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Abstract

These notes is based on a course in applied harmonic analysis at
NTNU Trondheim in the fall 2021.

1 Introduction
The role of Applied Harmonic Analysis is to provide great tools for represent-
ing and processing your data/functions, where these tools are (1) efficient,
(2) useful, (3) adapted to the task, and (4) stable and computationally fast.

Concretely, we are going to spend some time on the construction of build-
ing blocks {gj}j∈J such that the function/signal f possesses the properties
(1)-(4):

f =
∑
j∈J

aj gj,

for an appropriate class of functions.
We are also looking into different ways to represent/analyze a signal f in

some space x onto some domain Y via a map T such that T (f) ∈ Y , e.g. the
short-time Fourier transform of an audio signal and the wavelet transform of
an image. In short, we are often encounter the following strategy in finding
a representation of f :

• Pick an appropriate class of functions {gj}j∈J .

• Analyse the function f with respect to the {gj}j∈J : f 7→ 〈f, gj〉.

• Synthesize / take linear combinations of the building blocks {gj}j∈J
such that

∑
j∈J ajgj is a good approximation or representation of f .

• Find a way to quantify in which sense you would like to have your
approximation/representation. In our case this will also amount to the
choice of an appropriate Banach space (X, ‖.‖).
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2 From Fourier analysis to time-frequency rep-
resentations

2.1 Fourier transform

Let us start describing a setting that is suitable for Fourier analysis. We de-
note by L1(Rd) the space of Lebesgue integrable functions f on Rd satisfying

‖f‖1 =

∫
Rd

|f(x)|dx <∞.

For f ∈ L1(Rd) we define the Fourier transform by

f̂(ω) :=

∫
Rd

f(x)e−2πix·ω dx,

which we might denote by F(f), when we want to understand the Fourier
transform as a linear transform between two function spaces.

Note that for a f ∈ L1(Rd) its Fourier transform f̂ is absolutely integrable
and it is a continuous and bounded functions. Moreover, one can show
that the Fourier transform F maps L1(Rd) into C0(Rd), which is the space
of continuous functions vanishing at infinity with respect to ‖.‖∞. This
elementary statement is due to Riemann and Lebesgue. A non-rigorous way
to formulate is that the high-frequency components of an L1-function vanish.

For f, g ∈ L1(Rd) we define its convolution f ? g by

f ? g(x) =

∫
Rd

f(y)g(x− y)dy

and it is elementary to show that f ? g ∈ L1(Rd).

Example 1. Let 1
[−1

2
,
1
2

]
be the indicator function of the interval [−1

2
, 1

2
].Then

1̂
[−1

2
,
1
2

]
(ω) =

∫ 1
2

−1
2

e−2πixωdω =
eπix − e−πix

2πiω
=

sin πω

πω
.

The function sinx
x

is called the sinc-function and denoted by sinc(x). The
sinc-function is in L2(R) but not in L1(R).

Another important example is the Fourier transform of a

Example 2. The Gaussian function ga(x) = e−πax
2 is given by

ĝa(ω) = e−πω
2/a.

Thus, g1 is Fourier invariant, i.e. ĝ1 = g1.
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The Fourier inversion theorem gives a procedure to reconstruct f from
its Fourier transform f̂ , which in a heuristic way amounts to

f(x) =

∫
Rd

f̂(ω)e2πixωdω.

The problem is that f̂ might not be in L1(Rd). In order to fix this issue, one
regularizes f̂ with a smooth cut-off function, such as the Gaussian. We are
not going to discuss this in detail. We instead just restrict our attention to
the case where f̂ ∈ L1(Rd).

Theorem 2.1. If f and f̂ are both in L1(Rd), then

f(x) =

∫
Rd

f̂(ω)e2πixωdω

holds almost everywhere. Hence we have that f = F−1(F(f)).

We denote by f̌ the inverse Fourier transform F−1(f):

f̌ =

∫
Rd

f̂(ω)e2πixωdω.

Thus the Fourier inversion theorem may be expressed as (f̂)
ˇ
.

As a consequence we get that F is injective on L1(Rd) ∩ F(L1(Rd)).

Theorem 2.2. If f and f̂ are both in L1(Rd) and f̂ = 0, then

f = 0 a.e.

In order to have f and f̂ ∈ L1(Rd), the Fourier transform has to decay,
for example like |f̂(ω)| ≤ C

(1+ω)

1+δ for some δ > 0, or f̂ being supported on a
compact set, such a function is called band-limited.

Recall that decay of the Fourier transform of f is equivalent to smoothness
of f .
We close this section with a brief treatment of the Fourier transform on L2.

As the sinc shows, the Fourier transform of an element of f ∈ L2(Rd)

might not converge in L2(Rd), since f̂ might not be in L1(Rd), The way out of
this is to find a dense subspace A of L1(Rd)∩L2(Rd). Then we approximate
any f ∈ L2(Rd) by a sequence (fn) ∈ X and extend the Fourier transform
from A to L2(Rd). We take for A the space L1(Rd)∩F(L1(Rd)) and one can
show that it is dense in L2.

Hence, in order to define the Fourier transform of f ∈ L2(Rd) we may
proceed as follows:

3



• Find a sequence (fn) ⊂ A such that ‖fn − f‖2 → 0 as n→∞.

• Since (fn) ⊂ A implies that (f̂n) ⊂ A, we have that ‖f̂n − f̂m‖2 =
‖fn − fm‖2 → 0 as m,n→∞.

• Hence, (f̂n) is a Cauchy sequence, then there exists a g ∈ L2(Rd) such
that ‖f̂n− g‖2 → 0 as n→∞. We define this limit g to be the Fourier
transform of f and denote it by f̂ .

Theorem 2.3 (Parseval Theorem). For any f, g in L2(Rd) we have 〈f, g〉 =

〈f̂ , ĝ〉. Consequently, for any f ∈ L2(Rd) we have ‖f‖2 = ‖F̂‖2.

A quite useful tool of Fourier analysis is the Poisson summation formula
which is just the Fourier series of a periodization of a function.

We associate to f ∈ L1(R) the periodization of f :

PZ(f)(x) =
∑
k∈Z

f(x+ k).

Lemma 2.4. For f ∈ L1(R) the periodization PZ(f) is in L1(T)

Proof. Note that |PZ(f)(x)| ≤
∑

k∈Z |f(x+k)|. Hence, we have to show that
the partial sums

∑n
k=−n |f(x + k)| converges in L1(T). Let us set Sn(x) :=∑n

k=−n |f(x+ k)| and compute
∫ 1

0
Sm(x)dx:∫ 1

0

Sm(x)dx =

∫ 1

0

n∑
k=−n

|f(x+ k)|dx

=
n∑

k=−n

∫ 1

0

|f(x+ k)|dx

=
n∑

k=−n

∫ k+1

−k
|f(x)|dx

=

∫ n+1

−n
|f(x)|dx ≤ ‖f‖1.

Consequently, (Sn)n is a monotone-increasing sequence of non-negative func-
tions which by the monotone convergence theorem has a limit S(x) :=
limn Sn(x) that is measurable and S ∈ L1(T), because∫ 1

0

S(x)dx =

∫ 1

0

Sn(d)dx ≤ ‖f‖1.
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The final step is to note that∫ 1

0

|PZ(f)(x)dx| ≤
∫ 1

0

S(x)dx ≤ ‖f‖1 <∞.

In order to make the steps in the proof of Poisson summation rigorous
we have to add a few assumptions on the class of admissible functions.

Theorem 2.5 (Poisson summation). For functions f ∈ C0(R) ∩ L1(R) sat-
isfying

(1)
∑
k∈Z

‖f(·+ k)‖∞ <∞,

(2)
∑
k∈Z

|f̂(k)| <∞,

the Fourier coefficients of PZ(f) are (f̂(k))k∈Z and consequently∑
k∈Z

f(x+ k) =
∑
k∈Z

f̂(k)e2πikx.

Proof. Condition (1) yields that PZ(f) is continuous and the series PZ(f)
converges uniformly. Thus we obtain

ck(PZ(f)) =

∫ 1

0

∑
k∈Z

f(x+ k)e−2πikxdx

=
∑
k∈Z

∫ 1

0

f(x+ k)e−2πikxdx

=

∫
R
f(x)e−2πikxdx = f̂(k).

By Condition (2) the Fourier series of PZ(f) converges uniformly to PZ(f):

PZ(f) =
∑
k∈Z

f̂(k)e2πikx

the desired assertion.

For x = 0 the Poisson summation gives a useful formula:∑
k∈Z

f(k) =
∑
k∈Z

f̂(k).
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3 Time-frequency representations and wavelet
transform

In the first section We introduce time-frequency representations, like the
short-time Fourier transform (STFT), Wigner distribution and ambiguity
function, and discuss some of their basic properties, including the orthogo-
nality relations for the STFT and a reconstruction formula for the STFT.
While in the second section we give a similar presentation for the wavelet
transform.

3.1 Time-frequency representations

We introduce several time-frequency transforms and start with the Short-
Time Fourier Transform (STFT) aka Sliding window Fourier transform. For
a given g ∈ L2(Rd) we define the short-time Fourier transform of a function
f by

Vgf(x, ω) =

∫
Rd

f(t)g(t− x)e−2πit·ω dt.

Note that the STFT maps a 1D signal in the time domain to a 2D function
on the time-frequency plane. There is a general principle: The values Vgf
and Vgf(x′, ω′) for (x, ω) 6= (x′, ω′) are intimately coupled and thus cannot be
fixed arbitrarily. The strength of this dependence is given by the reproducing
kernel and will be discussed in detail later. The STFT is a overcomplete
representation of a function containing a lot of redundant information and it
was D. Gabor’s insight to take advantage of this fact and sample the STFT.
We come back to this point of view in our treatment of Gabor frames.
Let us compute the Vgaga to get a better idea about the STFT.

