Convexity in Complex Geometry
Xu Wang

ABSTRACT. These notes were written for the "Advanced Complex Analysis" course at NTNU.
We shall partially follow [H1] and mainly concentrate on the notion of convexity in complex
geometry.
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The study of convexity in complex geometry has found many applications in other fields of
mathematics. The followings are some selected applications of one crucial result (the Ohsawa-
Takegoshi extension theorem) in the convexity theory.
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1: Suita conjecture. Bergman kernel and Green function are crucial notions in complex
analysis. For the unit disk D in C, we have

1
K]D)(Z) = m, G]D)(Z,U}) = 10g’

z—w
1 —wz :
Hence

log(mKp(2)) = 2&}3{(;@(2’ w) — log |z — wl}.

The Suita conjecture is the following inequality:
(0.1) log(mKq(z)) > 2 lim{Gq(z,w) — log |z — w|},
w—rz

where (2 is an arbitrary (smoothly bounded) domain in C. This conjecture is solved and general-
ized by Blocki [Bl] and Guan-Zhou [GZ] using the following version of the Ohsawa-Takegoshi
extension theorem [OT, BL]: for every given 2, € € there exists a holomorphic function f on €2
with f(z9) = 1 and

t——o0

/ |f(z + iy)|Pdzdy < limsup e_t/ dxdy
Q G<t

for every non-positive G on 2 with G(z) — 2log |z — zy| subharmonic on 2.
Exercise 1: show that (0.1) follows if we take G/(2) = 2Gq(z, 20).

2: Strong openness conjecture. Let ¢ be a plurisubharmonic function on a neighborhood
of the origin in C" and F be a holomorphic function near the origin. Assume that |F|?¢= is
integrable near the origin then Demailly and Kollar [DK] conjecture that |F'|2e~7? is integrable
near the origin for some p > 1. This conjecture is a well known fact in case n = 1. For general
n with F' = 1, it is solved by Berndtsson [B3]. The most general case is proved by Guan-Zhou
[GZO0] using the Ohsawa-Takegoshi extension theorem.

3: Corona problem. Another application of the Ohsawa-Takegoshi extension theorem is the
Skoda L?-division theorem [D, page 58]: Let g := (g1, , g,) be r holomorphic functions on
the unit ball B in C™ with |g|* := |g1|> + -+ |g-]* > 1 on B. Set m = min{n,r — 1}. Then for

every € > ( there exist holomorphic functions (hy,-- - , h,) on B such that
0.2) githi + -+ g:h, =1
and

/B h2g 20 9dn < (14 ) %

where d)\ denotes the Lebesgue measure. In case n = 1, Carleson [C] proved that there also exist
bounded holomorphic functions (hyq,--- , h,) on B satisfying (0.2). Finding bounded holomor-
phic solution of (0.2) is known as the Corona problem. It is still an open problem for n > 2.

4: Bernstein-Kushnirenko theorem. The fourth application of the Ohsawa-Takegoshi exten-
sion theorem is the Bergman kernel asymptotic formula, which implies the following formula:

dim H(X. mL
(0.3) liy A0 AC(X,mE)

m—00 m™/n!

=tz € X fi(z) =--- = fulz) = 0},
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(see [B10, page 40])where L is an ample line bundle over an n-dimensional compact complex
manifold X and f;, 1 < j < n, are generic holomorphic sections of L. In case X and L are
defined by a Delzant polytope P, (0.3) implies the Bernstein-Kushnirenko theorem (which holds
true for a general convex polytope P in R"™ with integral vertices, see [Be, KK]):

(0.4) nl|P| =#{z € (C)": fi(z) = -+ = fu(2) =0},
for generic f1,- -, f € {>ucprzn Cuz™ : cu € C}, where | P| denotes the volume of P.

5: Bourgain-Milman theorem. The final application of the Ohsawa-Takegoshi extension
theorem that I want to mention is the Berndtsson’s subharmonicity of the Bergman kernel [B0O6,
B09], which implies the Bourgain-Milman theorem [BM, B21]:

n

(0.5) K] |K°| > (1.604) "=,
where K denotes the unit ball of a norm || - || on R", i.e.
K={zrecR": o] <1},

K° denotes the unit ball of the dual norm, i.e.

Ke={yeR":z-y<1 Vze K}
The famous Mahler conjecture (still open in case n > 4) says that (0.5) still holds true if we
change the right hand side to 4" /n! (lecture on Tuesday, 22th August, week 34).

1. CONVEX ANALYSIS BACKGROUND
1.1. Convex set and convex function.

Definition 1.1. Let
p:A—R

be a function on a non-empty open set A C R". We say that A is convex if
tr+(1—thye A, Vo,ye A, 0 <t <1
Assume that A is convex, we say that ¢ is convex if
(1.1) ¢(te+ (1 —t)y) <tp(x)+ (1 —t)p(y) Ve,ye A, 0 <t < 1.
Lemma 1.1. ¢ : A — R (A is convex) is convex if and only if
oty +x) — ¢(x)
t
Proof. Notice that (1.1) is equivalent to
(L -ty —2) +2) —¢(x) _ ¢y~ +2)— ()
1—t - 1
Write (y — x) = sz, the above inequality gives
P((1 —t)sz + ) — o(x)
(1—1)ls|

(1.2) is increasing int when x,x +ty € Aandt # 0.

B2+ 3) = o)

<
5]
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Hence (1.1) is equivalent to (1.2) with ¢ > 0 or ¢ < (. But since (1.1) also gives
Oty +1) — o(x) _ Sty + ) — o(x)

t - —t
We know that (1.1) is equivalent to (1.2). O

, t>0.

Proposition 1.2. Assume that ¢ is smooth. Then ¢ is convex if and only if the Hessian matrix
(¢jr) is positive semi-definite.

Proof. Notice that (1.2) implies that the derivative of
»(t) = o(ty + x)
is increasing. Thus if ¢ is smooth and convex then
Vyu(0) = Z ¢jk(33)yjyk > 0.

On the other hand, if (¢;;) is positive semi-definite then ¢, > 0 for all ¢ such that ty + = € A,
which implies that

1 1
% (¢(ty+37t)_¢($)) :%/0v @ZJ,(tS)dS:/O ¢/,(t5)8d820,
hence (1.2) follows. ]

Proposition 1.3. Let ¢ be a convex function on a non-empty open set A C R". Then ¢ is locally
Lipschitz continuous.

Proof. We shall follow the proof of Hormander in [H2, Theorem 2.1.22, page 55]. For every
finite set X := {x1,---,xy} in A, let us denote by ch(X) its convex hull, then using (1.1)
inductively we have

sup ¢ = sup o.
X ch(X)

Let K be a compact subset of A. Fix ¢ > 0 such that
K. :={z€R":|z—z| <eforsomez € K} C A.
Since A is convex, we can find X such that K. C ch(X). In particular
r+y,x—y€echX), VeeK, |yl <e,
which gives
¢(x) —sup ¢ < ¢(x) — Pz —y); Pz +y) — #(z) < sup¢ — (a).
Notice that (1.2) implies

O~y + 1)~ dlx) _ Blty+ ) — b(x)
-1 - t
for every —1 <t < 1, hence

|¢(ty + xt) — ¢(x) } < |o(x) — Sl)l(p 9|,

from which we know that ¢ is locally Lipschitz continuous (in particular, ¢ is continuous).  [J

<

Py + ) — ()
1
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Remark. The above proof in fact implies that

—inf . . .
S MIKS —  since ¢ is proved to be continuous (lecture on 25th August).

£

where L :=

1.2. Brunn-Minkowski inequality and isoperimetric inequality.

Theorem 1.4 (Brunn-Minkowski inequality). Let Ay, Ay be bounded non-empty convex open
sets in R™. Then

1 1 1
|Ar + Aofn > [Aq] + [Ag|7,
where A1 + Ay :={x+y: 2 € Ay, y € Ay} denotes the Minkowski sum.

Exercise 2: Show that the Brunn-Minkowski inequality is equivalent to that for every bounded
. 1. .
non-empty convex open sets Ay, Ay in R": —[tA; + (1 — t)As|» is convex int € (0, 1).

Remark: In case Ay = A has smooth boundary and A; = sB, where B is the unit ball and s is
a small positive number, the Brunn-Minkowski inequality gives

|A+ sB|w > |Al" + |sB|+ = |Al" + s|B|",

which implies

A+ sB|w — |Al
li AT Bl Z A S
s—0+ S
On the other hand, if we put f(s) = |A + sB| then
f'(0+) = 10A],

where |0A| denotes the (n — 1)-dimensional volume of the boundary 0A of A. Hence

) ’A+3B‘% — ‘A’% el ny - 1 (1-n)/n / _ |6A‘
Ay T S U = O 00 = s

and we have

|0A| 1
a7 = Bl

Note that |0B| = n|B|, the above inequality gives the following classical isoperimetric inequality

for convex sets.

