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Abstract. These notes is basedona course in applied harmonic
analysis at NTNU Trondheim in the fall 2021.

1. Introduction
The role of Applied Harmonic Analysis is to provide great tools

for representing andprocessing your data/functions, where these
tools are (1) efficient, (2) useful, (3) adapted to the task, and (4)
stable and computationally fast.
Concretely, we are going to spend some time on the construc-

tion of building blocks {gj}j∈J such that the function/signal f pos-
sesses the properties (1)-(4):

f =
∑
j∈J

aj gj,

for an appropriate class of functions.
We are also looking into different ways to represent/analyze a

signal f in some space x onto some domain Y via a map T such
that T (f) ∈ Y , e.g. the short-time Fourier transform of an audio
signal and the wavelet transform of an image. In short, we are
often encounter the following strategy in finding a representation
of f :

• Pick an appropriate class of functions {gj}j∈J .
• Analyse the function f with respect to the {gj}j∈J : f 7→
〈f, gj〉.
• Synthesize / take linear combinations of the building blocks
{gj}j∈J such that

∑
j∈J ajgj is a good approximation or rep-

resentation of f .
• Find a way to quantify in which sense you would like to
have your approximation/representation. In our case this
will also amount to the choice of an appropriate Banach
space (X, ‖.‖).

Date: August 2021.
1



2 FRANZ LUEF

2. From Fourier analysis to time-frequency representations
2.1. Fourier transform. Let us start describing a setting that is
suitable for Fourier analysis. We denote by L1(Rd) the space of
Lebesgue integrable functions f on Rd satisfying

‖f‖1 =

∫
Rd

|f(x)|dx <∞.

For f ∈ L1(Rd) we define the Fourier transform by

f̂(ω) :=

∫
Rd

f(x)e−2πix·ω dx,

which we might denote by F(f), when we want to understand
the Fourier transform as a linear transform between two function
spaces.
Note that for a f ∈ L1(Rd) its Fourier transform f̂ is absolutely

integrable and it is a continuous and bounded functions. More-
over, one can show that the Fourier transformF mapsL1(Rd) into
C0(Rd), which is the space of continuous functions vanishing at
infinity with respect to ‖.‖∞. This elementary statement is due to
Riemann and Lebesgue. A non-rigorous way to formulate is that
the high-frequency components of an L1-function vanish.
For f, g ∈ L1(Rd) we define its convolution f ? g by

f ? g(x) =

∫
Rd

f(y)g(x− y)dy

and it is elementary to show that f ? g ∈ L1(Rd).

Example 1. Let 1
[−1

2
,
1
2

]
be the indicator function of the interval [−1

2
, 1

2
].Then

1̂
[−1

2
,
1
2

]
(ω) =

∫ 1
2

−1
2

e−2πixωdω =
eπix − e−πix

2πiω
=

sin πω

πω
.

The function sinx
x

is called the sinc-function and denoted by sinc(x).
The sinc-function is in L1(R) but not in L2(R).

Another important example is the Fourier transform of a

Example 2. The Gaussian function ga(x) = e−πax
2 is given by

ĝa(ω) = e−πω
2/a.

Thus, g1 is Fourier invariant, i.e. ĝ1 = g1.
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The Fourier inversion theorem gives a procedure to reconstruct
f from its Fourier transform f̂ , which in a heuristic way amounts
to

f(x) =

∫
Rd

f̂(ω)e2πixωdω.

The problem is that f̂ might not be in L1(Rd). In order to fix this is-
sue, one regularizes f̂ with a smooth cut-off function, such as the
Gaussian. We are not going to discuss this in detail. We instead
just restrict our attention to the case where f̂ ∈ L1(Rd).

Theorem 2.1. If f and f̂ are both in L1(Rd), then

f(x) =

∫
Rd

f̂(ω)e2πixωdω

holds almost everywhere. Hence we have that f = F−1(f).

We denote by f̌ the inverse Fourier transform F−1(f):

f̌ =

∫
Rd

f̂(ω)e2πixωdω.

Thus the Fourier inversion theorem may be expressed as (f̂)
ˇ.

As a consequence we get that F is injective on L1(Rd)∩F(L1(Rd)).