Lemma 3.1. Vgaga(x, ω) = eπixωe−π(ax2+ω2/a)

Proof. This is an application of completing squares

Vgaga(x, ω) =

∫
R
e−πat

2

e−πa(t−x)2e−2πitωdt

=

∫
R
e−πa(2t2−2tx+x2)e−2πitωdt

=

∫
R
e−π2a(t2−2tx/2+x2/2)e−2πitωdt

=

∫
R
e−πa(t−x/2)2e−πax

2/2e−2πitωdt

= e−πixωe−πax
2/2

∫
R
e−πias

2

e−2πisωds = e−πixωe−aπx
2/2e−πω

2/a.
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There is a closely related object, the ambiguity function in the field of
radar/sonar technology:

A(g)(x, ω) =

∫
Rd

g(t+ x
2
)g(t− x

2
)e−2πit·ω dt.

If one changes the variable t in Vgf by t+ x/2, then one gets that

A(f)(x, ω) = eπixωVff(x, ω).

Another prominent time-frequency representation is the Wigner distribution
of g:

W (g)(x, ω) =

∫
Rd

g(x+ t
2
)g(x− t

2
)e−2πit·ω dt.

Wigner’s motivation for introducing W (g) was to have a time-frequency rep-
resentation that has the marginal properties:∫

Rd

W (g)(x, ω)dω = |g(x)|2 and
∫
Rd

W (g)(x, ω)dx = |ĝ(ω)|2.

Since we have∫
Rd

W (g)(x, ω)dx =

∫
Rd

∫
Rd

g(x+ t
2
)g(x− t

2
)e−2πit·ω dtdx

=

∫
Rd

∫
Rd

g(y)g(y − t)e−2πit·ω dtdy

=

∫
Rd

∫
Rd

g(y)g(s)e2πis·ωe−2πiy·ω dsdy

= |ĝ(ω)|2.

and the second assertion may be deduced in a similar manner.

Let us rephrase the definition of the STFT:

Vgf(x, ω) = 〈f, π(x, ω)g〉,

where π(x, ω)g(t) = e2πiωtg(t−x) denotes the time-frequency shift of g by
z = (x, ω). As the name suggests, is π(x, ω) the compositionMomega◦Tx of a
translation/time shift Txg(t) = g(t−x) and a modulationMωg(t) = e2πit·ωg(t)
of g ∈ L2(Rd).

Here are a few expressions for the STFT that display different aspects of
this time-frequency representation.
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Lemma 3.2. For f, g in L2(Rd) we have

Vgf(x, ω) = (f · Txg)̂ = (f ∗Mωǧ) = 〈f̂ , TωM−xĝ〉,

where we denote the reflection at the origin by ǧ(x) = g(−x).

Proof. Left as an exercise. Hint: Use Parseval’s Theorem.

Let us collect a few properties of translation and modulation operators.

Lemma 3.3. We have the following identities:

1. T̂xf = M−ωf̂ and M̂ωf = Tωf̂

2. MωTx = e2πixωTxMω

The commutation relation MωTx = e2πixωTxMω is the basic identity of
time-frequency analysis and we will see many of its consequences in our
discussion of the STFT and Gabor frames.

Proof. The stated assertions are elementary computations:

1.

T̂xf(ω) =

∫
Rd

f(t− x)e−2πitωdt

=

∫
Rd

f(s)e−2πi(x+s)ωdt

= e−2πixωf̂(ω)

= M−ωf̂(ω).

The second assertion may be deduced in a similar way:

M̂ωf(η) =

∫
Rd

e2πiωtf(t)e−2πitηdt

=

∫
Rd

f(t)e−2πit(η−ω)dt

= f̂(η − ω)

= Tωf̂(η).
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2.

TxMωf(t) = Tx(e
2πitωf)(t)

= e2πi(t−x)ωf(t− x)

= e−2πixωe2πtωf(t− x)

= e−2πixωMωTxf(t).

Lemma 3.4. If f, g are in L2(Rd), then Vgf is uniformly continuous on R2d.

Proof. This is left as an exercise. You might want to use that for all f ∈
L2(Rd) we have limx→0 ‖Txf − f‖2 = 0 and limω→0 ‖Mωf − f‖2 = 0.

Let us use the commutation relation to relate the STFT of f with the
STFT of its Fourier transfrom f̂ :

Vĝf̂(x, ω) = 〈f̂ , TωM−xĝ〉 = e−2πix·ωVĝf̂(ω,−x). (1)

We close the treatment of elementary properties with a computation of the
STFT of a time-frequency shift of a signal:

Vg(π(y, η)f)(x, ω) = 〈π(y, η)f, π(x, ω)g〉
= 〈MηTyf,MωTxg〉
= 〈f, T−yM−ηMωTxg〉
= 〈f, T−yMω−ηTxg〉
= 〈f, e2πiy·(ω−η)Mω−ηTx−yg〉
= e−2πiy·(ω−η)〈f,Mω−ηTx−yg〉
= e−2πiy·(ω−η)Vgf(x− y, ω − η).

For later reference we have obtained that

Vg(π(y, η)f)(x, ω) = e−2πiy·(ω−η)Vgf(x− y, ω − η). (2)

Let us take a step back and distill some of the concepts underlying the STFT.

• We pick a window function g.

• We associate to each f ∈ L2(R) the time-frequency representation Vgf ,
i.e. this induces a map Vg : L2(Rd)→ L2(R2d).
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In the remainder of this section we are going to address these evident ques-
tions:

1. Do the values of the STFT Vgf(z) for all points z in the time-frequency
plane R2d determine f?

2. What are the properties of the mapping Vg?

3. Is there a decomposition of the signal f based on the values of the
STFT {Vgf(z)}z∈R2d?

The answers to all these questions might be deduced from an identity that
at first seems not to be of relevance in this context: Orthogonality relations
for the STFT aka Moyal’s identity.

Proposition 3.5 (Moyal’s identity). For functions f1, f2 in L2(Rd) and win-
dow functions g1, g2 in L2(Rd) we have that∫∫

R2d

Vg1f1(z)Vg2f2(z) dz = 〈f1, f2〉〈g1, g2〉. (3)

Proof. It suffices to show that this holds for functions f1, f2.g1, g2 in the
Schwartz class S (Rd). Since S (Rd) is stable under pointwise multiplication
and Fourier transform, we have that Vgifi is in S (R2d) since Vgifi(x, ω) =
F(fi · Txgi)(ω) for i = 1, 2.∫∫

R2d

Vg1f1(z)Vg2f2(z) dz =

∫
Rd

(∫
Rd

̂(f1 · Txg1)(ω) ̂(f2 · Txg2)(ω)dω

)
dx

=

∫
Rd

(∫
Rd

f1(t)g1(t− x)f2(t)g2(t− x)dt

)
dx

=

∫
Rd

f1(t)f2(t)

(∫
Rd

g1(t− x)g2(t− x)dx

)
dt

= 〈f1, f2〉〈g1, g2〉,

where we used Parseval’s Theorem in the second step and Fubini’s Theorem
in the third step, which is justified for functions in the Schwartz class.

As consequences of the orthogonality relations for the STFT we provide
affirmative answers to the questions stated above.

Proposition 3.6. For a non-zero g ∈ L2(Rd) and a f ∈ L2(Rd) we assume
that Vgf(z) = 0 for all z ∈ R2d. Then f = 0.
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Proof. By assumption Vgf(z) = 0 and thus
∫∫

R2d |Vgf(z)|2dz = 0. By the
orthogonality relations we have

∫∫
R2d |Vgf(z)|2dz = ‖f‖2

2‖g‖2
2, which implies

that f = 0 since g 6= 0.

Let us give an equivalent formulation of the preceding assertion.

Proposition 3.7. For a non-zero g ∈ L2(Rd) we have that the closed linear
span of {π(z)g}z∈R2d is dense in L2(Rd).

Proof. We denote by X the closed linear span of {π(z)g}z∈R2d in L2(Rd).
Then the desired assertion is equivalent to show that the orthogonal com-
plement X⊥ of X is the trivial subspace {0}. Recall that X⊥ consists of all
f ∈ L2(Rd) such that 〈f, π(z)g〉 = 0 for all z ∈ R2d, which by the orthogo-
nality relations for the STFT implies that f = 0.

The reconstruction formula of f ∈ L2(Rd) is given in terms of two func-
tions g, h ∈ L2(Rd).

Proposition 3.8. Given g, h ∈ L2(Rd) satisfying 〈g, h〉 6= 0. Then for any
f ∈ L2(Rd) we have

f =
1

〈h, g〉

∫∫
R2d

Vgf(z)π(z)h dz,

where we interpret the vector-valued integral weakly.

Proof. Let us rewrite
∫∫

R2d Vgf(z)Vhk(z) dz as follows:∫∫
R2d

Vgf(z)Vhf(z) dz =

∫∫
R2d

〈f, π(z)g〉〈π(z)h, k〉 dz

=

〈∫∫
R2d

〈f, π(z)g〉π(z)h dz, k

〉
,

which by the orthogonality relations yields the identity:〈∫∫
R2d

〈f, π(z)g〉π(z)h dz, k

〉
=

〈
〈h, g〉f, k

〉
that holds for all k ∈ S (Rd) and hence we have the claimed reconstruction
formula: ∫∫

R2d

〈f, π(z)g〉π(z)h dz = 〈h, g〉f.

Consequently, any non-zero g ∈ L2(Rd) with ‖g‖2 = 1 yields a recon-
struction formula for f ∈ L2(Rd):

f =

∫∫
R2d

Vgf(z)π(z)g dz.
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3.2 Wavelet transform

For a non-zero real number a we define the dilation operator Da acting on
f ∈ L2(R) by Daf(x) = |a|−1/2f(x

a
), where we think of a as the scale, which

has as Fourier transform D̂af(ω) = |a|1/2f(ax) = |a|1/2D1/af(x). Note that
a dilation Daf has the same shape as f , but its support differs from the one
of f . More concretely, if the support of f is contained in a subset X of R,
then the support of Daf is contained in aX.

The wavelet transform of a function f with respect to the wavelet g is
given by

Wgf(x, a) = |a|−1/2

∫
R
f(t)g( t−x

a
)dt,

which we might rewrite in a similar way as the STFT:

Wgf(x, a) = 〈f, TxDag〉,

where the dilation operator Da takes its place instead of the modulation
operator Mω.

A different expression for the wavelet transform is in terms of convolution:

Wgf(x, a) = f ∗Daǧ.