Isoperimetric inequality. Let A be a smoothly bounded convex open set in R". Then

04l _ |08
|A|(n—1)/n — |B|(n—1)/n
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1.3. Legendre transform, gradient map and convex exhaustion functions.

Definition 1.2 (Legendre transform). Let 1) be a convex function on a bounded non-empty convex
open set A C R"™. We call

T€EA

U (y) = supa -y — bla), ay = 3 2y,
j=1

the Legendre transform of 1 (with respect to A).

Proposition 1.5. Let ¢ be a smooth strictly convex exhaustion function on a bounded non-empty
convex open set A C R"™ (exhaustion means that 1) tends to infinity at the boundary of A, more
precisely, it means that for every ¢ € R, the closure of {10 < c} is a bounded subset of A; strictly
convex means that the Hessian matrix is positive definite). Then its Legendre transform 1" is
also smooth, strictly convex, moreover the gradient map of V*

(1.3) V" ty i a =Vt (y) = (00" /0y', - 00" [Oy"),
defines a diffeomorphism from R" onto A.

Proof. 1t is enough to prove that the gradient map of ¢ defines a diffeomorphism from A to R",
1* is smooth and V)™ is the inverse of V.

Step 1: V1 is a diffeomorphism from A to R™. Since 1) is smooth and strictly convex, we
know that V) is a local diffeomorphism.

1. V) is injective: assume that Vi (z1) = Vip(xq) = yo, consider

(1.4) P*(x) == Y(x) — Yo - 7,
we know that 1)*° is smooth, strictly convex and
(1.5) V¥ (x1) = V¥ (z5) = 0.

Consider the restriction, say g, of /% to the line determined by x; and x5, then g is convex with
critical points z; and x,. Thus g is a constant on the line segment from x; to x5, moreover, strict
convexity of g implies z; = x2. Thus V1 is injective.

2. Vi(A) = R™ fix y € R™, since ¥¥ tends to infinity at the boundary of A, strict convexity
of 1) implies that /¥ has a unique minimum point, say x € A. Thus

0= Vi) = Vip(x) —y.
Step 2: 1* is smooth. Notice that
(1.6) P (Vi(2) = Vi(z) - — ¥ ().
Thus ¢* o V1 is a smooth, which implies that 1* is smooth on R".
Step 3: V" is the inverse of Vi). Apply the differential to (1.6), we get that

(1.7) (V" o Vip(z)) - (Y1) =z - (), Vo € A

Since (1););) is an invertible matrix function, the above formula gives Vi)* o Vi) = Id. U
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Exercise 3: (1) Let ¢ be a smooth strictly convex function on R". Show that V¢ defines a
diffeomorphism from R" to V¢(R™), ¢* is smooth strictly convex on V¢(R™) and V¢* defines
a diffeomorphism from V¢(R") to R™.

(2) Let A be a non-empty open set in R™. Use the following proposition to show that A is
convex if and only if there exists a smooth convex exhaustion function on A.

Proposition 1.6. Let A be a non-empty convex open set in R". Then there exists a real analytic
strictly convex exhaustion function on A.

Proof. Inspired by [B21, Proposition 3.2], we shall look at the following "Bergman kernel" type
function (we omit the Lebesgue measure in the integral)

6215 T

2
ap [ oq VI

which is always strictly convex and real analytic in A. Since

(1.8) B(z) =

2t-x
(& . |$‘2
7T e s

(1.9) B(z) >

- 2ty—ly|?
R? fRZ e ly]

we know that B is an exhaustion function when A = R"”. In case A # R", then A must have a
boundary point. Take = € A such that d(x,0A) = ¢, by a rotation, one may assume that
d(xz,0A) = |x — x|, o = (|x0|,0,---,0), x = (|xg| —,0,---,0), A C {z1 < |x0]},

which implies

2t1 |270| (|IEO| |IEO| n—1
/ _ 7.‘_71—1 ™
2ty — y2_ 2ty — y2— |zol B 2
J e2tylyl R fy<\x0\ € >0 f thy 2

y1<|zo|

Hence
B(z) > 7" max{e*’, (27)"'d(z, 0A) "%},

from which we know that B is strictly convex, real analytic and exhaustion in A. U

Exercise 4: Prove (1.9).

1.4. Mixed volume and Alexandrov-Fenchel inequality. Let A be a bounded non-empty con-
vex open set in R™. By Proposition 1.6, there exists a real analytic strictly convex exhaustion
function, say 1, on A. Put ¢ = 1*, then Proposition 1.5 implies that V¢ is a diffeomorphism
from R™ onto A, thus we can write the volume |A| of A as

(1.10) | Al :/dy: MA(¢)dw, dx :=dz' A--- ANda"™, dy :=dy* A--- N dy".
A Rn

where M A(¢) := det(¢;;) denotes the determinant of the Hessian of ¢.
Exercise 5: Use the change of variable y = V¢(x) to prove (1.10).

The following proposition is a generalization of (1.10).
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Proposition 1.7. Let ¢y, -, ¢on be smooth strictly convex functions such that each V¢; is a
diffeomorphism from R" onto a bounded convex open set A;. Then we have

(1.11) ‘t1A1+"'+tNAN|: MA(t1¢1+"'—|—tNgZ5N)d.T, t]>O,V1§]§N
]Rn

Proof. By induction on NV, it suffices to show that

(1.12) V(g1 + ¢2)(R") = Ay + As.

Obviously we have V(¢ +¢2) (R") C A; + A,. Thus it is enough to show that for every y; € A,
and every y € A,, there exists xy € R" such that V(¢ + ¢9)(x09) = y1 + y2. Consider gb?j
instead of ¢;, one may assume that y; = y, = 0. Choose z; and x5 such that

Since ¢; is convex, we know that each z; is the minimum point of ¢;. Thus strict convexity of
¢; implies that

(1.14) ¢j(x) = o0, as |z| = oo,
i.e. each ¢; is proper. Thus ¢; + ¢, is also proper. Hence there exists a unique minimum point,
say xg, of @1 + ¢o. Thus V(o1 + ¢9) (o) = 0. The proof is complete. O
Remark: The above proposition implies that
p(t) == [t1 A1 + -+t Anl,
is a polynomial of degree n. We call the coefficient of t, - - - t,, in the polynomial p(t), i.e.
_ O'HAL A A
B Oty -+ Ot, ’

(1.15) V(Ar, -, Ay) :

the mixed volume of Ay, --- , A,.

Exercise 6: Show that (1.11) implies that [t A1 + - - - + ¢, A,,| is a polynomial of degree n in t
and V(A,---  A) =nl|A|.

Reading task 1: Read page 12-13 of [B14] for the related mixed discriminant of matrices.

Theorem 1.8 (Alexandrov-Fenchel inequality). Let Ay, --- , A, be bounded non-empty convex
open sets in R". Assume that n > 2. Then

V(Ala e 7An)2 Z V(A17A17 A37 e aAn)V(A27 A27 A37 e 7An)
(5th September, no lecture on 29th August).

2. AN INVITATION TO TORIC VARIETIES

For references on toric varieties, see [F, O, CLS], in particular, the readers can try to use
Chapter 1-2 in [CLS] to generalize the following discussion to non-smooth toric varieties. We
will only look at smooth toric varieties, they are called toric manifolds, which are special compact
complex manifolds that possess (C*)™ actions. A nice reference on compact complex manifolds
is the famous book of Kodaira (see Chapter 2, especially section 2.2 in [K]). Compact complex
manifolds are higher dimensional generalizations of compact Riemann surfaces.
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Definition 2.1. A compact topological space X is called a compact Riemann surface if it pos-
sesses a finite open covering

X = UlgjgNUja
and homeomorphism o; from U; onto a domain in C such that
oroo; ! oj(U;NUx) = (U N Uy)
is conformal as long as U; N Uy, # (.

Example. The complex projective space P! := (C*\{0})/C* and the elliptic curves C/(Z+7Zr),
where T € C and Im 1 > 0.

Definition 2.2. A compact topological space X is called an n-dimensional compact toric mani-
fold if it possesses a finite open covering
X = Ui<plUs,
and homeomorphism ®,, from U, onto C" such that
D, 0P D, (Uy, NU,,) — oy (Uy, NU,,)

are monomial isomorphisms, i.e. each ®, o @ L is of the type

. A .
ws (UM ut), N €L uN =t

and ®,,(U,, NU,,) C C" is the collection of all u € C" such that uzjk are holomorphic.

