oo then (|M¢|P) > is a sub-
martingale. (Hint: x — |x|P is a convex function. Use Jensen’s inequality for mar-
tingales.)

26 Theorem (Doob’s submartingale inequality) If(X;);>¢ isasubmartingale with
a.s. continuous paths and A > 0, then

P({ sup X;> A} <AT'E(X}).

Oss<t
Proof: First, if0=1y < t; <--- <1, =t, define events Ay by
Ap={X; < Aforj=0,....,k-1,X; > A},
so that i
B:={sup X;>A}=] Ak
k=0

Oss<t

We now notice that Ay € M, , and calculate:

n n
E(X/ E(X; [A) = ) E(X([AD) = Y E(E(X: M) [Ak])
k=0

n
)= )
k=0 k=0
n n
> ) E(X; [Ar]) = ) AP(Ag) = AP(B).
k=0 k=0

Now divide up the interval [0, f] dyadically, defining
By =4 sup2 Xo-mjy > A}

and noting that the above proof shows that P(B,,) < A1E (Xt* ) for all m. Since
(B;,) form an increasing sequence, we also have

P(QOBm) < AEXH.

But the event of the left is precisely the event whose probability we set out to esti-
mate, except for the discontinuous paths — which have probability zero. 1

27 Corollary (Doob’s martingale inequality) If (M;);~o is a martingale with a.s.
continuous paths, A >0 and 1 < p < oo, then

P({ sup My>A}) <A PEMP).

Oss=<t
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Proof: Use the exercise above and Doob’s submartingale inequality. 1

Doob’s inequalities are often stated without the assumption on continuous paths. How-
ever, then at least we need the assumption that the process is separated, which essentially
means there exists a countable set of times that can be used in the same way we used the
times 27"} to arrive at the conclusion. Since it can be shown that every stochastic process
has a separated version, this is not a terribly restrictive assumption. The rather technical
details can be found near page 56 in Doob’s classic book on stochastic processes.

Seventh week (W40)

I spent some time on the It6 integral for integrands in M?, as opposed to the easier
L2 case. In particular, I explained the notion of convergence in probability: Some-

times written X, LA X, this means that P(|X;,, — X| = €) — 0 for all € > 0. Three
useful facts:
— Asequence converging a. s. converges in probability
- If a sequence of stochastic variables converges in probability, then some subse-
quence converges a.e.
— A sequence converges in probability if and only if every subsequence has a sub-
sequence converging a.e.
As a result, the usual convergence theorems from integration theory (MCT, DCT)
extend to sequences that converge in probability.
Back to the definition of the Itd integral:
If (X;) € M? then there are step processes (Xn,¢) so that

T P
f Xt - XePdt 20,
S

and in this case it turns out that the sequence |’ XT Xy, dt is convergent in measure
(itis a “Cauchy sequence in measure), so that we can define the It6 integral of (X;)

by the requirement
T p (T
f Xn,tdt_’f Xtdt
S S

22



Stochastic differential equations
These are equations on the form

dX[ = f(t,Xt)dt+g(t,Xt) dBt

where one usually considers the initial value problem, where Xj is a given random
variable.

Here f and g are given functions of two variables.

We can consider scalar equations, where f, g, and X; are real-valued, or sys-
tems, where f and X; are vector valued, g is matrix valued, and By is n-dimensional
BM.

A classic example is the linear growth (or decay, if r < 0) equation with a noise
term:

dN;=rN;dt+aN;dB;

which turns out to have the solution
Nt — Noert+aB,—a2 t/2

Recall that any It6 integral with an L. integrand is a martingale (not true for M?
integrands). So, with r = 0, we conclude that

—a? . .
(eBr=a"t2) _ 'is a martingale,

avery useful result in its own right — and verifiable by direct calculation.

28 Theorem The stochastic differential equation
adX;=f(t,Xy)dt+g(t,X;)dB;

with given initial value X, € L?>(Q, 7, P) has a unique solution, provided

— f and g are measurable functions

— f and g are Lipschitz in the x variable: |f (t,x) — f (¢, y)| < C|x — y| and similarly
forg

— f(t,0) and g(t,0) are bounded functions of t

- Xy € L? is independent of B,

The solution will belong to l]_éx0 where 3"?0 =3 vo(Xy) (the o-algebra generated

by F; and o (Xy)).

The uniqueness proof is based on Gronwall’s (or Gronwall’s) inequality, while the
existence proof is via Picard iteration:

t t
Yn+1,t=Xo+f f(r,Yn,t)dHf gt Yu)dBy, Yo =Xo.
0 0
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29 Lemma (Gronwall’s inequality) Assume
t
u(t) < A+f u(Sw(s)ds
0

where w = 0. Then ,
u(y) < Aexp(f w(s) ds).
0
To help remember this, note that if the first inequality is an equality, then so is the

second. (Solve the equivalent differential equation!) The requirement w = 0 is
important, which is why I named it w (think of a weight function).
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The multidimensional It6 integral and It6 formula
Here, we consider It6 integrals of the form

T T
fSGt'dBtsz (Gr,¢dB1,s++-+ G dBpm,y)

where B; = (By,, ..., Bm,;) is m-dimensional Brownian motion, which means that
By, ..., By, are independent Brownian motions, all belonging to the same Gaus-
sian family. Furthermore, there must be given a filtration J{; for which each B, ;
is a martingale, and the processes Gy ; must all be H{-adapted.