Theorem 2.2. If f and f̂ are both in L1(Rd), then
f = g a.e.

Note that this implies that if f̂ = 0, then f = 0 (a.e.).
In order to have f and f̂ ∈ L1(Rd), the Fourier transform has to
decay, for example like |f̂(ω)| ≤ C

1+ω2 or f̂ being supported on a
compact set, such a function is called band-limited.
Recall that decay of the Fourier transform of f is equivalent to

smoothness of f .
We close this section with a brief treatment of the Fourier trans-
form on L2.
As the sinc shows, the Fourier transform of an element of f ∈

L2(Rd)might not converge inL2(Rd), since f might not be inL1(Rd),
Theway out of this is to find a dense subspaceA ofL1(Rd)∩L2(Rd).
Then we approximate any f ∈ L2(Rd) by a sequence (fn) ∈ X and
extend the Fourier transform from A to L2(Rd). We take for A the
space L1(Rd) ∩ F(L1(Rd)) and one can show that it is dense in L2.
Hence, in order to define the Fourier transform of f ∈ L2(Rd)

we may proceed as follows:



4 FRANZ LUEF

• Find a sequence (fn) ⊂ A such that ‖fn−f‖2 → 0 as n→∞.
• Since (fn) ⊂ A implies that (f̂n) ⊂ A, we have that ‖f̂n −
f̂m‖2 = ‖fn − fm‖2 → 0 as m,n→∞.
• Hence, (f̂n) is a Cauchy sequence, then there exists a g ∈
L2(Rd) such that ‖f̂n − g‖2 → 0 as n → ∞. We define this
limit g to be the Fourier transform of f and denote it by f̂ .

Theorem 2.3 (Parseval Theorem). For any f, g in L2(Rd) we have
〈f, g〉 = 〈f̂ , ĝ〉. Consequently, for any f ∈ L2(Rd) we have ‖f‖2 =

‖F̂‖2.

A quiet useful tool of Fourier analysis is the Poisson summation for-
mula which is just the Fourier series of a periodization of a func-
tion.
We associate to f ∈ L1(R) the periodization of f :

PZ(f)(x) =
∑
k∈Z

f(x+ k).

Lemma 2.4. For f ∈ L1(R) the periodization PZ(f) is in L1(T)

Proof. Note that |PZ(f)(x)| ≤
∑

k∈Z |f(x + k)|. Hence, we have to
show that the partial sums

∑n
k=−n |f(x + k)| converges in L1(T).

Let us set Sn(x) :=
∑n

k=−n |f(x+ k)| and compute
∫ 1

0
Sm(x)dx:∫ 1

0

Sm(x)dx =

∫ 1

0

n∑
k=−n

|f(x+ k)|dx

=
n∑

k=−n

∫ 1

0

|f(x+ k)|dx

=
n∑

k=−n

∫ k+1

−k
|f(x)|dx

=

∫ n+1

−n
|f(x)|dx ≤ ‖f‖1.

Consequently, (Sn)n is a monotone-increasing sequence of non-
negative functions which by themonotone convergence theorem
has a limit S(x) := limn Sn(x) that is measurable and S ∈ L1(T),
because ∫ 1

0

S(x)dx =

∫ 1

0

Sn(d)dx ≤ ‖f‖1.
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The final step is to note that∫ 1

0

|PZ(f)(x)dx| ≤
∫ 1

0

S(x)dx ≤ ‖f‖1 <∞.

�

In order to make the steps in the proof of Poisson summation
rigorous we have to add a few assumptions on the class of admis-
sible functions.

Theorem2.5 (Poisson summation). For functions f ∈ C0(R)∩L1(R)
satisfying

(1)
∑
k∈Z

‖f(·+ k)‖∞ <∞,

(2)
∑
k∈Z

|f̂(k)| <∞,

the Fourier coefficients of PZ(f) are (f̂(k))k∈Z and consequently∑
k∈Z

f(x+ k) =
∑
k∈Z

f̂(k)e2πikx.

Proof. Condition (1) yields that PZ(f) is continuous and the series
PZ(f) converges uniformly. Thus we obtain

ck(PZ(f)) =

∫ 1

0

∑
k∈Z

f(x+ k)e−2πikxdx

=
∑
k∈Z

∫ 1

0

f(x+ k)e−2πikxdx

=

∫
R
f(x)e−2πikxdx = f̂(k).