Remark. It is clear that (C*)" C ®,,(U,, NU,,) = (C*)¥ x C"*. The standard example is
P = (O {0})/C
In this section, we shall study how to construct compact toric manifolds using convex polytopes.
2.1. Toric variety and toric line bundle associated to a Delzant polytope.
Definition 2.3. Fix a; € 7", r; € Z, 1 < 5 < N, we call the associated convex set
P={zeR":a; - 2—1;<0,1<j <N}
a Delzant polytope if

(1) P is bounded with non-empty interior;

(2) for every vertex v of P, the associated index set
I, ={1<j<N:qa;-v—r; =0}

has precisely n elements and {c; } jc1, generates Z";

(3) {L,-- , N} = Usisavertexof p Lv- (8th September)
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Exercise 7: Show that every vertex v of a Delzant polytope P is integral, i.e. v € Z".
Exercise 8 (hard): Show that the gradient map
of the convex function

(2.2) o) = 10g< > e“'”’)

ue PNZ™
on R" satisfies

(2.3) V¢(R") = the interior of P.

Remark: If P is Delzant then one may recover {(a;, ;) }1<j<n from P. For each vertex v of P,
one may define a convex cone

(2.4) Oy = {th@j:tjzo,Vje[v}

J€ly
generated by {c;} e, and its polar
(2.5) o, ={zeR":a-2<0,Va€co,}.
Then one may prove the following

Proposition 2.1. The polar cone o, is generated by the corner of P around the vertex v.

Exercise 9: Use Definition 2.3 (2) to show that the solution { Sy }xe;, of
;- B +0,=0, jkel,
satisfies 3, € Z" for all k € I, and defines a basis of Z"; moreover o¢ is generated by {3y }rer, -
Exercise 10: Write I, = {k1, - - k,,}, use Exercise 9 to prove that
(2.6) Dy iz u=D(2) 1= (2P, 2P phi= 0 i
defines a one to one mapping from (C*)" onto (C*)" (we call ®, a monomial isomorphism).
Note that each isomorphism ®,, in (2.6) defines an embedding (called torus embedding)
2.7) o, : (C)" — C".
The Delzant toric variety X p is defined by gluing those embeddings via (the maximal extension
of) ®,, o @1, more precisely, we have

v ?

(28) XP = (UvisavertexofP C" x {U})/ ~
where (u1,v1) ~ (ug,ve) if and only if
(2.9) B, 0 B (ug) = uy.

One may verify that Xp is a complex manifold covered by [ copies (I denotes the number of
vertex of P) of C". From the definition, we also know that Xp is fully determined by «;. (12th
September — Exercise 8 will be discussed in 15th)
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Exercise 11: Show that Xp ~ P! if P = [0, m] for some positive integer m.
Exercise 12: Find Py, P, such that Xp ~ P?, Xp, ~ P! x PL.

Remark: Note that all X p in the above exercises are compact. In fact, one may prove that all
Xp are compact. This fact is not obvious. One proof is to use the gradient map (2.1).

Exercise 13 (hard): Consider V¢ : (C*)” — P defined by

(2.10) Vo(z) := Vo(log(|1]*), -+ log(|zl*)),
show that V ¢ has a unique proper, smooth and surjective extension to X p
(2.11) Vo¢: Xp— P,

where "proper" means that the preimage of every compact set is compact. (15th September)

Hint for Exercise 13: Fix a vertex v of P, one may write

o(x) =v-x+log Z e

u€(P—v)NZ"
Note that every u € (P — v) N Z" can be uniquely written as
u = Z C?ﬂj, C? S Zzo,
Jj€ly
where 3; are generators of o, defined in Exercise 9. Thus we have
> jer, Gibi
Vo(z)=v+ el 77 cj = Z cie"™.

u-z’
2 ue(P—vyrzn € ug(P—v)NZn

Since {3, },e1, defines a Z-basis of Z", one may assume that it is the canonical basis of Z" (try!)
sothat [, = {1,--- ,n},

TP =u1x;, ¢f =uy.
Moreover, after a translation of PP, we can assume that v = 0. Then we have

_ Duepnze U2
Vo(z) = —
ZUGPQZ" |Z ‘
Write 2/ = (22, -+, 2,,), we know V¢|,, o can be written as
D wepnzr u'|(2)"]?

Zu’EPlﬂZ"—l |(Z/)UI |2 ’

V(0,2 =

where
(2.12) P ={2 e R":(0,7) € P}.

We observe that V¢(0, 2') is precisely the mapping associated to the face P; of P. Hence one
may do induction on n (the n = 1 case is explained in the class, try!). In this way, we obtain
that Vo(Xp) = P. The fact that 0 € P — v for every vertex v implies that V¢ is smooth as
a map from Xp to R". Denote by 7' = R/Z the one-dimensional torus. One may verify that
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V¢~ (p) ~ T™ for all p in the interior of P and V¢ '(v) ~ T for all vertices v of P. In
general, V¢~!(z) ~ T*% if z lies in a k dimensional open face of P. Thus the inverse of V¢
induces a homeomorphism, say

(2.13) Vo¢*: (PxT")) ~ — Xp,
where (z, [a]) ~ (x, [b]) (a,b € R" so that [a], [b] € R"/Z" = T™) if and only if
a—be Z cja;, for some ¢; € R,
J€lx
where
I, ={1<j<N:a;-z—r; =0}
Since P x T™ is compact, we know X p is compact and V ¢ is proper. (19th September)
Another proof of the compactness of Xp is to use the following fact.
Lemma 2.2. With the notation in (2.4), we have
(214) vaertexofP Oy = R™.
Proof. Consider the support function of P defined by

hp(a) :=supa -z, a € R"
zeP

For a vertex v € P, we observe that hp(a) = « - v if and only if
a-(r—v)<0, Yz eP

Since P — v generates the polar cone o, we obtain

{a e R": hp(a) =a-v} =0,
Thus the lemma follows from hp () := SUP, yertex of p & * V- O
Theorem 2.3. Xp is covered by [ (I denotes the number of vertex of P) closed polydiscs
(2.15) Xp = Uyvertexof P Co,
where each C,, is a polydisc in C" x {v} defined by

Cy :={(u,v) € C" x{v} :|u;| <1, 1 <j<n}

In particular Xp is compact.
Proof. By induction on n, it suffices to show that

(C)" = Upvertex ot P (C)" N Gy,
i.e. (with respect to the notation in (2.6))

(C)" = Upverexof p {2 € (C*)" : |27 < 1, k € L},
or equivalently (write z; = log|z;|%)
R™ = Upvertexot P {z E R" 1 - B, <0, k € I,}.
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Since {5 }rer, generated o7, we have
{reR": -6, <0, ke l,} =0,

Thus our theorem follows from Lemma 2.2. ]

Remark: In (2.12), (V¢)"Y(P)) = Xp, is an (n — 1)-dimensional compact toric manifold
defined by the Delzant polytope Py. It is also a subset of X p, with respect to the z-coordinate , it
is defined by z; = 0. We call it a divisor of Xp. In general, if F' is an (n — 1)-dimensional face
(also called facet) of P then (V¢)~'(F) is an (n — 1)-dimensional compact toric submanifold
of Xp. In case I is given by o - © = 1, we shall write

(2.16) Zy, = (Vo) (F)
and call it the o divisor of Xp.

One may similarly define the Delzant line bundle Lp over our Delzant toric variety X p, the
idea is to look at the embedding of (C*)™ x C

(2.17) U, : (C)"xC—C"xC,
where
(2.18) Uy (z,8) = (Py(2),27%)

The Delzant line bundle Lp is defined by gluing those embeddings via (the maximal extension
of) U, o W, 1. (22th September)

Proposition 2.4. Every u € P N Z" defines a holomorphic section, say s, of Lp over Xp.
Proof. 1t suffices to show that the section
(CH)" = (CH)"x C
defined by z — (z, 2*) extends holomorphically over each ¥, embedding. Since
U, (z,2%) = (Py(2),2"77),

we need to prove that 2%~ is holomorphic with respect to the 271, --.  z%= coordinates, i.e.
u — v 1s lies in the polar cone o;, generated by the corner of P around v, which follows from

P—veoy={reR":q; - 2<0,Vjel,}

Exercise 14: Show that P — v € o;,.

Exercise 15: Assume that 0 € P, show that the divisor given by s, = 0 can be written as
(2.19) [so=01= > 1Z,
1<j<N

with respect to the notation (2.16).
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2.2. (C*)"-action and holomorphic sections of Delzant line bundles. In this section, we shall
use the structure theorem for (C*)"-action to prove the following converse of Proposition 2.4.

Theorem 2.5. Let P be a Delzant polytope. Then {s,}ucprzn defines a basis of the space
H°(Xp, Lp) of holomorphic sections of Lp over Xp, i.e.

(2.20) H°(Xp, Lp) = Spanc{su}ueprazn-

Proof. The natural (C*)™ action on (C*)" x C defined by

2.21) p(t)(2,€) = (121, -+ 12, €), L€ (T

induces a (C*)™ action p on H°(Xp, Lp):

(2.22) (p(1)5) (p(1)2) = p(t)(s(2)), w € HO(Xp, Lp).