We might generalize this to the case where G is a an n x m matrix with columns Gy ¢,
..., G, 1, and this is indeed an important extension But the extension from the scalar case
is a trivial one, involving no surprises.

Along with the multidimensional It6 integral we get more general It6 processes:
They look like

t t
X[=X0+f Fsds+f G- dB; for0<t<T
0 0

just like before, except now B, is a multidimensional Brownian motion, X; is vec-
tor valued, and Gs-dBs = G1,sdBys+ -+ Gm,sdBms. As before, we write this
formally as an equality of differentials:

dX}==F}dt4—Gt'dBt
Once again we get a product rule: If
dX[,[ZFl',tdt'i‘Gij,[‘dBt fori=1,2

then .
AX1X2) = X1,0d X0, + X2, dX1,0+ ) G1j,1Goj At
j=1

That final term is Itd’s correction term. Formally, it arises from the multiplication
rules (dBj)2 = dt - known from before — and the new rule dB; ;dBy = 0if i # j.
The proof is by noting that B; = (B it +Brr)/ /2 is a standard Brownian motion, so
we already know that (dB)* = dt, i.e. (dBj+dBy,,)* = 2dt, and expanding the
square and using the old rule twice more finishes it.

Ito’s formula: We require a function ¢(t, xi,..., x,) and n Itd processes X; ; for i =
1,...,n: Given the right assumptions, ¢(¢, X1 ¢, ..., Xp,;) becomes an It6 process as
well. Its differential can be computed by the second order Taylor formula:

k
d(p(t,Xl,[,...,Xn,t) =at(pdt+ Z 6Xj(dej,t+
j=1

N =

n o n
Z Z Oxjxk(dej,thk,t,
Jj=lk=1
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inserting the values for d X;, and using the rules
di*=dtdBj,=dBjdB, =0, dB; =dt
where j # k.

In the above rendition of Taylor’s formula, I have skipped all the terms 0;x jpdrdX;,
since the multiplication rules will make them all zero.
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Eighth week (W41)
As a simple example, which turned out not to require the It6 correction terms, we
have the linear system

dXt = AX[dZ"f’f(f)df‘f’KdB[,

where x; € R”, B; is m-dimensional BM, A and K are constant matrices (in R"”*"
and R respectively), and f is a deterministic function. The answer turned out
to be

t t
X, =e? X, +f e(tfs)Af(s)ds+f e"=94K dB,
0 0
t t
=e'X, +f eI f(s)ds+ KB, +f e A AK B, ds
0 0
After this, I proved Doob’s submartingale inequality, and then used this to prove

Khinchin’s law of iterated logarithms:

— By
lim ——— a.s.

=00 /2¢Inint

(In retrospect, this took too long.)
Along the way, I needed this:

30 Lemma (Second Borel-Cantelli lemma) Ifevents A;, A, ..., are independent
and )., P(A,) = co then A, occurs infinitely often, almost surely.

Proof: If not, there is a nonzero probability for some n that Ay does not occur for
any k = n. That s,

ﬂ (1-P(Ap) >0.
k=n

Taking logarithms, we get

D18

In(1-P(Ag)) > —c0.

k=n

Using the inequality In(1 + x) < x, we conclude from this

o0

Z —P(Ay)) > —oo,

which contradicts the assumption. ]

More examples (returning now to stochastic differential equations) include Langevin’s
equation
dV =-bVdt+odBy,
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which we might think of as V = —bV + white noise. This is a more realistic model
for the velocity V in physical Brownian motion, say, for a pollen grain in water.
Here b is a damping coefficient, and the white noise term arises from the pollen
grain being bombarded with molecules in thermal motion. The solution is

t t
Vt:e_b”V0+af ePs=0 stze_ti0+0Bt—U[ e?SDpB. ds.
0 0
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Ninth week (W42)

An It6 diffusion is an autonomous stochastic differential equation:
dXt = b(Xt) dt+ o(Xy)- dBt

where the unknown X; takes values in R", and By is m-dimensional BM. Thus b
will is a time independent vector field in R”, while o is a time independent field of
n x m-matrices.

The vector field b is called the drift coefficient, and the matrix o is called the
diffusion coefficient (or the dispersion coefficient according to different authors).

If o = 0, an It0 diffusion is just a (continuous time, autonomous) dynamical system. So
you may well think of an It6 diffusion as a dynamical system with a noise term added.

The book calls any solution to the equation an Ité diffusion, but it seems better to re-
serve that term for the equation itself, as many authors indeed do. In fact, I would argue
that the author himself does so, in effect contradicting his own definition.

We write (Xf’x) t=s for the solution starting with the (deterministic) value x at
time s; thus X3 = x.

An important consequence of weak uniqueness is time homogeneity: The pro-
cesses (X} )n=0 and (Xg’x)hzo have the same law (or probability distribution if
you prefer).
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