By Condition (2) the Fourier series of PZ(f) converges uniformly
to PZ(f):

PZ(f) =
∑
k∈Z

f̂(k)e2πikx

the desired assertion. �

For x = 0 the Poisson summation gives a useful formula:∑
k∈Z

f(k) =
∑
k∈Z

f̂(k).
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3. Time-frequency representations and wavelet transform
We introduce several time-frequency transforms and start with

the Short-Time Fourier Transform (STFT) aka Sliding window Fourier
transform. For a given g ∈ L2(Rd)we define the short-time Fourier
transform of a function f by

Vgf(x, ω) =

∫
Rd

f(t)g(t− x)e−2πit·ω dt.

Note that the STFT maps a 1D signal in the time domain to a 2D
function on the time-frequency plane. There is a general princi-
ple: The values Vgf and Vgf(x′, ω′) for (x, ω) 6= (x′, ω′) are intimately
coupled and thus cannot be fixed arbitrarily. The strength of this
dependence is given by the reproducing kernel and will be dis-
cussed in detail later. The STFT is a overcomplete representation
of a function containing a lot of redundant information and it was
D. Gabor’s insight to take advantage of this fact and sample the
STFT. We come back to this point of view in our treatment of Ga-
bor frames.
Let us compute the Vgaga to get a better idea about the STFT.
Lemma 3.1. Vgaga(x, ω) = eπixωe−π(ax2+ω2/a)

Proof. This is an application of completing squares

Vgaga(x, ω) =

∫
R
e−πat

2

e−πa(t−x)2e−2πitωdt

=

∫
R
e−πa(2t2−2tx+x2)e−2πitωdt

=

∫
R
e−π2a(t2−2tx/2+x2/2)e−2πitωdt

=

∫
R
e−πa(t−x/2)2e−πax

2/2e−2πitωdt

= eπixωe−πax
2/2

∫
R
e−πias

2

e−2πisωds = eπixωe−aπx
2/2e−πω

2/a.

�

There is a closely related object, the ambiguity function in the
field of radar/sonar technology:

A(g)(x, ω) =

∫
Rd

g(t+ x
2
)g(t− x

2
)e−2πit·ω dt.

If one changes the variable t in Vgf by t+x/2, then one gets that
A(f)(x, ω) = eπixωVff(x, ω).
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Another prominent time-frequency representation is the Wigner
distribution of g:

W (g)(x, ω) =

∫
Rd

g(x+ t
2
)g(x− t

2
)e−2πit·ω dt.

Wigner’smotivation for introducingW (g)was to have a time-frequency
representation that has the marginal properties:∫

Rd

W (g)(x, ω)dω = |g(x)|2 and
∫
Rd

W (g)(x, ω)dx = |ĝ(ω)|2.

Let us rephrase the definition of the STFT:
Vgf(x, ω) = 〈f, π(x, ω)g〉,

where π(x, ω)g(t) = e2πiωtg(t − x) denotes the time-frequency
shift of g by z = (x, ω). As the name suggests, is π(x, ω) the com-
position Momega ◦ Tx of a translation/time shift Txg(t) = g(t − x)
and a modulationMωg(t) = e2πit·ωg(t) of g ∈ L2(Rd).
Here are a few expressions for the STFT that display different

aspects of this time-frequency representation.
Lemma 3.2. For f, g in L2(Rd) we have

Vgf(x, ω) = (f · Txg)̂

= (f ∗Mωǧ)

= 〈f̂ , TωM−xĝ〉,

where we denote the reflection at the origin by ǧ(x) = g(−x).
Proof. Left as an exercise. Hint: Use Parseval’s Theorem. �

Lemma 3.3. If f, g are in L2(Rd), then Vgf is uniformly continuous
on R2d.

4. Supplementary ressources
The standard text on time-frequency analysis is Gröchenig’s book

[?], Daubechies’s book is the all-time classic [2]. The theory of
frames and Riesz bases is well-explained in Christensens book [1]
and for reproducing kernel Hilbert spaces we refer to [3].
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