Hence, if s(z) = (2, Y ,czn Cu2") is the laurent series expansion of s € H(Xp, Lp) then

(2.23) (p(t)s)(z) = (2, Z cut_“z“) , te (CH)

UEL™
The eigenvectors associated to this action are precisely those monomial sections s, defined by
2" foru € PN Z". Hence our theorem follows from Theorem 2.7 below. U

Definition 2.4. A (C*)" action on C™ is a holomorphic group homomorphism
p:(C)" = GL(m,C),
where G L(m, C) denote the space of C-linear isomorphisms on C™.
Put T = {t € C* : |t| = 1}, then T" is a subgroup of (C*)". Via the argument map
T = (XM ) iy ([, [2a]) € (R/Z)™,
one may identify T™ with (R/Z)". Thus
dr :=dxy---dz,

defines a Haar probability measure on T". Since p is holomorphic, we know that p is uniquely
determined by its restriction to T".

Definition 2.5. A T" action on C™ is a continuous group homomorphism
p:T" — GL(m,C).

We shall also call (p,C™) a finite-dimensional complex representation of T" and denote by
X, (t) == tr p(t) the character of p. A subspace V of C™ is said to be p-invariant if p(T™")V = V.
(p, C™) is called irreducible if C™ has no proper non-zero p-invariant subspaces.

The main result that we want to prove is the following.

Theorem 2.6. Let p be a T" action on C™, then there exists a basis {e;}1<j<m of C™ and
Aj € Z"" such that

(2.24) p(the; =the;, 1<j<m, teT

Y Ajn
where th = 7" - 7",
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Proof. Step 1: (p, C™) is a direct sum of irreducible representations. The idea is to use the
orthogonal decomposition with respect to the following p-invariant inner product

(v,w) = / p(e*™ Vv - p(e2™=)w dx, v,w € C™,

on C™. Let V' be a non-zero p-invariant subspace of minimal dimension. It is clearly irreducible,
and its orthogonal complement V- with respect to the above p-invariant inner product is also
p-invariant. Hence the result follows from the dimension induction.

Step 2: Check that each p(t)a = t*a, A € Z", a € C defines a one-dimensional irreducible
representation of T". This is not hard, we leave it to the readers. Now it suffices to show that this
construction gives all irreducible representations.

Step 3: Show that there are no more irreducible representations. The main idea is to use

Typ (w) = / (p(e*™®)w, v1)p(e*™ ) vy d, vy, vy € C™.
One may check that T5,,,, : C™ — C™ is p-invariant, i.e.

(2.25) TW1U2 (p(t)w) = p(t)vag (w)

and 7, ,, satisfies

(2.26) (Tys (101, 13) — / (2w, 1)) (@), 03) d.

n

Now, if (p, V1), (p, V2) are two irreducible sub-representations and v; € Vi, vy € V5, then by
(2.25), we know that the kernel and image of

Toyw, : Vi = Vo
are all p-invariant. Hence if 7, ,, is not zero, then the irreducibility of V7, V5 gives
ker T, =0, ImT,,,, = Vs,
i.e. T),,, is an isomorphism. Denote by y; the character of (p, V;), one may write

() = 3 (o) ek eh),

k

where each {e¥} denotes an orthonormal basis of V;. Thus if

(1, xa) = / 2 () () de # 0,

then by (2.26), we must have 7,,,,, # 0 for some vy, v9, hence (x1, x2) # 0 implies that (p, V})
is isomorphic to (p, V). Since {€?™**}, 7. already defines an complete orthonormal basis of
L?(T™), we know that there are no characters y € C/(T") orthogonal to {€>™*}\czn. O

Since holomorphic functions on C* is uniquely determined by its restriction to T, the above
theorem implies the following result.
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Theorem 2.7. Let p be a (C*)" action on C™, then there exists a basis {€;}1<j<m of C™ and
Aj € Z"" such that

(2.27) p(the; = the;, 1<j<m, te(CH,
where t = )7+ )"
For each \ € Z", denote by
Wy :={w e C™: p(t)yw = t'w},
then the above theorem gives
C™ = ®reznWi.
(26th September, section 2.3 is optional)

2.3. Volume of Delzant line bundles and Bernstein-Kushnirenko theorem. For a positive
integer k, kP defines the same toric variety X p, moreover, the transition function of Lyp is the
k-th power of the transition function of Lp, hence we write Lyp = kLp (or Lyp = L%k). We

call
dim H0<Xp, k)Lp)

el = I
the volume of Lp. By Theorem 2.5, we have
L #{kPNZ"} o
(2.28) |Lp| = ]}L%Okn—/m = nl|P|,

which explains the Bernstein-Kushnirenko theorem (0.4).
Exercise 16: Prove (2.28).

Another proof of the Bernstein-Kushnirenko theorem is to use the function ¢ defined in (2.2).
By a change of variable z; = log |2;|?, we obtain

op(2) == o(log |z, -+, log |za[*) = log ( > |2"|2) , 2 (€)™

uePNZ™
Put

(2.29) hp(z,€) = [€]?e 9P,

one may check (try!) that hp o U ! is smooth on C" x C for every vertex v of P. Thus hp
extends to a smooth function on Lp and defines a Hermitian metric on each fiber of the natural
mapping Lp — Xp (we call such a function a metric on Lp). In particular, for every section
s € H°(Xp, Lp), hp o s defines a smooth function on Xp that satisfies

(2.30) log hp o s(z) = log|s(2)]* — ¢p(z), z € (C)™

Proof of the Bernstein-Kushnirenko theorem. The idea is to use the Poincaré-Lelong formula,
which gives
00
dd°loghp o s = [2,] — dd°¢,, dd° = 22—
T
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where [Z;] denotes the current of integration along the zero set Z, := {s = 0} of s. Hence the
Stokes’ theorem gives

_ c n—1 c o5 — c n—1 c n‘
0= /X (dd°¢,)" ™" A ddlog hp o s / (dd“¢p) /X (dd*¢p)

s

By induction on n, we thus obtain

/X(ddcgbp)" =H#{re X :s1(x) =+ = s,(x) =0},

for generic sections s; € H(Xp, Lp). Hence

/ (dd¢,)" =n! | MA(6)dz = nl|P|
X

Rn
gives the Bernstein-Kushnirenko theorem. U

3. BRASCAMP-LIEB PROOF OF THE PREKOPA THEOREM

3.1. Prekopa’s theorem. We shall follow Berndtsson’s note [B10, section 1.3] to prove the
following Prekopa’s theorem (which is also known as the functional version of the Brunn-
Minkowski inequality in Theorem 1.4).

Notation: We say that ¢ is a (generalized) convex function on a convex open set U C R¥ if
¢ = —oo identically on U or ¢ is finite everywhere with

3.1) dtr+ (1—t)y) <tp(x)+ (1 —1t)p(y) Yo,y U, 0 <t <1.

The Prekopa theorem. Let ¢(t, ) be a convex function on R} x R™. Define ¢(t) by

o) / e~o(ta)
RZ

where we omit the Lebesgue measure on R in the integral. Then ¢ is convex on R}".

Proof. By Fubini’s theorem, it suffices to prove the n = 1 case. Since convexity means convexity
on any line, one may further assume that m = 1. Write ¢ as the decreasing limit of a family of
smooth strictly convex functions and

/ o4 — i )
R

R—o0 ‘CI?|<R
it suffices to prove the following theorem. U

Theorem 3.1. Let ¢ be a smooth strictly convex function on R; X R,. Fix R > 0. Define gg(t) by

o= / ().
lz|<R

Then (/5 is smooth strictly convex on R,.
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Proof. By a change of variable, one may assume that R = 1. Apply the ¢-derivative, we get
_Gye0) _ / o0,
lz|<1

apply the ¢-derivative again, we get
(—¢u + (dr)?)e W) = /| (=i + (p4)?)e?02),
z|<1

Write the probability measure e~%*)dx / Jiajc1 e~ ?®) as dyu, we have
¢ = Gpdps, Gy = b — (00)” dp + (6r).
|z|<1 lz|<1

Note that ¢, is the p-average of ¢, we have

(Et(@ - Qgt) dp = (Qgt)Q - (ét)Q =0,

lz|<1

which implies
/ (¢r — 9231;)2 dp = / (Cbt)Q dp — (Cgt)2;
lz|<1 |z|<1
hence we get
étt = G dp — / (¢ — Q;t)Q dj.
|z|<1 |z|<1