Thus for a given scale a we have that the Fourier transform of Wgf(x, a) is
of the form

Ŵgf(ω, a) = |a|1/2f̂(ω)ĝ(aω).

For a fixed a > 0, the wavelet transform can be interpreted as an approx-
imation of f that sees only details of size a and smooths out smaller de-
tails. While for a fixed x and values of a tending to 0 the wavelet transform
Wgf(x, a) zooms in to the point x and resolves local details at x. This is in
contrast to the STFT, where the support of g remains fixed and prevents a
study of the local properties of f at a given point.

Before we state and proof the key result about the wavelet transform, the
orthogonality relations, we state some of its basic properties.

• Wg(Tyf)(x, a) =Wgf(x, a− y);

• For c 6= 0 we have Wg(Dcf)(x, a) =Wgf(x
x
, a
c
);

• Wǧf̌(x, a) =Wgf(x,−a);

• Wgf(x, a) =Wfg( 1
x
,−a

x
).

These useful identities are straightforward consequences of the definition of
the wavelet transform.
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Proposition 3.9 (Orthogonality relations for the wavelet transform). For
f1, f2 ∈ L2(R) and g1, g2 in L2(R) satisfying the condition Cg1,g2 := intRĝ1(aω)ĝ2(aω)da

a
<

∞ we have that∫∫
R2

Wg1(f1)(x, a)Wg2(f2)(x, a)
dxda

a2
= 〈f1, f2〉

∫
R
ĝ1(aω)ĝ2(aω)

da

a
. (4)

Proof. It suffices to prove the orthogonality relations for f1, f2 in L1∩L2(R).
Since Wgf(x, a) = f ∗Daǧ, we have that for a fixed a the Fourier transform
of the wavelet transform is

Ŵgf(ω, a) = |a|1/2f̂(ω)ĝ(aω),

which we are going to use in our argument below.∫
R

(∫
R
Wg1f1(x, a)Wg2f2(x, a)dx

)
da

a2
=

∫
R

(∫
R
|a|f̂1(ω)ĝ1(aω)f̂2(ω)ĝ2(aω)

da

|a|

)
dω

=

∫
R
f̂1(ω)f̂2(ω)

(∫
R
ĝ1(aω)ĝ2(aω)

da

|a|

)
dω

= 〈f1, f2〉
∫
R
ĝ1(η)ĝ2(η)

dη

|η|
,

where we have used that the Theorem of Fubini is applicable due to f̂1f̂1 ∈
L1(R) and that

∫
R ĝ1(aω)ĝ2(aω) da|a| is actually independent of ω as one sees

by substituting η = aω in the integral.

In the case that for g ∈ L2(R) we have Cg =
∫
R
|ĝ(ω)|2
|ω| dω < ∞, we say

that g satisfies the admissibility condition for the (mother) wavelet g. If g is
continuous, then the admissibility condition implies that ĝ(0) =

∫
R g(t)dt =

0.
As for the STFT, the orthogonality relations yield to reconstruction for-

mulas.

Proposition 3.10. For g, h ∈ L2(R) satisfying
∫
R ĝ(η) ĥ(η) dη|η| <∞ we have

that any f may be expressed in the form

f = C−1
g1,g2

∫∫
R2

Wgf(x, a)TxDah
dxda

a2
.

In particular, for an admissible g this yields

f = C−1
g

∫∫
R2

Wgf(x, a)TxDag
dxda

a2
.

The proof is left as an exercise to the reader.
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4 RKHS and applications to the STFT and the
wavelet transform

4.1 Reproducing kernel Hilbert spaces – Basics

Let us make a small detour into a class of Hilbert spaces of functions, known
as reproducing kernel Hilbert spaces, that have some attractive features not
shared by general Hilbert spaces.

Definition 4.1. For a set X we denote by F(X) the space of real or complex-
valued functions on X. Then a reproducing kernel Hilbert space (rkhs) is a
subspaceH of F(X) equipped with an inner product 〈., .〉 such that (H, 〈., .〉) is
a Hilbert space satisfying that the evaluation functional Ex, given by Ex(f) =
f(x), is bounded: |Ex(f)| ≤ C‖f‖H for all f ∈ H.

The Riesz representation theorem yields that there exists for each x ∈ X
an element kx ∈ H such that

Ex(f) = 〈f, kx〉.

We refer to kx as the reproducing kernel at x. Since kx is an element of H
the values of kx(y) are expressible in the form: kx(y) = 〈ky, kx〉.
We call k(x, y) := 〈ky, kx〉 the reproducing kernel of H, we will often denote
a rkhs by (H, k).
Since Ex(kx) = 〈kx, kx〉 = k(x, x) = ‖kx‖2 we obtain that the operator norm
of Ex equals

√
k(x, x), i.e. ‖Ex‖ =

√
k(x, x). The normalized reproducing

kernel k̃(x, y) = k(x, y)/k(x, x). By the properties of the inner product and
the definition of the reproducing kernel we obtain that reproducing kernels
possess a symmetry property:

k(x, y) = k(y, x) for any x, y ∈ X.

The short argument goes as follows: Since kx ∈ H we have that kx(y) =
〈ky, kx〉 and thus

k(x, y) = kx(y) = 〈ky, kx〉 = 〈kx, ky〉 = k(y, x).

Let us state some basic properties of RKHS.

Proposition 4.2. Let (H, k) be a RKHS on the set X. Then the linear span
of {ky(.) : y ∈ X} is dense in H.
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Proof. The statement is equivalent to {ky(.) : y ∈ X}⊥ = {0} which holds if
and only if 〈f, ky〉 = 0 for every y ∈ X. Since 〈f, ky〉 = f(y), we have that
f(y) = 0 for every y ∈ X. Hence we deduce that f = 0, which is the desired
assertion.

The next result is elementary and we are going to apply it several times.

Lemma 4.3. Let (H, k) be a RKHS on X and let {fn} be a sequence of H. If
(fn) converges in norm to f ∈ H, then it converges moreover also point-wise:
f(x) = limn fn(x) for every x ∈ X.

Proof. Since fn(x)− f(x) ∈ H we have that fn(x)− f(x) = 〈fn − f, kx〉 and
by an application of Cauchy-Schwarz:

|fn(x)− f(x)| = |〈fn − f, kx〉| ≤≤ ‖fn − f‖‖kx‖.

Consequently, limn ‖fn−f‖ = 0 implies that limn |fn(x)−f(x)| = 0 for every
x ∈ X.

One consequence is an expression for the reproducing kernel k of a RKHS.

Proposition 4.4. Let (H, k) be a RKHS on X. If {ej}j∈J is an orthonormal
basis for H, then for x, y ∈ X

k(x, y) =
∑
j∈J

ej(x)ej(y) (5)

converges pointwise.

Proof. For any y ∈ X we have that the generalized Fourier series expansion
ky =

∑
j∈J〈ky, ej〉ej which converges in norm in H. Hence we have that

k(x, y) = ky(x) =
∑
j∈J

〈ky, ej〉ej(x)

converges pointwise by the preceding lemma. The final step is to note that the
Fourier coefficient 〈ky, ej〉 = 〈ej, ky〉 = ej(y) by the definition of a reproducing
kernel and thus

k(x, y) =
∑
j∈J

ej(y)ej(x).

Another application of the preceding lemma is the fact that a reproducing
kernel determines the RKHS uniquely.
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Proposition 4.5. Let (Ha, ka) and (Hb, kb) be two RKHSs on X. If ka(x, y) =
kb(x, y) fpr all x, y ∈ X, then (Ha, ‖.‖a) = (Hb, ‖.‖b).

Proof. See [13, Prop. 2.3] for a proof of this statement.

There are numerous examples of RKHS from which three are of relevance
for us: (i) the Paley-Wiener space, (ii) Bergman spaces, and (iii) Bargmann-
Fock spaces.

4.2 Examples

Paley-Wiener spaces: For a fixed A > 0 we define the Paley-Wiener
space PWA to be the set of all those Fourier transforms of L2-functions with
support in [−A,A]: PWA := {f̂ : f ∈ L2[−A,A]}. Since L2[−A,A] ⊂
L1[−A,A] we have that PWA is a space of continuous functions on the real
line. Furthermore PWA is a closed subspace pf L2[−A,A] and thus a Hilbert
space.

If F ∈ PWA, then we have that there exists a unique f ∈ L2[−A,A] such
that

F (x) =

∫ A

−A
f(t)e−2πitx dt,

since the Fourier transform from L2[−A,A] to PWA is a Hilbert space iso-
morphism. This is a consequence of the fact that {e−2πint/A}n∈Z is an ONB
for L2[−A,A] and thus the Fourier coefficients (f̂( n

A
))n∈Z uniquely deter-

mine f ∈ L2[−A,A], but the Fourier coefficients f̂(n/A) are actually equal
to F (n/A) and hence also uniquely determine F ∈ L2[−A,A] uniquely.
Therefore, we may define a norm on PWA by ‖F‖PWA

:= ‖f‖2. In other
words, the Fourier transform provides us with an identification of L2[−A,A]
with PWA which yields that for F,G ∈ PWA we use their representatives
f, g ∈ L2[−A,A] to define the inner product of F and G via the Fourier
transforms of f̂ and ĝ:

〈F,G〉PWA
:= 〈f, g〉 =

∫ A

−A
f(t)g(t) dt.

For F ∈ PWA we have that the evaluation functional

|F (x)| =
∣∣∣∣ ∫ A

−A
f(t)e−2πitx dt

∣∣∣∣ ≤ ‖f‖2

(∫ A

−A
|e−2πitx|2 dt

)1/2

=
√

2A‖f‖2

is bounded and so PWA is a RKHS.
The Paley-Wiener space PWA is a RKHS and we might determine its repro-
ducing kernel either using the ONB {e−2πint/A}n∈Z via the identity k(x, y) =
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∑
n∈Z e

−2πinxte2πiyt or by the definition of the reproducing kernel to represent
the evaluation functional on PWA.
For F ∈ PWA we want to determine the function ky ∈ PWA such that

F (y) = 〈f, ky〉,

but F (y) =
∫ A
−A f(t)e−2πiyt dt = 〈f, ey〉 where ey ∈ L2[−A,A] denotes ey(t) =

e−2πiyt. Consequently, ky(x) = êy(x):

ky(x) = k(x, y) =

∫ A

−A
e2πit(y−x) dt,

which may be explicitly written as

k(x, y) =

{
sin(2πA(x−y))

π(x−y)
for x 6= y

2A for x = y
.