By the lemma below, we then have

7 (¢tz)2
= w dfL — du.
® lz|<1 Pre /x|<1 Oz s

Since ¢ is strictly convex, we have

(¢tx)2
Guz

hence the theorem follows. Ul

Orr >

Lemma 3.2. Let ¢ be a smooth strictly convex function on R. Let u be a smooth function on R

with flw ue™¥ = 0. Then
2
/ ule—? S/ (u)”
|z|<1 lz|<1 wm

Proof. One may follow the proof of Lemma 2.7 in [B14, page 4], here we shall introduce another
proof based on the Bochner identity below. For every smooth function o with compact support
in (—1,1) (i.e. « € C§°(—1, 1)), by the Cauchy-Schwarz inequality and (3.5), we have

2 2 2
</ uxae—w) S/ a2¢me—¢/ (u2)” S/ (5a)26—w/ [CEY ey
2] <1 2| <1 2j<1 Yax |z|<1 zj<1 Yax

<1
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Consider the following inner product
(@B)oi= [ (G
lz|<1

on C§°(—1, 1), by the above inequality we know that

o — uxae_¢

lz|<1

defines a bounded R-linear functional on (C§°(—1,1),]| - ||o), which extends to a functional on
its Hilbert completion HJ. Thus the Riesz representation theorem gives v € H{ such that

(3.2) / (6v)(da)e™ = (v,a)n = / ugae”V, Va € CP(—1,1),
|z|<1

lz|<1
with

(3.3) / (6v)%e™¥ = |Ju]|3 < / Me_w.
|z|<1

lz|<1 wxoc
Think of dv as a distribution, we have

v)(da)e ™ = — sv) e Y, Va Coo(—1,1),
/x|<1< )(60) [ ) € O(-1,1)

lz|<1

hence (3.2) gives —(6v), = u, in the sense of distribution. Since v € H(}, we have

/m (omer =0,

hence —(dv) L ker (), in L{_, ;,(e”%) which implies that —(dv) is the L?-minimal solution of
(e = Uy

Hence we must have —(dv) = u, thus (3.3) gives our estimate. U

The Bochner identity. For every smooth function o in R, we have

(3.4) (@?e™) e = ((60)? + 2(0a)px + A2 + ppa®)e ™,

where da = o, — Y. If a has compact support we further have

(3.5) / (6a)?e™¥ = / aZe ™V + / Vppale™ .
R R R

Proof. Take derivative of (a?e™?), = (da)ae™ + aa,e™?, we get
(@?e™¥)pe = ((60)* + (0),a + a2 + ad(a,))e Y,
hence (3.4) follows from

dag) = (0a), + Ypzar.
Integrating (3.4) over R, we get (3.5). (30th September, section 3.2 is for home-reading.) ]

Reading task 2: Read page 5-8 of [B10] for the complex version of the above theory.
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3.2. Prekopa proof of the Brunn-Minkowski inequality. We shall show that the Prekopa the-
orem implies the following "variational" version of the Brunn-Minkowski inequality.
Theorem 3.3. Let A be a convex open set in R}* x R and let A, be the slices
Ay ={z eR}: (t,x) € A}.
Let | A;| be the Lebesgue measure of A;. Then —log |A,| is convex on U := {t : Ay # 0}.

Proof. Since A is the increasing limit of bounded convex open sets, one may assume that A is
bounded, then — log | A;| is finite everywhere on U. Put

(t,z) e A

0
#tz) = {oo (o) ¢ A,

A= [ e
R

Notice that ¢ is the increasing limit of a family of smooth convex functions, the Prekopa theorem
implies that — log | A;| is the increasing limit of a family of convex functions, which implies that
—log | A4| satisfies (3.1). Since — log |A;| is also finite everywhere on U, we know that it is
convex (see the notation at the beginning of this section). U

we have

Remark: Let us apply the above theorem to
A={(t,z) ERI X R” : t;,t, >0, v € 1A + 1245},
where A1, Ay are bounded non-empty convex open sets in R™ and
t1 A+t Ay = {t1x1 + taxs 1 11 € Aq, 19 € As}.

Then A is convex. Hence the above theorem implies that — log |t1 A1 + taAs| is convex in ]Ri.
Lemma 3.4 below implies the following "additive" version of the Brunn-Minkowski inequality.

Brunn-Minkowski inequality. Ler A, Ay be bounded non-empty convex open sets in R". Then

| Ay + Ag|n > |Ay|r + | Aslw.

Lemma 3.4. Let f be a positive smooth function on an open convex cone, say K, in RN. Assume
that f is 1-homogeneous, i.e.

fltx)=tf(z), Vt >0, z € K.

Then the following statements are equivalent:
AL f(z+y) > f(2) + f(y), Yo,y € K;
A2: —f is convex;
A3: —log f is convex;
Ad: Forevery 2’y € K, t — —log f(tz' + (1 — t)y’) is convex on (0, 1).
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Proof. Since f is 1-homogeneous, A1 implies

(3.6) fltz+ (1 =t)y) > tf(x) + (1 —1)f(y).
Thus A1 = A2. Since

o _ —_fsa (f£)2 _ j
(3.7) (“log fee = —5~ + =G5 fe => &fa,

we know A2 = A3. Since A3 = A4 is trivial, it is enough to show A4 = Al: notice that A4
implies

(3.8) flta'+ (1 =t)y) = fa) f(y)
Take
SR I )
G2 T TR fw )
we get Al. The proof is complete. U

4. A SHORT SEVERAL COMPLEX VARIABLES COURSE

We will mainly follow the Héormander book [H1]. The aim is to prepare for the next section.

4.1. Holomorphic function of several variables. We will follow section 2.1-2.2 of [H1]. Let
u be a complex valued function in C'*(€2), where € is an open set in C", which we identify with
R?". We shall denote the real coordinates by zj, 1 < j < n, and the complex coordinates by
2j = Tgj—1 + 1T, j = 1,--+ ,n. Using the notations

%._1 ou _iau a_u_l ou _H,é?u
82]‘ T 2 81'2]'_1 81‘2]‘ ’ 82j o 2 81‘2]‘_1 alEgj

de = dZEQj_l +idl’2j, déj = d.f(]gj_l — idl’gj,

and

we can express du = y_ 2% dx; as a linear combination of the differentials dz; and dz;,
J

"L Ou " ou
7j=1 7=1
With the notation
"\ Ou " Ou
ou = azj de, ou a—zdej,
7j=1 7j=1

one may also write
4.2) du = du + Ou.

Differential forms which are linear combination of the differentials dz; are said to be of type
(1,0), and those which are linear combinations of dZ; are said to be of type (0,1). Thus Ju

(resp. Ou) is the component of du of type (1,0) (resp. (0, 1)).
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Definition 4.1. A function v € C*(Q) is said to be holomorphic in Q if du is of type (1,0), that
is, if

Ou = 0 (the Cauchy-Riemann equations).
The set of all holomorphic functions in ) is denoted by O(€Q).

Reading task 3: Read page 23-29 of [H1] for classical results on holomorphic functions.

4.2. Subharmonic functions. We will follow section 1.6 of [H1]. We recall that a C? function
h in an open set Q C C is called harmonic of Ah = 49?°h/9z0z = 0 in Q.

Definition 4.2. A function u defined in an open set Q) C C and with values in [—o0, 00) is called
subharmonic if
(@) w is is upper semi-continuous, that is, {z € Q) : u(z) < s} is open for every s € R;
(b) for each compact set K C ) and every continuous function h on K which is harmonic
in the interior of K and is > w on 0K we have u < h in K.

By our definition the function which is —oo identically is subharmonic; sometimes this is
excluded in the definition.

Theorem 4.1. If u is subharmonic and 0 < ¢ € R, it follows that cu is subharmonic. If u,,
a € A, is a family of subharmonic functions, then u = sup,, u,, is subharmonic if u < oo and u
is upper semi-continuous, which is always the case if A is finite. If uy, uo, - - - is a decreasing of
subharmonic functions, then u = lim;_,, u; is also subharmonic.

Remark. An upper semi-continuous function u defined in an open set ) C C is subharmonic if
and only if for every closed disc D C ) and every holomorphic polynomial f with uw < Ref on
0D, we have u < Ref in D (see Theorem 1.6.3 (i) in [H1]). In particular, we know that log | f|
is subharmonic in € for every [ € O(Q) (see Corollary 1.6.6 in [H1]).

Reading task 4: Read page 17-21 of [H1] for classical results on subharmonic functions.
4.3. Plurisubharmonic functions and pseudoconvexity. We will follow section 2.6 of [H1].
Definition 4.3. A function u defined in an open set Q2 C C™ and with values in [—o00, 00) is called

plurisubharmonic if

(a) w is is upper semi-continuous,
(b) for arbitrary z and w € C", the function T +— u(z + Tw) is subharmonic in the part of
C where it is defined.

We shall denote the set of all such functions by P((2).

Remark. We know that log | f| € P(2) for every f € O(Q). A function u € C*(Q) is plurisub-
harmonic if and only if (see Theorem 2.6.2 in [H1])

(4.3) Z azjazkwﬂw’“ >0,Vz€Q, weCn

We say that u is strictly plurlsubharmomc if strict inequality holds true in (4.3) for every z € €
and no-zero w.
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Reading task 3: Read the proof of Theorem 2.6.2, 2.6.3, 2.6.4, 2.6.11 in [H1].

Definition 4.4. An open set () C C" is called pseudoconvex if there exists a smooth strictly
plurisubharmonic exhaustion function on ).

Exercise 17: Let u be a smooth function on a convex open set A in C", show that
@:z— u(Rez)

is plurisubharmonic in A x iR™ if and only if u is convex in A. Use this fact to prove that
A x iR" is pseudoconvex (in fact, one may use Theorem 2.6.7 in [H1] to prove that A x iR" is
pseudoconvex if and only if A is convex).

Definition 4.5. An open set Q2 C C" is called a smoothly bounded strongly pseudoconvex if there
exists a smooth strictly plurisubharmonic function p in a neighborhood U of ) such that

Q={ze€U:p(x)<0}
and dp # 0 on 0S).

Exercise 18: Show that smoothly bounded strongly pseudoconvex implies pseudoconvex.
Hint: consider v = — log(—p). (3rd October)
5. SUBHARMONICITY OF BERGMAN KERNELS

This is a highly non-trivial complex generalization of the Prekopa theorem. Here we will
introduce the Hormander L*-theory and prove results in section 4 of the Hormander book.

5.1. L*-estimates for the J-equation on pseudoconvex domains in C". We shall use the
Bochner methods to rewrite section 4.4 of [H1]. Similar to the real case, we have the following:

The complex Bochner identity. For smooth functions o, 8 in a domain Q2 C C", we have

G (aBe ) = ((80)(3B) + (85008 + aif; + aldB); + vypaf) e

where 1) denotes a real smooth function in ), d;o = o — Yja. Assume further that o has
compact support we have

(5.2) L(%M(W)e‘ /akﬁg /@Dk&ﬁ@

Proof. We have
(afe™) i = ((0;0)Be™ + afje™),
and
(aBe™) 55 = ((0,0)(BB) + (0;0)i8 + a; + ad(B;) ) e,
thus
516(63) (5kﬁ) + wk_jﬁ
gives (5.1). Integration by parts gives (5.2). U
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Definition 5.1. We call u := ) _, uydz, a smooth (0,1)-form on Q if u; (NOT the derivatives
of u, just an n-tuple of functions!) are smooth functions on ). Fix a smooth strictly plurisubhar-
monic function ¢ on 2, we define

(5.3) ou = Z(Sjuj, W o= Zuﬁqﬁm,
=1 p=1

where (¢P7) denotes the inverse matrix of the complex Hessian matrix (¢;3), i.e. it is defined such
that (3_; ¢ ¢jq)1<p,g<n s the identity matrix.

Apply (5.2) to a = u/, B = u¥, we obtain
(5.4) /|5u|2ew = Z /(uj)k(u’f)jew—i- Z /Q/ijujﬂew.
@ jk=1"9 jk=1"9

In order to solve the g-equation, we need a lower bound for the left hand side of (5.4). The
problem is that the sign of

n

Ji=) (W)i(uh);

G k=1
is not clear. We need the following lemma. (6th October)

Lemma 5.1. J = [Vyul3 — [Ou

Vould =Y (") (D)™ y, |0ul? = %Z((Uz)q — (ug)p) ((us)p — (up)s) ™",
Proof. Put

2
& where

A direct computation gives

Swlul =, Y W), =3 ()l = [Vgul?.

Hence

gives

Thus our lemma follows from

uf — (@)=Y (F)gdnr — (uM)idrg) 0™ = Y ((ur)g — (ug)r) ™.

(The readers should try to add the details, see section 1.4 in [B95] for the ¢(2) = |2|? case). O
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Remark. One may check that

_ J = _ _
(5.5) Vou := Z(uk)qdzq ® 9 ou := Z(u;),;dzk A dZ;.

are independent of the choice of the coordinate z, thus the above computations can also be
generalized to complex manifolds, see [B10] for a nice coordinate free computation on manifolds.
Note that dz;, \ dz; = —dz; N\ dzy, we know that

— 1 B 3
ou = 3 Z((u;),; — (ug);)dze N dZ;.
If you are not familiar with the wedge product, then you might think of Ou as a tuple of functions

(Ou)sr = (uz)i — (ur);-
Since (Ou)j = —(Ou)g;, we call i a (0,2)-form.

Definition 5.2. A call a tuple of smooth function v := (vj,..;,) a smooth (0, q)-form if

’U—.

G1j, = SN0 U 5y

o(j1)--o(jq)”
where sgno denotes the sign of the permutation (j1,- -, j,) — (0(j1), -+ ,0(j,)) (it is defined
to be zero if j, = ji, for some | # k). Qv is defined as a (0, q + 1)-form

(5.6) (5@)31,,%“ = <U51'"5q)3q+1 + (_1)(Ujl"'jq*qu+l>5q +-t (_1)q(7}32~'3q)31'

We say that u is O-exact if u = Ov for some v. v is said to be O-closed of Ov = 0. The inner
product of two (0, q)-forms v, w is defined as

1 7 3 —
(5.7) (v, w) = a Z/ijl...jqwklmqubﬂlkl .. ¢quqe v
where we omit the Lebesgue measure in the integral. The adjoint operator " is defined such that
(v,0u) = (g*v,u),

where we assume that u has compact support. The Laplacian operator is defined as

O0:=00 +0 0.

Exercise 19: Show that 99v = 0, in particular, every O-exact form is d-closed.

Exercise 20: For smooth (0, 2)-form v and (0, 1)-form u. Show that
(5.8) (@ 0)m ==Y Gl (v ™), Tu= = 6p(uz¢’*) = —ou.
Exercise 21: Show that the leading order term of [ is given by

o
8zj82k

jk=1

In particular, [ is always elliptic.
By Lemma 5.1, (5.4) and (5.8), we have
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Theorem 5.2. For every real smooth function i) and smooth strictly plurisubharmonic function
¢ on (), we have

(5.9) (B, u) = IIEU|I2+|I5*UI|2=/ Voulde™ + ) /@Djkujﬁe‘w,
Q Py

where u is an arbitrary smooth (0, 1)-form with compact support in .
Thanks to the Riesz representation theorem, the above theorem gives

Theorem 5.3. With the notation above, assume further that 1 is strictly plurisubharmonic. Then
for every smooth (0, 1)-form u with

(5.10) Jul[f = > / PusEze ™ < oo,
k=17
there exist a smooth (0, 1)-form v with v = u and
(5.11) (Ov,v) = [|9o][* + [107v]* < |full}.
Proof. The proof is simiar to that of Lemma 3.2. We leave to to the readers. Hint:
o) <l Y [ wpeadafe < Jlulfy (. 0).
jk=1

for every smooth (0, 1)-form « with compact support in 2. Smoothness of v follows from the
standard regularity theorem for elliptic operators (see [W, Theorem 6.5]) U

Exercise 22: Finish the proof of Theorem 5.3. (10th October)
Now we are ready to prove the following main theorem in Hérmander L>-theory.

Theorem 5.4. Let ) be a smooth strictly plurisubharmonic function on a pseudoconvex domain
Q C C™ Then for every smooth 0-closed (0, 1)-form u with

(5.12) ||u|@ = Z /Wkuw_,;e_w < 00,
jk=17%

there exists a smooth function f with Of = u on  and
2 2
5.13) e <l

Proof. Let p > 0 be smooth strictly plurisubharmonic exhaustion function on €2. Fix ¢ > 0,
apply Theorem 5.3 to ¢ = v + £p?, we obtain (.v, = u. Let f be the weak limit of 9" v, as
e — 0, we know that (5.11) implies (5.13). Hence it suffices to show that 5*5% — 0 in the sense
of distribution. Note that du = 0 gives 99 dv. = 0, hence (here (Da A u)s = (a)gu; — (a)jug)

(5.14) 0= (x(p)?09 dv., 0v:) = ||x(ep) (D ) ||* — & (2x(ep) X (ep)Dp A (D Dvy), Dv.),
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where 0 < x < 1is a smooth function on R with |x’| < 1 such that x = 1 on (—o0,1) and
X = 0 on (3,00). Note that (5.14) gives

(5.15) 1x(2p) (@ Qu)I* < 2¢l|x(ep) (D Dve) |l
which implies that 8 9v. — 0 in the sense of distribution as ¢ — 0. U

Exercise 23: Prove (5.15) and think why the solution f is always smooth. (13th October)
5.2. Variation of Bergman projections and implicit function theorem for Banach spaces.