Hardy spaces of the unit disc: We denote by H2(D) the Hardy space
of the unit disc D = {z ∈ C| |z| < 1}, which consists of all holomorphic
functions f on D with power series expansion:

f(z) =
∑
n≥0

anz
n

such that
∑

n≥0 |an|2 <∞. We define a norm on H2(D) by ‖f‖H2 := ‖(an)‖2

and its inner product by polarization.
We identify H2(D) with `2 via f 7→ (a0, a1, a2, ...) and thus H2(D) is a

Hilbert space with respect to the norm ‖f‖H2 .
Let us show that the evaluation functional on H2(D) is bounded: For any

z ∈ D we have
|f(z)| ≤

∣∣∣∣∑
n≥0

anz
n

∣∣∣∣ ≤∑
n≥0

|an||z|n,

which by an application of the Cauchy-Schwarz inequality yields

|f(z)| ≤
(∑

n≥0

|an|2
)1/2(∑

n≥0

|z|2n
)1/2

= ‖f‖H2

1√
1− |z|2

.

In summary, we have that H2(D) is a RKHS. The reproducing kernel at
w ∈ D satisfies

f(w) = 〈f, kw〉 for some kw ∈ H2(D).
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But by definition of H2(D) this means that

f(w) =
∑
n≥0

anW
n,

i.e. 〈f, kw〉 =
∑

n≥0 anbn, for some g(z) =
∑

n≥0 bnz
n. Consequently, we

obtain that bn = wn and

kw(z) =
∑
n≥0

wnzn =
1

1− wz

and for the kernel function k(w, z) = (1− wz)−1.

Bargmann-Fock spaces: A well-studied class of RKHS is given by the
Bargmann-Fock space F , which consists of all holomorphic functions on
C with power series expansions

f(z) =
∑
n≥0

anz
n satisfying

∑
n≥0

n!|an|2 <∞.

We identify F with

`2
v = {a = (an) :

∑
n≥0

n!|an|2 <∞}

via f 7→ (a0, a1, ...). Hence F is a Hilbert space with respect to the inner
product:

〈f, g〉F =
∑
n≥0

n!anbn,

for f(z) =
∑

n≥0 anz
n and g(z) =

∑
n≥0 bnz

n.
The evaluation functional is once more bounded by the Cauchy-Schwarz in-
equality:

|f(z)| ≤
∑
n≥0

√
n!|an|

|z|n√
n!
≤
∑
n≥0

n!|an|2
∑
n≥0

|z|2n

n!
= ‖f‖Fe|z|

2

.

Consequently, F is a RKHS.
The reproducing kernel k of F is given by k(w, z) = ewz. The argument
follows along the lines of the one for the Hardy space on the unit disc, and
is left as an exercise to the reader.

Exercise: Show that F is isomorphic to the space of all holomorphic func-
tions f on C such that

∫
C |f(z)|2e−|z|2 dz < ∞, and the square root of the
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later expression is equal to ‖f‖F .

Bergman spaces: The final example is the Bergman space on the unit disc
D, denoted by B2(D), consisting of all holomorphic functions on D satisfying
a square-integrability condition:

‖f‖B2 :=
1

π

(∫∫
|f(x+ iy)|2 dxdy

)1/2

<∞.

The proof the B2(D) is a Hilbert space requires some results from complex
analysis that are not part of the prerequisites of MA8004, see [13], also the
argument of showing the boundedness of the evaluation functional. Let us
just state that B2(D) is a RKHS with kernel k(z, w) = 1

1−wz for w, z ∈ D,
see [13].

4.3 Gabor spaces

For a normalized g ∈ L2(R) the STFT Vg induces an isometry from L2(R)
to L2(R2), and we refer to its range Vg(L2(R)) as Gabor space, which we will
further on denote by Vg(L2). Note that Vg(L2) is a proper closed subspace
of L2(R2). By definition F ∈ Vg(L2) if and only if there exists an f ∈ L2(R)
such that F = Vgf .
In order to gain a better understanding of Gabor spaces we have to look a
bit more into the mapping f 7→ Vgf for a fixed normalized g ∈ L2(R).

Lemma 4.6. For a fixed normalized g ∈ L2(R) the mapping Vg : L2(R) →
L2(R2) is bounded and its adjoint mapping is given by

V ∗g F =

∫∫
R2

F (z)π(z) dz, F ∈ L2(R).

Proof. For any F ∈ L2(R2) and f ∈ L2(R) we have

〈Vgf, F 〉 =

∫∫
R2

Vgf(z)F (z) dz

=

∫∫
R2

〈f, π(z)g〉F (z) dz

= 〈f,
∫∫

R2

F (z)π(z)g dz〉

= 〈f, V ?
g F 〉,
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and thus the adjoint of Vg is of the form:

V ?
g F =

∫∫
R2

F (z)π(z)g dz.

For g ∈ L2(R) with ‖g‖2 = 1 the composition of V ?
g Vg is

V ?
g Vgf =

∫∫
R2

Vgf(z)π(z) dz = f

by the reconstruction formula for the STFT and thus equivalent to the state-
ment

V ?
g Vg = I.

Proposition 4.7. For g ∈ L2(R) with ‖g‖2 = 1 the Gabor space Vg(L2) is a
RKHS for the norm ‖F‖Vg(L2) = ‖f‖2 for a f ∈ L2(R) such that F = Vgf .
The reproducing kernel kgz at z ∈ R2 is given by kgz = Vg(π(z)g) and thus its
reproducing kernel is kg(z, z′) = Vg(π(z′)g)(z) = 〈π(z′)g, π(z)g〉.

For ‖g‖2 = ‖h‖2 = 1 we have Vg(L2) ∩ Vh(L2) = {0} except when there
exists a c ∈ C with |c| = 1 such that h = cg

Proof. Since Vg is an isometry from L2(R) to L2(R2), the range of Vg is
a closed subspace of L2(R2) and a Hilbert space with respect to the norm
‖F‖Vg(L2) = ‖f‖2 for a f ∈ L2(R) such that F = Vgf .
Since Vg is an isometry, we have that for F ∈ Vg(L2) we have F = VgV

?
g F .

Hence, F (z) = VgV
?
g F (z) = 〈V ?

g F, π(z)g〉 = 〈F, Vg(π(z)g)〉, i.e. kgz =
Vg(π(z)g). By definition the reproducing kernel for Vg(L2) is k(z, z′) =
〈Vg(π(z′)g), Vg(π(z)g)〉, which by V ?

g Vg = I yields

kg(z, z
′) = 〈π(z′)g, V ?

g Vg(π(z)g)〉 = 〈π(z′)g, π(z)g〉.

As we have seen before, the reproducing kernel kg determines Vg(L2) uniquely
and thus if there were another, then this would boil down to the equality of
two STFTs. Hence, for ‖g‖2 = ‖h‖2 = 1 we have Vg(L2) ∩ Vh(L2) = {0}
except when there exists a c ∈ C with |c| = 1 such that h = cg.

The choice of L2-normalized Hermite functions h0, h1, ... gives a family
of RKHS {Vhn : n = 0, 1, 2, ...} that may be identified with poly-analytic
Bargmann-Fock spaces for n ≥ 1 and with the Bargmann-Fock space F for
the Gaussian h0.

Proposition 4.8. For h0(x) = 21/4e−πx
2 the Gabor space Vh0(L2) might be

identified with the Bargmann-Fock space F .
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Proof. Our argument is taken from [12] and uses that the Bargmann trans-
form B : L2(R)→ F is a unitary mapping.

We close this section with a few remarks on the relation between Vg(L2)
and twisted translations of functions and twisted convolution of STFTs. For
a function F on R2 we define its twisted translation T cz′F by

T cz′F (z) := e−2πix(ω−ω′)F (x− x′, ω − ω′), for z = (x, ω), z′ = (x′, ω′).

Recall the covariance relation for the STFT, where we provided an expression
of the Vg(π(z′)f). This might be viewed as the twisted translation of Vgf

Vg(π(z′)f)(z) = T cz′(Vgf)(z).

We define the twisted convolution of F and G by

F\G(z) =

∫∫
R2

F (z′)T cz′G(z) dz′

or more explicitly,

F\G(z) =

∫∫
R2

F (x′, ω′)G(x− x′, ω − ω′)e−2πix(ω−ω′) dx′dω′.

Note that F\G 6= G\F . There are just a few functions for which we are able
to compute their twisted convolution. Elements F in Vg(L

2) provide such
examples.

Proposition 4.9. Let f1, f2, g be elements in L2(R). Then

Vgf1\Vgf2 = 〈f2, g〉Vgf1. (6)

Proof. By definition we have

Vgf1\Vgf2(z) =

∫∫
R2

Vgf1(x′, ω′)Vgf2(x− x′, ω − ω′)e−2πix(ω−ω′) dx′dω′

=

∫∫
R2

〈f1, π(x′, ω′)g〉〈f2, π(x− x′, ω − ω′)g〉e−2πix(ω−ω′) dx′dω′

=

∫∫
R2

〈f1, π(x′, ω′)g〉〈f2, e
−2πx′ωπ(−x′,−ω′)π(x, ω)g〉e−2πix(ω−ω′) dx′dω′

=

∫∫
R2

〈f1, π(x′, ω′)g〉〈e2πixωπ(x′, ω′)f2, π(x, ω)g〉e−2πixω dx′dω′

=

∫∫
R2

〈f1, π(x′, ω′)g〉〈π(x′, ω′)f2, π(x, ω)g〉 dx′dω′
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and thus by the orthogonality relations for the STFT we get that∫∫
R2

〈f1, π(x′, ω′)g〉〈π(x′, ω′)f2, π(x, ω)g〉 dx′dω′ = 〈f2, g〉Vgf1,

the desired assertion.

Let us give a characterization of elements of a Gabor space Vg(L2) in
terms of twisted convolutions.

Proposition 4.10. An F ∈ L2(R2) is in Vg(L
2) if and only if F\Vgg = F .

In particular, we have that Vgg\Vgg = Vgg.