5.2.1. Variation of Bergman projections.

Definition 5.3. We shall denote by H the space of measurable functions on a domain Q) C C>
with finite L?-norm (¢ is a given real smooth function on )

||u|\§) = / lu|? e < 0o, (we omit the Lebesgue measure in the integral).
0

We call the collection, say
Hy := {u is holomorphic on Q) : ||ul|, < 0o},
of those holomorphic functions v in H the Bergman space.
Take a non-positive upper semi-continuous function
G:Q— [—00,0]

and a smooth function y : R — [0, co) that vanishes on (—oo, 0]. For each ¢ € R, let us define

(5.16) e ACR

for u € H (see Definition 5.3, hence each || - ||; is a new Hilbert norm on H).
Definition 5.4. We call the orthogonal projection
P': H — H, (for H and Hy see Definition 5.3)
with respect to the above || - ||, norm a Bergman projection.
By using the implicit function theorem, Berndtsson proved the following smoothness theorem.

Theorem 5.5 (Berndtsson’s smoothness theorem). The Bergman projections P' in Definition 5.4
depend smoothly on t, more precisely

P:RxH — Hy
(t,u) — Plu,

is a smooth map from R x (H, || - ||s) to (Ho,|| - ||)-
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Proof. Fix (tg,ug) € R x H. Notice that the following mapping
F:Rx Hx HO — HQ
(t,u,v) pto(ex(G—to)—x(G—t)(v —u))

is smooth, moreover F'(t,u,v) = 0 iff v = P'u = P(t,u). Since Fpy,(to, up,v) = idpy,, we
know smoothness of P follows directly Theorem 5.10 in the next subsection. U

Reading task 5: Read the next subsection for the proof of Theorem 5.10.

Remark: For every bounded C-linear mapping f : Hy — C, one may define its functional norm
with respect to || - ||; as

|1 == sup{|f(u)| : w € Ho, [[ull, = 1}.

Then Berndtsson’s smoothness theorem gives the following result.

Lemma 5.6. ||f||? depends smoothly on t.

Proof. Denote by u; the Riesz representation of f in (Hy, || - ||4), i.e.

fu) = (u, uyp)g.
uf)t, hence
s = P (eX9 Duy)
is the Riesz representation of f in (Hy, || - ||;). Thus
LI = [1P(eXDup)|[} = (P(X 9 uy), e XTI P X Duy)),
depends smoothly on ¢ by Theorem 5.5. (17th October) U

Notice that (u,uys)y = (u, XY

Similar to the proof of Theorem 3.1, we can continue to prove the following result.

Theorem 5.7. With respect to the notation in the proof of Lemma 5.6, we have

d? (X"(G = t)uly,ul) = |[X (G = t)uf — P (X (G — t)uf)|7
(5.17) — (1o 2) > .
dtQ( gIIf117) [t |2

Proof. Apply the t-derivative to || f[|7 = [|u%||7 = [, [u%]? e7*™X(@D), we get

d — it — _ 4t
(5.18) p (11£117) = /Q((?tu} + X' (G —t)u}) ule "+ /Qu} Opuls e s
where
(5.19) ¢t(z) = o(t,2) = d(z) + x(G(2) —1).
Since for every u € H, we have
¢ d ¢ d
(5.20) /Q(atu; +X'(G -ty ue? = 7 Qujcﬂe"z’ = %/Qufﬂed) =0,

we know that (5.18) reduces to

d _—
(5.21) pr (Hfo) = / u'} 8tu} e
Q
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Take the derivative again, we get

d? 4t
1 W) = 1001 + | i 0wt 300G = Dy e + (X6 — ) )
Q
which implies (together with (5.21))

d? Jo s 0:(0puls + X' (G — t)ul) e + (x"(G — tus, u?)t

22 — (1 2) >
(5.22) dt2<0g||f||t)_ ||U§H?

Now by (5.20), we have d,u’; + x'(G — t)ul; L Hy. Put

Ay + X' (G — t)ufy = Upd s
note that 8tu'} € H,, hence we must have

ugt = X' (G - tyuf — P (X' (G — t)uf).

Hence y
0= pr Qu'} Upt e ¥ = HUHOLH? +/Qu'} Opu s e ?
gives
/S;Uic &g(atu’} + X/<G — t)u?) eid)t = /QU)} at'LLHé_ €7¢t = _Hqu‘l‘?7
and (5.17) follows from (5.22). [l

Now we can apply the complex version (see Theorem 5.4) of Lemma 3.2 to prove the following
convexity theorem of Berndtsson (compare with Theorem 3.1).

Convexity theorem of Berndtsson. Let G < 0 be a function on a pseudoconvex domain ) C C"
such that e is smooth and

(5.23) ¢ + MG is smooth and strictly plurisubarmonic

on {G # —oo} for some constant X > 0, where ¢ is a given smooth strictly plurisubarmonic
function on Q). Let x : R — [0,00) be a smooth convex increasing function that vanishes on
(—o0, 0] with X" < \. Let f be a bounded C-linear functional on

Hy = {u is holomorphic on ) : ||u||35 = / lul?e™? < OO} ;
Q

then

log [|f|I? := sup {1og )P - u e Hy, /

|u|26—¢—x(G—t) — 1}
Q

is convexint € R.

Proof. By our assumptions and Theorem 5.4, we have
(524) V(G =y = PG =0l < [ (G =Dl

hence our theorem follows from (5.17). (20th October) O
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Exercise 24: Prove (5.24).
Remark: Our assumptions imply that
(1,2) = ¢(2) + x(G(2) — ReT)

is plurisubharmonic in (1,z) € C x Q, which can be seen a complex version of the convexity
assumption of ¢ in Theorem 3.1. In applications, the best x would be

sup{x(s) : x : R = [0, 00) is smooth convex increasing, vanishes on (—o0,0] and X' < \},

which = Amax{s,0}. Let us choose a family of x, satisfying the above assumptions, with limit
Amax{s, 0}, then the above theorem gives the following result.

Theorem 5.8. Let G < 0 be a function on a pseudoconvex domain Q C C" such that € is
smooth and

(5.25) ¢ + A\G is smooth and strictly plurisubarmonic
on {G # —oc} for some constant X > 0, where ¢ is a given smooth strictly plurisubarmonic
function on §). Let f be a bounded C-linear functional on

Hy := {u is holomorphic on () : HuH?,j = / lul?e™® < oo} ,
Q

then
log || f][7 := sup {10g |fu)?:ue Ho,/ |uf?e ¢ Ama{GTH0} = 1}
Q

is convexint € R.

5.2.2. Implicit function theorem for Banach spaces. In this section, we shall recall the implicit
function theorem for Banach spaces by following Hormander’s book [HO].

Definition 5.5. Let H be a real vector space. We call
(5.26) || ’ H H — [0700)7
a norm on H if

ezl = lef - [[z]],  VeceR,

|z +yll <llzll +1lyll,  Ya,yeH,
lz| >0, iz #0.
Let H be a real vector space with norm || - ||. Then H is a metric space with distance function:

(5.27) d(z,y) = ||z =yl

Recall that a metric space H is complete if each Cauchy sequence in [ has a unique limit point
in H. If H is not complete then one may consider its completion /, which is defined to be the
space of equivalent Cauchy sequences in H.

Definition 5.6. Let H be a real vector space with norm || - ||. We call H a real Banach space if
H is complete as a metric space.



CONVEXITY IN COMPLEX GEOMETRY 31

Remark: Let H, and H, be two real Banach spaces. Then H, x H, is also a Banach space with
norm

(5.28) 1, g)IP = [l + [yl ¥ (2,y) € Hy x Ho.

If we denote by L(H,, Hy) the space of bounded R-linear maps from Hy to Hy then we know that
L(Hy, Hs) is also a Banach space with norm

(5.29) |7T|| := sup{||Tz|| : ||z|]| <1, x € Hi}, VT € L(Hy, Hs).

Notice that if Hy is R with the usual norm then L(H,, Hy) is isomorphic to Hy. Now we can
define the notion of differentiability on Banach space.

Definition 5.7. Let H, and H, be two real Banach spaces. Let f be a map from an open set U
in Hy to Hy. We say f is differentiable at x € U if there exists T € L(Hy, Hy) such that

|f(@+h) — f(z) = Th|| _
[[hl|—0, h#0 7]

If f is differentiable at x then we shall write T = f'(z). We call f is C* on U if f is differentiable
at all points in U and its derivative

(5.31) e fiz),

is a continuous map from U to L(Hy, Hs).

(530)  [|f(z+h) — f(z) — Th|| = ol|h]|, i.e. 0.