Proof. Since any F ∈ Vg(L2) is of the form Vgf for some f ∈ L2(R), we have
to compute Vgf\Vgg, which is a particular case of Equation (6) for f1 = f
and f2 = f :

Vgf\Vgg = 〈g, g〉Vgf = Vgf,

since ‖g‖2 = 1. The second assertion follows from this by taking f = g. In
other words, Vgg is an idempotent with respect to twisted convolution.

Let us continue this line of thought. There is also a twisted involution of
functions F on R2

F ?(x, ω) = e−2πixωF (−x,−ω).

Let us have a look at (Vgf)?:

(Vgf)∗(x, ω) = e−2πixω〈f, π(−x,−ω)g〉
= e−2πixω〈TxMωf, g〉
= e−2πixω〈e−2πixωMωTxf, g〉
= e−2πixω〈g, e−2πixωπ(x, ω)f〉
= Vfg(x, ω).

Finally, there is as well a link to the theory of Banach algebras.

Proposition 4.11. (L1(R2), \, ?) is a twisted involutive convolution algebra.

Proof. Recall that L1(R2) is a Banach algebra with respect to convolution:
For F,G in L1(R2) we have

‖F ? G‖1 ≤ ‖F‖1‖G‖1.

Note that |(F\G)(z)| ≤
∫∫

R2 |F (z′)| ? |G|(z − z′)| dz′ and thus

‖F\G‖1 ≤ ‖|F | ? |G|‖1 ≤ ‖F‖1‖G‖1.

Furthermore, we have that ‖F ?‖1 = ‖F‖1, which yields the desired assertion.
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4.4 Wavelet spaces

The relevance of reproducing kernel Hilbert spaces associated to the wavelet
transform has been already recognized by the founding fathers of the field in
their seminal paper [9], see also [1] for a recent contribution to this circle of
ideas.
This section is just a minor variation of the one on Gabor spaces, where we
replace the STFT by the wavelet transform and the normalization of the
window function of the STFT by the admissibility condition, respectively.

Definition 4.12. Let g ∈ L2(R) be an admissible wavelet. Then we define
the wavelet space to be the range of Wg on L2(R), i.e. Wg(L

2(R)) ⊂ 2(R2, 1
Cg
·

dadx
a2

).

The existence of a reproducing kernel kg(x,a) at a point (x, a) and thus of a
reproducing kernel kg((x, a), (x′, a′)) are all consequences of the orthogonality
relations for the wavelet transform as for Gabor spaces.

Proposition 4.13. For g ∈ L2(R) with Cg <∞ the wavelet space Wg(L
2) is

a RKHS for the norm ‖F‖Wg(L2) = ‖f‖2 for a f ∈ L2(R) such that F = Wgf .
The reproducing kernel kg(x,a) at (x, a) ∈ R2 is given by kg(x,a) = Wg(TxDa)g)

and thus its reproducing kernel is kg((x, a), (x′, a′)) = Qg(Tx′Da′g)(z) =
〈Tx′Da′g, TxDag〉.
For two admissible wavelets Cg < ∞ and Ch < ∞ we have Wg(L

2) ∩
Wh(L

2) = {0} except when there exists a c ∈ C with |c| = 1 such that
h = cg

Proof. Adapt the arguments for the Gabor spaces.

Recall that Gabor spaces for a Gaussian function may be identified with
the Bargman-Fock space. What is the analogue of a Gaussian for wavelet
spaces? As it turns out, functions in the Hardy space H2(R) provide ad-
missible wavelets such that the wavelet space is isometrically isomorphic to
spaces of entire functions.
Recall that H2(R) is the space of all L2-functions with Fourier transforms
supported on the positive real line. We are going to consider the admissible
wavelet

ĝ(ω) =

{
2ωe−ω for ω > 0

0 for ω ≤ 0

Then for a > 0 the wavelet transform Wgf(x, a) is of the form

Wgf(x, a) = 2a1/2

∫ ∞
0

f̂(ω)aωe−2πi(x+ia)dω =: a1/2G(a+ ix),
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where G is analytic on the upper half plane C+ := {z ∈ C : Im(z) ≥ 0}.
The orthogonality relations for the wavelet transform are in terms of G;∫ ∞

0

∫
R
|G(a+ ix)|2 adadx = ‖f‖2

2.

Note that the integral on the left hand side says that G is an element of
the weighted Bergman space B2(C+, adadx). Consequently, Bergman spaces
play the role of Bargmann-Fock spaces for wavelet spaces.

5 Frames for Hilbert spaces
In their work on non-harmonic Fourier series have Duffin and Schaeffer intro-
duced the notion of a frame for a Hilbert space, which is a vast generalization
of orthogonal bases for a Hilbert space. During the past decades have frames
for Hilbert spaces become a topic of great interest both from an applied and
a theoretical perspective.

Definition 5.1. A collection of elements {fj}j∈J is a frame for a Hilbert
space H if there exist constants A,B > 0, the frame bounds, such that

A‖f‖2 ≤
∑
j∈J

|〈f, fj〉|2 ≤ B‖f‖2 (7)

holds for all f ∈ H.
We call {fj}j∈J a tight frame for H if A = B, and a Parseval frame for H
if A = B = 1.

The case, when {fj}j∈J just satisfies the upper bound in Equation (7),
then we call it a Bessel sequence. We make a short detour before we provide a
detailed treatment of frames. Since the reconstruction formulas for the STFT
and the wavelet transform do not fit into the framework of Duffin-Schaeffer
and have led to a generalization of the notion of a frame for a Hilbert space:
continuous frames for H. A mapping T : X → H is weakly measurable, if
for all f ∈ H we have that x 7→ 〈T (x), f〉 is a measurable function on X.

Definition 5.2. Let (X,µ) be a σ-finite measure space, µ a positive measure
on X and H a separable Hilbert space. The mapping T : X → H is called a
continuous frame for H if T is weakly measurable, and there exist constants
A,B > 0 such that

A‖f‖2 ≤
∫
X

|〈f, T (x)〉|2 ≤ B‖f‖2, for any f ∈ H.
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Here are two examples of continuous frames for L2(R).

Proposition 5.3. Let g ∈ L2(R).

(1) {π(z)g}z∈R2 is a continuous tight frame with frame bound ‖g‖2.

(2) Suppose g is admissible, i.e. Cg < ∞. Then {TxDag}(x,a)∈R2 is a
continuous tight frame with frame bound Cg.

Let us remark that a frame {fj}j∈J of H is a complete set. We leave the
short argument to the reader.
In order to gain a better understanding of frames in a Hilbert space we
introduce a few operators:

• The analysis operator aka coefficient operator C of {fj}j∈J is defined
by f 7→ (〈f, fj〉)j∈J from H to `2(J).

• The synthesis operator is a mapping from `2(J) to H given by Da =∑
j∈J ajfj.

• The composition of the analysis and synthesis operator is called the
frame operator S : H → H and maps f to Sf =

∑
j∈J〈f, fj〉fj.

We first list a few basic properties of these operators and some of its impli-
cations for frames.

Lemma 5.4. Suppose {fj}j∈J is a collection of elements of H.

(1) {fj}j∈J is a Bessel system if and only if C : H → `2(J) is bounded.

(2) For a Bessel system {fj}j∈J we have that D is the adjoint of C.

(3) For a Bessel system {fj}j∈J the frame operator is positive semi-definite
and if {fj}j∈J is a frame of H, then S is positive definite and we have

AI ≤ S ≤ B I.

(4) If {fj}j∈J is a frame of H, then 1
B
I ≤ S−1 ≤ 1

A
I.

Proof. The arguments are straightforward consequences of the definitions:

(1) The map C : H → `2(J) is bounded if and only if there exists a constant
B > 0 such that ‖Cf‖2

2 ≤ B‖f‖2
2 for all f ∈ H.
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(2) The assumption on {fj}j∈J imply that C is bounded and thus we may
determine its adjoint operator as usual: For f in H and a ∈ `2(J)

〈Cf, a〉 = 〈(〈f, fj〉), a〉`2

=
∑
j∈J

〈f, fj〉aj

= 〈f,
∑
j∈J

fjaj〉

= 〈f,D a〉.

(3) Recall that an operator T on H is positive semi-definite, if 〈Tf, f〉 ≥ 0
for all f ∈ H. For the frame operator S we have that

〈Sf, f〉 =
∑
j∈J

|〈f, fj〉|2,

which is as a sum of square non-negative.
If {fj}j∈J is a frame of H, then the frame inequalities might be ex-
pressed as

〈(AI) f, f〉 ≤ 〈Sf, f〉 ≤ 〈(B I) f, f〉, for all f ∈ H.

Consequently, we have that AI ≤ S ≤ B I.

(4) By assumption the frame operator S is invertible on H and commutes
with S, hence S ≤ B I is equivalent to I ≤ BS−1 and thus B−1I ≤ S−1.
In a similar way does AI ≤ S yield the inequality S−1 ≤ A−1I.

The usefulness of frames stems from the existence of expansion formulas
of the type: For any f ∈ H we have

f =
∑
j∈J

〈f, fj〉hj =
∑
j∈J

〈f, hj〉fj,

where {hj}j∈J is a frame for H, called a dual frame for {hj}j∈J .
There exists a natural dual frame {S−1fj}j∈J , referred to as canonical dual
frame for {fj}j∈J .
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Proposition 5.5. Given a frame {fj}j∈J of H with frame bounds A and
B. Then the canonical dual frame {S−1fj}j∈J is a frame for H with frame
bounds 1/B, 1/A. Furthermore we have

f =
∑
j∈J

〈f, fj〉hj =
∑
j∈J

〈f, hj〉fj

where the series converge in norm.

Proof. Since S is a frame of H, the inverse S−1 exists and is also a positive
bounded operator on H. We use this fact to reduce the problem to one
involving the original frame {fj}j∈J∑

j∈J

|〈f, S−1fj〉| =
∑
j∈J

|〈S−1f, fj〉|

= 〈S(S−1f), S−1f〉
= 〈S(S−1f), S−1f〉
= 〈S−1f, f〉

The inequalities 1
B
I ≤ S−1 ≤ 1

A
I give the desired frame inequalities for

{S−1fj}j∈J .
The expansion formulas may be deduced as follows:

f = S−1(Sf) =
∑
j∈J

〈f, fj〉S−1fj

and the second expansion formula might be deduced in an analogous manner.