Remark: Let f be a C" map, we say f is C? if the derivative, say f?), of " is C*. Then we can
inductively define the notion of a C* map, and define f*+1) as the derivative of f*) for every
k > 2. And we say f is C™ or smooth if f is C* for every k. Now we can state the inverse
function theorem for Banach spaces:

Theorem 5.9 (Inverse function theorem). Let f be a C* map from an open set U in a real Banach
space H to H. Assume that f is C* on U, 0 € U, f(0) = 0 and f'(0) = idy is the identity map
on H. Then there exists an open neighborhood V- C U of 0 such that f|y is a homeomorphism
onto the open set f(V') and its inverse

(5.32) vy =V
is also C. Assume further that f is C* then f~1 is also C* on the same set f(V).
Before proving it, let us show how to use it to prove the implicit function theorem:

Theorem 5.10 (Implicit function theorem). Let Hy, Hy and Hj be three real Banach spaces. Let
® be a smooth map from an open neighborhood, say U, of (xg,yo) € Hy X Hy to Hs. Assume
that there exists A € L(Hs, Hy) such that

(5.33) AdYy (w0,y0) = idp,, Py, (T0,yo)A = idpy,,

then there exists a neighborhood, say V, of x¢ and a unique smooth map, say f, fromV to Ho
such that f(x¢) = yo and

(5.34) O(z, f(x)) = P(xo,90), V€ V.
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Proof. Notice that we can assume x, 4, are at the origin. Put

(5.35) U(z,y) = (z, ®(z,y)).

Then

(5.36) 1¥(a, b) — ¥(0) — (a, D, (0)a + @, (0)b)|] = of |(a, b)]]
Thus

(5.37) ¥'(0)(a,b) = (a, @y, (0)a + P, (0)b).

Let us consider the linear map, say B, from H; x Hj to H; X H, such that
(5.38) B(a,c) = (a, A(c — P, (0)a)).

Thus

(5.39) BY'(0) = idy, xu,, V' (0)B = idy,x ;-

Put

(5.40) ¥ = BU.

Then W/ (0) = idy, xx,. By the inverse function theorem, the inverse, ¥~ of ¥ is smooth in a
neighborhood of the origin. Thus W' B is the inverse map of ¥ near the origin. Let us denote it
by U~ and write

(5.41) Uz, 2) = (2,9(x, 2)).

Thus

(5.42) O(x,g9(x,2)) =2

near the origin, which implies that f(z) = g(z,0). O

Proof of the inverse function theorem. We shall use the following lemma.

Lemma 5.11. Let f be a C' map from an open set U in a Banach space H to H. Then
(5.43) Hﬂ@—f@méHw—Mmeﬂf@+ﬂy—@mvV%yGH

<<

Remark. Pur g(t) = f(z + t(y — x)), then ¢'(t) = f'(x + t(y — z))(y — =) and the above
estimate follows directly from the following Newton-Lebnitz formula

£(y) - f(z) = g(1) — g(0) = / J(tydt = / fo 4ty — )y — 2) dt.

Fix y near the origin, we want to find z* such that f(z*) = y. Put

g(x) =z — f(x) +y,
it suffices to find the fixed point of g. We claim that the fixed point of g exists and is given by the
limit of
Tpy1 =y — f(zg) + 2 = g(xy), k>0, 29 := 0. (24th October)
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In fact, since ¢’(0) = 0 and g is C'"', there exists a small § > 0 such that
1
(5.44) lg' (@)l < 5. ¥ |=]] < 26.
Applying Lemma 5.11 to g, we know that
1
(5.45) lot@!) — gl < g’ —all,
if both ||z|| and ||2’|| are < 20. Note that 1 = y, zo = 0. Apply (5.45) to 1, xo, we get
1 1
[lez = 21| = llg(z1) = g(@o)ll < 5llz1 = ol| = 5]lyll.
Assume that ||y|| < J, we obtain which gives
1 1
el < llaall+ 3lbll = (14 5 ) vl <25

By induction on k, we have

1 )
(5.46) ||$k+1_$k“§§||$k_xkfl|’S"'S%yszz
and
1
(5.47) fownll < (1 5 ) Ibl] < 20l < 28, ¥k 2 0,

thus {x;} is a Cauchy sequence with limit z* such that ||z*|| < 2||y|| < 2. Now we know that
f(z*) = y. If there is another Z such that ||Z|| < 20 and f(Z) = y then (5.45) implies that

N * S * 1 S *
(5.48) l& = 27| = llg(z) — g(a")[| < S|z —27]].

Thus z* = z. Thus for every y with ||y|| < ¢ there exists a unique point, say z*, with ||z*|| < 2§
such that f(z*) = y. We shall write z* = f~(y). Put
(5.49) V= {z:|lz]] <20} 0 Ty |yl < o}
Then V' C U is an open neighborhood of the origin such that f|y is a bijection onto
fV)={y e H:lyll <o}

The final step is to prove that f~1is C' on f(V). Fix yo = f(x), 2o € V. Since f is differen-
tiable at zo, we have

(5.50) 1/ (x) = f (o) — (o) (z — zo)[| = o[z — ol
Notice that (5.44) implies that f'(z) is invertiable. And (5.45) implies that

1
(5.51) sllz = zoll < ly = woll < 2|z — wol|, Yo eV, y=flz).
Thus (5.50) gives
(5.52) (' (20)) ™ (y = y0) — (& = @o)|| = olly — woll,
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which implies that f~! is differentiable at y, with derivative (f'(f *(yo))) . Thus f~! is dif-
ferentiable on f (V') and its derivative

(5.53) y= (FU )™
is continuous since f is C'!. Using (5.53) inductively, we know that if f is C* on V then f~'is
also C* on f (V). The proof is complete. O

5.3. Convexity of Bergman kernels. Let ¢/ be a plurisubharmonic function on a domain {2 C
C™. Fix zy € 2, we call

|u(z0)
5.54 Ky(2) == su —_—
( ) 1/1( 0) u holomorpliic on 2 fﬂ |U‘2€7w
the Bergman kernel with respect to (2,1, z9). Apply Theorem 5.8 to the functional
fru— u(zo),

we obtain the following convexity property of the Bergman kernels.

Theorem 5.12. Let G < 0 be a function on a pseudoconvex domain 0 C C" such that e is
smooth and

(5.55) ¢ + MG is smooth and strictly plurisubarmonic

on {G # —oc} for some constant X > 0, where ¢ is a given smooth strictly plurisubarmonic
function on §. Put

Hy = {u is holomorphic on Q - ||ul|} := / lulfe™® < oo} , o' = ¢+ Amax{G —t,0},
Q

then log K4 (2g) is convexint € R.

Exercise 25: Replace ¢ by ¢ + |z|? and show that the above theorem can be generalized to
the following case.

Theorem 5.13. Let G < 0 be a function on a pseudoconvex domain Q0 C C" such that e is
smooth and

(5.56) ¢ + AG is smooth and plurisubarmonic

on {G # —oo} for some constant \ > 0, where ¢ is a given smooth plurisubarmonic function
on (). Put

Hy = {u is holomorphic on Q) - |ul[ = / lulfe™® < oo} , @' = ¢+ Amax{G —t,0},
Q

then log K () is convex int € R.
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5.4. Suita conjecture. Let us apply Theorem 5.12 to the case that {2 C C is smoothly bounded
(in fact, we only need the Green function of €2 exists), ¢ = 0 and

G(z) :=2Gq(z, 20).

Note that
2
Ky (20) < sup M

S 06—2t
u holomorphic on 2 fG<t ‘u|2

for some constant C' does not depend on ¢, we know that the convex function log K4 (z) + 2t is
bounded near ¢t = —o0, thus it is increasing in ¢, which gives

1
_ : 2t
KQ(ZO) - K¢>O (ZO) > tkl;nooe Kﬁbt (Z(]) > lim SUp, o e—2t fQ e—Amax{G—t,0}"

Put
A(s) := the Lebesgue measure of {G < s}.

Then for every ¢ < 0, we have

0

0
/ 6—)\maX{G—t,0} _ / e—)\max{s—t,ﬂ}dA(S> _ 6)\tA(O) . / A(S) de—)\max{s—t,()}.
Q oo o

Thus for A > 2, we have

< ()\/ e~ A2 dw) limsup (A(s)e™*)
0

S§—>—00

where
plz0) = lim {G(2) —log|z — zo[}
denotes the Robin constant of €2 at z,. Letting A\ — oo, the Suita conjecture (0.1) follows.

Exam project: Use the methods in section 5.2 to prove the following Berndtsson’s subhar-
monicity property of the Bergman kernel (try to read the original paper [B06]!).
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Subharmonicity property of the Bergman kernel. Let 2 be a bounded pseudoconvex domain
in C™. Let ¢ be a smooth strictly plurisubarmonic function on D x U, where D := {t € C : |t| <
1} and U is an open neighborhood of the closure of ). Put

¢'(2) = ¢(t,2), (t,2) €D x Q.
Then
(t,2) — log Ky (2)
is plurisubarmonic in (t,z) € D x Q. In particular, for every fixed zy € €1, log K4 (2) is
subharmonic in t (compare with Theorem 5.13).
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