The coefficients for the canonical dual frame (〈f, S−1fj〉)j∈J are often
known as canonical frame coefficients, which have a remarkable minimization
property among all `2-sequences yielding an expansion of f =

∑
j ajfj.

Proposition 5.6. Let {fj}j∈J be a frame of H. Suppose we have for a ∈
`2(J) that f =

∑
j ajfj for any f ∈ H. Then∑

j

|aj|2 =
∑
j

|〈f, S−1fj〉 − aj|2 +
∑
j

|〈f, S−1fj〉|2.

Proof. Suppose a ∈ `2(J) such that f =
∑

j ajfj holds for all f ∈ H. Then
the argument relies on a closer look of the error bound ‖〈f, S−1fj〉 − a‖2

2:〈
(〈f, S−1fj〉)j − a, (〈f, S−1fj〉)j − a

〉
= ‖(〈f, S−1fj〉)j‖2

2 − 〈(〈f, S−1fj〉)j, a〉

− 〈a, (〈f, S−1fj〉)j〉+ ‖a‖2
2.
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By assumption we have ∑
j

〈f, S−1fj〉fj =
∑
j

ajfj,

which after taking the inner product with S−1fj yields∑
j

|〈f, S−1fj〉|2 =
∑
j

aj〈fj, S−1fj〉,

and in an analogous manner we obtain∑
j

|〈f, S−1fj〉|2 =
∑
j

aj〈fj, S−1fj〉.

Thus we obtain the desired assertion by using these identities in the preceding
computation:

‖〈(〈f, S−1fj〉)j − a‖2
2 = ‖a‖2

2 − ‖〈fj, S−1fj〉‖2
2.

Although the canonical frame coefficients give the frame coefficients of
minimal `2-norm, there are many applications that require one to pick non-
canonical frame coefficients.
There exists a canonical Parseval frame associated to {fj}j∈J , namely {S−1/2fj}j∈J .

Exercise 5.7. Show that {〈f, S−1/2fj〉}j∈J is a Parseval frame of H and that

f =
∑
j∈J

〈f, S−1/2fj〉S−1/2fj for all f ∈ H.

Remark 5.8. The frame operator S−1 is a positive operator on H and we
may define S−1/2 using Borel functional calculus.

The frame inequalities for {fj}j∈J hold for any f ∈ H, in particular for
any fk ∈ {fj}j∈J :

A‖fk‖2 ≤ 〈fk, fk〉2 +
∑
j 6=k

|〈fk, fj〉|2 ≤ B‖fk‖2.

Proposition 5.9. Let {fj}j∈J be a frame for H with frame bounds A,B.
Then ‖fj‖2 ≤ B for any j ∈ J . Furthermore, if ‖fj‖2 = B, then fk ⊥
span{fk}k 6=j, or if ‖fj‖2 < B, then fk ∈ span{fk}k 6=j.
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Proof. The proof is left as an exercise to the reader.

A well-known consequence is a result on Parseval frames.

Proposition 5.10. Suppose {fj}j∈J is a Parseval frame for H with ‖fj‖ = 1
for all j ∈ J . Then {fj}j∈J is an orthonormal basis for H.

Proof. By the definition of a Parseval frame {fj}j∈J we have for any frame
element fk, k ∈ J that

‖fk‖2 = ‖fk‖4 +
∑
j 6=k

|〈fj, fk〉|2

and consequently 〈fj, fk〉 = δj,k, i.e. {fj}j∈J is an orthonormal basis for
H.

Frames are systems of elements {fj}j∈J of H that in general overcomplete
and linearly dependent. Thus the removal of a frame element should either
leave a system that is a frame for H or not.

Proposition 5.11. Suppose {fj}j∈J is a frame for H. Then for any k ∈ J
the system {fj}j 6=k is a frame for H or it is not complete.

Proof. Let us first show that it suffices to prove it for the Parseval frame
{S−1/2fJ}j∈J . One calls two families {fj}j∈j and {gj}j∈j in H equivalent
if the linear operator T : H → H defined by T (fj) = gj for all j ∈ J , is
bounded and invertible. Since equivalent families have the same spanning
properties, it follows that instead of {fJ}j∈J we might show the assertion for
{S−1/2fJ}j∈J .
By Proposition 5.9 we either have ‖fj‖2 = 1 and fk ⊥ span{fk}k 6=j, or
‖fj‖2 < 1 and fk ∈ span{fk}k 6=j, which yields the desired assertion.

At the end of this section we discuss a theorem of D. Han and D. Larson,
see [10], which gives the converse to the following elementary observation.

Proposition 5.12. Let {fj}j∈J be a frame for H with frame bounds A,B
and P the orthogonal projection from H onto a proper subspace M of H.
Then {Pfj}j∈J is a frame for M with frame bounds A,B.

Proof. For any f ∈M we have∑
j∈J

|〈f, Pfj〉|2 =
∑
j∈J

|〈Pf, fj〉|2 =
∑
j∈J

|〈f, fj〉|2

and since {fj}j∈J is a frame of H we obtain the desired assertion.

29



Proposition 5.13 (Han-Larson). A family {fj}j∈J of H is a Parseval frame
for a H, if and only if there is a Hilbert space K such that H ⊂ K and an
orthonormal basis {ej}j∈J for K so that the orthogonal projection P of K
onto H satisfies Pej = fj for all j ∈ J .

Proof. It remains to show the converse to Proposition 5.12. If the family
{fj}j∈J is a Parseval frame, then the coefficient mapping C : H → `2(J) is
an isometry. We denote by K the sequence space `2(J) and we may embed
H into K by identifying H with the space of sequences C(H). Furthermore,
there exists an orthogonal projection P from K onto C(H).
Let {ej}j∈J be the standard orthonormal basis of K. Then we claim that
Pej = Cfj for any j ∈ J . For any k ∈ J we have

〈Cfk, P ej〉 = 〈PCfk, ej〉
= 〈Cfk, ej〉
= 〈fk, fj〉
= 〈Cfk, Cfj〉.

Since {Cfj}j∈J spans C(H), we obtain that Pej−Cxj ⊥ C(H) for any j ∈ J
and since by definition range(P ) = C(H) we deduce that Pej −Cxj for any
j ∈ J , the claimed assertion.

There is a different argument that relies on Naimark’s dilation theorem.

5.1 Wavelet frames

In this section we investigate wavelet systems W(g; a, b) := {aj/2g(ajx−kb)}
for some a > 1 and b > 0 which arise from discretizing the reconstruc-
tion formula for the wavelet transform. In their seminal contribution [5]
have Daubechies, Grossman and Meyer demonstrated that this discretiza-
tion problem leads one to look for wavelets g such that W(g; a, b) is a frame
for L2(R), i.e. there exist constants A,B > 0 such that for all f ∈ L2(R) we
have

A‖f‖2
2 ≤

∑
j,k∈Z

|〈f,DajTkbg〉|2 ≤ B‖f‖2
2.

We present some sufficient conditions for {aj/2g(ajx−kb)}j,k∈Z to be a frame
for L2(R), where we closely follow Chapter 15 in Christensen’s book [2], see
also [3] for the seminal contributions by Chui and Shi on wavelet frames.

We start with sufficient conditions for W(g; a, b) being a Bessel sequence
and a frame for L2(R).
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Proposition 5.14. If g ∈ L2(R) satisfies

B :=
1

b
sup
ω∈[1,a]

∑
j,k∈Z|ĝ(ajω)ĝ(ajω+k/b)|

<∞,

W(g; a, b) is a Bessel sequence for L2(R).
Furthermore, for all f ∈ L2(R) with a compactly supported Fourier trans-

form we have that∑
j,k∈Z

|〈f,DajTkbg〉|2 =
1

b

∫
R
|f̂(ω)|2

∑
j∈Z

|ĝ(ajω)|2 (8)

+
1

b

∑
k 6=0

∑
j∈Z

∫
R
f̂(ω)f̂(ω − ajk/b)ĝ(a−jω)ĝ(a−jω − k/b) dω. (9)

If we have in addition that

A :=
1

b

(∑
j∈Z

|ĝ(ajω)|2 −
∑
k 6=0

∑
j∈Z

ĝ(ajω)ĝ(ω + ajk/b)

)
<∞, (10)

then W(g; a, b) is a frame for L2(R).

We need to collect a few facts before we can proceed with the proof.
For f ∈ L2(R) with a continuous Fourier transform f̂ of compact support
and j ∈ Z, we define the function

Fj(ω) :=
∑
k∈Z

f̂(ω − ajk/b)ĝ(a−jω − k/b).

Claim: Fj is aj/b-periodic and Fj ∈ L2(0, aj/b).

An elementary computation yields that Fj(ω + aj/b) = Fj(ω). Let us move
to the proof of the second assertion:∫ aj/b

0

∑
k∈Z

|f̂(ω − ajk/b)ĝ(a−jω − k/b)|

=
∑
k∈Z

∫ aj/b

0

|f̂(ω − ajk/b)ĝ(a−jω − k/b)|

=
∑
k∈Z

∫ −aj k
b

+
aj

b

−aj k
b

|f̂(ω)ĝ(a−jω)|

≤ ‖f̂‖2

(∫
R
|ĝ(a−jω)|2

)1/2

<∞.
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Thus we deduce that Fj ∈ L1(0, aj/b).
Furthermore, we note that

|Fj(ω)|2 ≤
∑
k∈Z

|f̂(ω − ajk/b)|2
∑
k∈Z

|f̂(a−jω − k/b)|2

and since f̂ has compact support the mapping ω 7→
∑

k∈Z |f̂(ω − ajk/b)|2
is bounded. An argument along the lines to the above yields that Fj ∈
L2(0, aj/b).
Recall that {a−j/2b1/2e2πila−jbω}l∈Z is an orthonormal basis of L2(0, aj/b).
Therefore, the Fourier coefficients of Fj are in `2(Z) and we have∫ aj/b

0

Fj(ω)e2πila−jbωdω =

∫
R
f̂(ω)ĝ(a−jω)e2πila−jbωdω.

Hence, Parseval’s identity gives∑
l∈Z

∣∣∣∣ ∫ aj/b

0

Fj(ω)e2πila−jbωdω

∣∣∣∣2 =
aj

b

∫ aj/b

0

|Fj(ω)|2dω.

In summary, we obtain that∑
l∈Z

∣∣∣∣ ∫
R
f̂(ω)ĝ(a−jω)e2πila−jbωe2πila−jbωdω

∣∣∣∣2 (11)

=
aj

b

∫ aj/b

0

|
∑
k∈Z

f̂(ω − ajk/b)ĝ(a−jω − k/b)|2dω, (12)

which completes the preparations for the proof.

Proof. First we rewrite
∑

j,k∈Z |〈f,DajTkbg〉|2 using Parseval’s Theorem:∑
j,k∈Z

|〈f,DajTkbg〉|2 =
∑
j∈Z

∑
k∈Z

|〈f,DajTkbg〉|2

=
∑
j∈Z

∑
k∈Z

|〈Ff,Da|T‖b}〉|2

=
∑
j∈Z

∑
k∈Z

|〈Ff,Da−jM−kbĝ〉|2

=
∑
j∈Z

∑
k∈Z

|〈Ff,M−kbDa−j ĝ〉|2

=
∑
j∈Z

aj
∑
k∈Z

∫
R

∣∣∣∣ ∫
R
f̂(ω)ĝ(ajω)e2πikajbω

∣∣∣∣2
= (?).

32



By changing the summation index from j to −j we have

(?) =
∑
j∈Z

a−j
aj

b

∫ aj/b

0

∣∣∣∣∑
k∈Z

f̂(ω − ajk/b)ĝ(a−jω − k)
¯

∣∣∣∣2dω
≤ 1

b

∫ aj/b

0

∣∣∣∣∑
k∈Z

f̂(ω − ajk/b)ĝ(a−jω − k)
¯

∣∣∣∣2dω
≤ 1

b

∑
j∈Z

∫ aj/b

0

(∑
l∈Z

f̂(ω − ajl/b)ĝ(a−jω − l)
¯

)∑
k∈Z

f̂(ω − ajk/b)ĝ(a−jω − k)
¯
dω

=
1

b

∑
j∈Z

∑
l∈Z

∫ aj/b

0

(
f̂(ω − ajl/b)ĝ(a−jω − l)

¯

∑
k∈Z

f̂(ω − ajk/b)ĝ(a−jω − k)
¯

)
dω

= (??)

The aj/b-periodicity of Fj yields that

(? ? ?) =
1

b

∑
j∈Z

∫
R
|f̂(ω)ĝ(a−jω)|

∑
k∈Z

|f̂(ω − ajk/b)ĝ(a−jω − k/b)|dω

=
1

b

∑
j∈Z

∑
k∈Z

∫
R
|f̂(ω)f̂(ω − ajk/b)ĝ(a−jω)ĝ(a−jω − k/b)|dω

=
1

b

∫
R
|f̂(ω)|2

∑
j∈Z

|ĝ(a−j|2ω) +
1

b
R,

where

R =
1

b

∑
k 6=0

∑
j∈Z

∫
R
|f̂(ω)f̂(ω − ajk/b)ĝ(a−jω)ĝ(a−jω − k/b)|dω.

An application of Cauchy-Schwarz yields

R ≤
∑
j∈Z

(∑
k 6=0

∫
R
|f̂(ω)|2|ĝ(a−jω)ĝ(a−jω − k/b)dω|

)1/2

·
(∑

k 6=0

∫
R
|f̂(ω − ajk/b)|2|ĝ(a−jω)ĝ(a−jω − k/b)|dω

)1/2

By the change of variable ω 7→ ω + k/b we see that the terms in the two
brackets are identical and hence

R ≤
∑
j∈Z

∑
k 6=0

∫
R
|f̂(ω)|2|ĝ(a−jω)ĝ(a−jω − k/b)|dω.
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Hence we obtain that∑
j,k∈Z

|〈f,DajTkbg〉|2 ≤
1

b

∫
R
|f̂(ω)|2

∑
j∈Z

|ĝ(a−jω)|2

+
1

b

∫
R
|f̂(ω)|2

∑
j∈Z

∑
k 6=0

|ĝ(a−jω)ĝ(a−jω − k/b)|dω

=
1

b

∫
R
|f̂(ω)|2

∑
j∈Z

∑
k∈Z

|ĝ(a−jω)ĝ(a−jω − k/b)|dω.

There is just one elementary observation to make for completing the argu-
ment: ∑

j,k∈Z

|ĝ(a−jω)ĝ(a−jω − k/b)| =
∑
j,k∈Z

|ĝ(ajω)ĝ(ajω + k/b)|.

Consequently,∑
j,k∈Z

|〈f,DajTkbg〉|2 ≤ B‖f‖2
2 for all f ∈ L2(R).

In a similar way one can deduce the lower bound. Since we have,∑
j,k∈Z

|〈f,DajTkbg〉|2 ≥
1

b

∫
R
|f̂(ω)|2

∑
j∈Z

|ĝ(ajω)|2

−
∣∣∣∣∑
k 6=0

∫
R
|f̂(ω)f̂(ω − ajk/b)|2|ĝ(a−jω)ĝ(a−jω − k/b)|dω

∣∣∣∣
≥
∫
R
|f̂(ω)|2

(
1

b

(∑
j∈Z

|ĝ(ajω)|2 −
∑
k 6=0

∑
j∈Z

ĝ(ajω)ĝ(ω + ajk/b)

)
,

which by assumption on g implies the desired lower bound forW(g; a, b).

Observe that for wavelets g that are continuous in 0, then the Bessel
bound in the preceding proposition can only hold if ĝ(0) = 0, because we
have ĝ(ajω)→ ĝ(0) as j → −∞. Then very mild conditions on g will imply
that W(g; a, b) is a frame as long as b is sufficiently small. A well-known
condition on g is of the form:

Lemma 5.15. Assume g ∈ L2(R) and there exists a C > 0 such that

|ĝ(ω)| ≤ C
|ω|

(1 + |ω|2)3/2
for ω ∈ R.
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Then we have for all a > 1 and b > 0:∑
k 6=0

∑
j∈Z

|ĝ(ajω)ĝ(aj + k/b)| ≤ 16C2b4/3

(
a2

a− 1
+

a

a2/3 − 1

)
.

For the proof we refer to [2, p.397].

Proposition 5.16. Let g ∈ L2(R) and a > 1 be given. Assume that

(i) infω∈[1,a]

∑
j∈Z |ĝ(ajω)|2 > 0;

(ii) There exists a C > 0 such that

|ĝ(ω)| ≤ C
|ω|

(1 + |ω|2)3/2
for ω ∈ R.

Then W(g; a, b) is a frame for L2(R) for all sufficiently small b > 0.

Proof. An application of the sufficient condition forW(g; a, b) being a Bessel
sequence combined with the preceding lemma yields that∑

j∈Z

|ĝ(ajω)|2 ≤ C2

(
1

a4 − 1
+

a4

a2 − 1

)
and∑
k∈Z

∑
j∈Z

|ĝ(ajω)ĝ(ajω+k/b)| ≤ 16C2b4/3

(
a2

a− 1
+

a

a2/3 − 1

)
+C2

(
1

a4 − 1
+

a4

a2 − 1

)
.

Let us now pick a b > 0 such that the assumption (i) implies

inf
|ω|∈[1,a]

(∑
j∈Z

|ĝ(ajω)|2−16C2b4/3

(
a2

a− 1
+

a

a2/3 − 1

)
+C2

(
1

a4 − 1
+

a4

a2 − 1

))
> 0,

which yields that

inf
|ω|∈[1,a]

(∑
j∈Z

|ĝ(ajω)|2 −
∑
k 6=0

∑
j∈Z

|ĝ(ajω)ĝ(ajω + k/b)| > 0.

Consequently, by Proposition 5.14 we obtain that W(g; a, b) is a frame for
L2(R).
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A well-studied wavelet satisfying the above assumptions is the Mexican
hat g(x) = 2 · 3−1/2π1/4(1− x2)e−x

2/2 with Fourier transform

ĝ(ω) = 8
2√
3
π9/4ω2e−2π2ω2

.

Then one can show for a = 2:

inf
|ω|∈[1,2]

∑
j∈Z

|ĝ(ajω)|2 > 3.27

and that C = 4 holds in the assumptions of the preceding theorem. Hence
W(g; 2, 1) is a frame for L2(R) if b < 0.0084. These bounds are far from the
optimal ones, but provides one with a nice class of admissible values for a and
b giving wavelet frames. In general, one may be able to use the properties
of g and its Fourier transform ĝ to establish better behaved bounds, which
then allow an improvement of the values of a and b that give wavelet frames.
Before we move on to the discussion of dual pairs of wavelet frames, we state
a result by Chui and Shi [3].

Proposition 5.17 (Chui-Shi). Suppose g ∈ L2(R) generates a wavelet frame
W(g; a, b) for L2(R) with frame bounds A,B > 0. Then

aA ≤
∑
j∈Z

|ĝ(ajω)|2 ≤ bB

holds for almost every ω ∈ R.

We close our discussion of wavelet frames with a few remarks on the
structure of dual pairs of wavelet frames. Recall that the reconstruction
formula for W(g; a, b) given by the canonical dual frame {S−1DajTkbg}j,k∈Z
is of the form

f =
∑
j,k∈Z

〈f, S−1DajTkbg〉DajTkbg for all f ∈ L2(R).

An elementary computation shows that SDa = DaS and thus S−1Da =
DaS

−1. Consequently,

f =
∑
j,k∈Z

〈f,DajS
−1Tkbg〉DajTkbg,

but translation and the frame operator are not commuting and we get that
the dual canonical wavelet system takes the form {DajS

−1Tkbg}j,k∈Z, which
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is not of the form of a wavelet system.
In terms of applications it is essential that the dual wavelet system is of the
same form as the system W(g; a, b). More explicitly, we are looking for a
dual pair of wavelets g, h ∈ L2(R) such that

f =
∑
j,k∈Z

〈f,DajTkbh〉DajTkbg for all f ∈ L2(R).

We state a characterization of dual wavelet frame pairs by Chui and Shi [3].

Proposition 5.18. Given a > 1, b > 0, and two Bessel systems W(g; a, b)
and W(h; a, b). Then these two wavelet systems form a dual pair of frames
if and only if the following conditions are satisfied:

(i)
∑

j∈Z ĝ(ajω)ĥ(ajω) = b for almost every ω ∈ R.

(ii) For any number α of the form m/aj for some m, j ∈ Z:∑
{(j,m)∈Z2|α=m/aj}

ĝ(ajω) ĥ(ajω +m/b) = 0 for almost every ω ∈ R.

Christensen discusses this result and its proof at great length in chapters
15 and 16 in [2]. Since we are not going to study wavelet frames any fur-
ther in this course, we refer the reader to Christensen’s book or the original
publication [3] for a proof.

5.2 Gabor frames

In the process of finding discrete analogs of the reconstruction formulas
for the STFT one ends up naturally with families of functions of the type
G(g;α, β) := {π(αk, βl)g})k,l∈Z. Recall that for two functions g and h in
L2(R) satisfying 〈g, h〉 6= 0 we have that for any f ∈ L2(R)

f = 〈h, g〉−1

∫∫
R2

〈f, π(z)g〉π(z)h dz, for any f ∈ L2(R).

In terms of continuous frames for L2(R) this amounts to saying that {π(z)g}z∈R2

and {π(z)h}z∈R2 are dual frames.
The discrete reconstruction formulas are of the form:

f =
∑
k,l∈Z

〈f, π(αk, βl)g〉π(αk, βl)h, for any f ∈ L2(R),
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for an appropriate choice of functions g, h ∈ L2(R). Consequently, we are
interested in dual frames of the form {π(αk, βl)g})k,l∈Z and {π(αk, βl)h})k,l∈Z
for L2(R). This is a quite intricate problem and does not have such an
elementary answer like in the continuous case, where it just amounts to the
non-orthogonality of the pair of atoms g and h. Note that the point set
αZ×βZ := {(αk, βl) : k.l ∈ Z} forms a lattice of R2, i.e. it is a discrete and
co-compact subgroup of R2.
We denote the analysis, synthesis and frame operator for G(g;α, β) by

• The analysis operator Cα,β
g : L2(R)→ `2(Z2) is given by

Cα,β
g f = (〈f, π(αk, βl)g〉)k,l∈Z.

• The synthesis operator Dα,β
g : `2(Z2)→ L2(R) has the form

Dα,β
g a =

∑
k,l∈Z

aklπ(αk, βl)g.

• The frame operator Sα,βg : L2(R) → L2(R) is the composition of Dα,β
g

and Cα,β
g :

Sα,βg f =
∑
k,l∈Z

〈f, π(αk, βl)g〉π(αk, βl)g.

We skip the reference to the lattice parameters α, β if it is clear from the
context.
The Gabor frame operator has a particularly useful feature:

Proposition 5.19. Let G(g;α, β) be a Gabor system. Then the Gabor frame
operator S commutes with π(αk, βl) for any k, l ∈ Z:

π(αk, βl)S = Sπ(αk, βl) for any k, l ∈ Z.

Proof. We start with noting that the desired statement is equivalent to show-
ing that

π(αk, βl)Sπ(αk, βl)∗ = S for any k, l ∈ Z.
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Hence for any f ∈ L2(R) we have that π(αk, βl)S(π(αk, βl)∗f) = (∗)

(∗) =
∑
k,l∈Z

〈π(αk, βl)∗f, π(αk′, βl′)g〉π(αk, βl)π(αk′, βl′)g

=
∑
k,l∈Z

〈f, π(αk, βl)π(αk′, βl′)g〉e−2πiαβk′lπ(α(k + k′), β(l + l′))g

=
∑
k,l∈Z

〈f, e−2πiαβk′lπ(α(k + k′), β(l + l′))g〉e−2πiαβk′lπ(α(k + k′), β(l + l′))g

=
∑
k,l∈Z

〈f, π(α(k + k′), β(l + l′))g〉π(α(k + k′), β(l + l′))g

=
∑
k,l∈Z

〈f, π(αk, βl)g〈π(αk, βl)g

= Sf.

Consequently, S−1 and S−1/2 also commute with π(αk, βl) for any k, l ∈
Z, which has crucial applications on the structure of the canonical dual Ga-
bor system {S−1π(αk, βl)g}k,l∈Z = {π(αk, βl)S−1g}k,l∈Z and the canonical
Parseval frame {S−1/2π(αk, βl)g}k,l∈Z = {π(αk, βl)S−1/2g}k,l∈Z.
Hence, these two systems have the structure of a Gabor system with the
canonical dual Gabor atom h0 = S−1g and the canonical tight Gabor atom
h̃ = S−1/2g, as the respective Gabor atom.
Furthermore, the reconstruction formulas based on the factorization of the
identity operator I = SS−1 = S−1S = S−1/2SS1/2 take the form:

f =
∑
k,l∈Z

〈f, π(αk, βl)h0〉π(αk, βl)g

=
∑
k,l∈Z

〈f, π(αk, βl)g〉π(αk, βl)h0

=
∑
k,l∈Z

〈f, π(αk, βl)h̃〉π(αk, βl)h̃.

Motivated by the reconstruction formulas we introduce mixed-type Gabor
frame operators :

Sg,hf =
∑
k,l∈Z

〈f, π(αk, βl)g〉π(αk, βl)h.
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Exercise 5.20. Let G(g;α, β) be a Gabor frame. Then the inverse Gabor
frame operator is of the form

S−1f =
∑
k,l∈Z

〈f, π(αk, βl)h0〉π(αk, βl)h0.

A convenient class of Gabor atoms is the Feichtinger algebra S0(R) which
contains the Schwartz space S (R) as a dense subspace, [7].

Definition 5.21. The Feichtinger algebra is the space of all elements f
in L2(R) with integrable STFT Vg0f with respect to the Gaussian function
g0(x) = 21/4e−πx

2:

S0(R) := {f ∈ L2(R) :

∫∫
R2

|Vg0f(z)| dz <∞},

for the norm ‖f‖S0,g0 := ‖Vg0f‖1.

A well-known example of a S0-function is the Gaussian function g0, since
|Vg0g0(z)| = 21/4e−πz

2 is integrable. A first indication that S0(R) might be
a suitable space for time-frequency analysis, is its invariance under time-
frequency shifts and the Fourier transform.

Lemma 5.22. For f ∈ S0(R) we have that

(i) π(z)f ∈ S0(R) for z ∈ R2 with ‖π(z)f‖S0,g0 = ‖f‖S0,g0;

(ii) f̂ ∈ S0(R) with ‖f̂‖S0,g0 = ‖f‖S0,g0.

Proof. The argument relies on well-known properties of the STFT:

(i) Integrating |Vg0(π(z)f)(z′)| = |Vg0f(z′ − z)| over z′ ∈ R2 yields

‖π(z)f‖S0,g0 =

∫∫
R2

|Vg0(π(z)f)(z′)| dz′ =
∫∫

R2

|Vg0f(z′−z)| dz′ = ‖f‖S0,g0 .

(ii) Recall that Parseval’s theorem implies

|Vg0f(x, ω)| = |Vĝ0 f̂(−ω, x)| = |Vg0 f̂(−ω, x)|,

where in the final equality we used the Fourier invariance of the Gaus-
sian function g0. Hence

‖f̂‖S0,g0 =

∫∫
R2

|Vg0 f̂ |(x, ω)| dxdω =

∫∫
R2

|Vg0f |(−ω, x)| dxdω = ‖f‖S0,g0 .
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Our presentation is inspired by the survey of Jakobsen [11]. In the def-
inition of S0(R) we used as a window function for the STFT a Gaussian
Function, but in order to make this to be a reasonable norm we have to show
that any choice of two functions g1, g2 ∈ S0(R) induce equivalent norms.
The argument is a further consequence of the orthogonality relations for the
STFT and is based on an elementary fact.

Lemma 5.23. Let f1, f2, g1, g2 be elements in L2(R). Then we have

|〈g1, g2〉||Vf1f2(z)| ≤
∫∫

R2

|Vg1f1(z′)||Vg2f2(z′ − z)| dz′. (13)

Proof. By the orthogonality relation of the STFT we have that∫∫
R2

Vg1f1(z′)Vg2(π(z)f2)(z′) dz′ = Vf2f1(z)〈g2, g1〉

and consequently∫∫
R2

|Vg1f1(z′)||Vg2(π(z)f2)(z′)| dz′ = |Vf2f1(z)||〈g1, g2〉|.

The covariance property |Vg2(π(z)f2)(z′)| = |Vg2f2(z′ − z)| finishes the argu-
ment.

Exercise 5.24. Show that for f ∈ S0(R) we have Vff ∈ L1(R2).

Proposition 5.25. Let g1 and g2 be two non-zero functions of S0(R). Then
for any f ∈ S0(R) we have the inequalities:

c‖f‖S0,g2 ≤ ‖f‖S0,g1 ≤ C‖f‖S0,g2

with c = ‖g1‖−2
2 ‖g2‖S0,g1 and C = ‖g2‖−2

2 ‖g1‖S0,g2.

Proof. By Lemma 5.23 we have

‖g2‖2
2|Vg1f(z)| ≤

∫∫
R2

|Vg1f(z′)|Vg2g1(z′ − z) dz′,

which after an integration over z ∈ R2 gives

‖g2‖2
2‖f‖S0,g1 ≤ ‖g1‖S0,g2‖f‖S0,g1 .

Interchanging g1 and g2 yields

‖g1‖2
2‖f‖S0,g2 ≤ ‖g2‖S0,g1‖f‖S0,g2 ,

which implies the equivalence of all S0-norms for any window function g ∈
S0(R).
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5.3 Duality theory

6 Supplementary resources
The standard text on time-frequency analysis is Gröchenig’s book [8], Daubechies’s
book is the all-time classic [4]. The theory of frames and Riesz bases is well-
explained in Christensens book [2] and for reproducing kernel Hilbert spaces
we refer to [13]. There is a strong link to the representation theory of groups,
see Deitmar and Echterhoff’s book on "Principles of Harmonic Analysis" [6].
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