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Equivalence of Eulerian and Lagrangian viewpoints
This is a hypercondensed summary of my final lecture. I am writing it partly for my own benefit, since it covers
material I hadn’t thought much about before.

To be able to talk about a correspondence between the Eulerian and Lagrangian viewpoints, we need
a velocity field, and some conserved quantity that is transported by that field. In one space dimension,
that means having an equation of the form

𝜌𝑡 + (𝜌𝑣)𝑥 = 0. (1)

We know several scalar conservation laws having this form, with 𝑣 a known function of 𝜌: But also,
many systems contain one equation of this form, with the evolution of 𝑣 being governed by the other
equation(s).

For now, we just asssume that 𝜌 and 𝑣 are given 𝐿∞ functions, satisfying (1) in the weak sense.
But first, we calculate formally, assuming that 𝑣 is smooth: We will use 𝑥 for the spatial variable,

and 𝑋 for the Lagrangian variable. We seek a time dependent coordinate transformation between
the two, of the form1

𝑥 = ̂𝑥(𝑡, 𝑋), 𝑋 = �̂�(𝑡, 𝑥).

That 𝑋 is a Lagrangian variable must mean that when we keep 𝑋 fixed, we follow the velocity field:
̂𝑥𝑡 = 𝑣. This leaves a lot of freedom for scaling𝑋, though. We shall prefer to scale it so that �̂�𝑥 = 𝜌, or
equivalently, ̂𝑥𝑋 = 𝜏where 𝜏 = 1/𝜌. That way, a difference𝑋2−𝑋1measures the amount of whatever
𝜌 is a density of between 𝑋1 and 𝑋2. Still assuming smoothness, we easily deduce that �̂�𝑡 = −𝜌𝑣.

We now abandon our presumption of smoothness, and return to the general 𝐿∞ setting. We are
looking for a function �̂�(𝑡, 𝑥) satisfying

�̂�𝑥 = 𝜌, �̂�𝑡 = −𝜌𝑣. (2)

For a solution to (2) to exist, the equations must be consistent: The equality �̂�𝑥𝑡 = �̂�𝑡𝑥 (which must
be satisfied in the sense of distributions) requires that 𝜌𝑡 = (−𝜌𝑣)𝑥 which is, of course, precisely
(1). The existence of a solution is a standard result in the smooth case. In the general case, it is
proved by applying a mollifier and using the Arselà–Ascoli theorem. The resulting function �̂� will
be Lipschitz. (This property is crucial in the proof.) By Rademacher’s theorem, �̂� is differentiable
almost everywhere, and it follows that (2) holds pointwise almost everywhere.

Assume now that 𝜌 > constant > 0 (i.e., no vacuum or near-vacuum). Then the function �̂�(𝑡, ⋅ )
has an inverse ̂𝑥(𝑡, ⋅ ), and it will also be a Lipschitz function. The Jacobian of (𝑡, 𝑥) ↦ (𝑡, �̂�(𝑥)) is

𝐽(𝑡, 𝑥) = ( 1 0
�̂�𝑡 �̂�𝑥

) = ( 1 0
−𝜌𝑣 𝜌) , (3)

with det 𝐽 = 𝜌 and inverse 𝑗(𝑡, 𝑋) = 𝐽(𝑡, 𝑥(𝑡, 𝑋))−1 given by

𝑗(𝑡, 𝑋) = ( 1 0
−𝑣 𝜏) ,

implying that ̂𝑥𝑡 = −𝑣 and ̂𝑥𝑋 = 𝜏, as expected from our informal calculation. From equality of
mixed partials ̂𝑥𝑡𝑋 = ̂𝑥𝑋𝑡 (a.e., and in the sense of distributions) we then conclude that

𝜏𝑡 − 𝑣𝑋 = 0. (4)

This, then, is the Lagrangian equivalent of (1).
For example, in the classical Lighthill–Whitham–Richards (LWR) trafficmodel, 𝜌𝑡+(𝜌(1−𝜌))𝑥 =

0 in the Eulerian formulation, we have 𝑣 = 1− 𝜌 = 1− 𝜏−1, so the Lagrangian formulation becomes
𝜏𝑡 − (1 − 𝜏−1)𝑋 = 0 – or more simply: 𝜏𝑡 + (𝜏−1)𝑋 = 0.

1Here I surrender to my personal preference in putting the 𝑡 variable first. I had it last in the lecture; beware!



Lipschitz change of variables in conservation laws. Here we generalize from (𝑡, 𝑥) and (𝑡, 𝑋)
to more general coordinates 𝑦 ∈ 𝜔 ⊆ ℝ𝑛 and 𝑌 ∈ Ω ⊆ ℝ𝑛, where ̂𝑦 ∶ Ω → 𝜔 and �̂� ∶ 𝜔 → Ω are
Lipschitz and mutual inverses. We write 𝑦 = ̂𝑦(𝑌) and 𝑌 = �̂�(𝑦).

This time, we start with a balance law2

div𝑌 𝐺 +𝐻 = 0 (5)

where 𝐺 ∈ 𝐿1loc(Ω,ℝ𝑛) and 𝐺 ∈ 𝐿1loc(Ω). Here,𝐻 is a source term. In a conservation law,𝐻 = 0. The
weak formulation of (5) can be written

∫
Ω
(−𝐺 ⋅ ∇𝑌Φ +𝐻Φ) 𝑑𝑛𝑌 = 0 for all Φ ∈ 𝑊 1,∞

c (Ω). (6)

Here,𝑊 1,∞
c (Ω) is the space of all Lipschitz functions on Ω with compact support. The usual weak

formulation is required to hold only for Φ ∈ 𝐶∞
c (Ω), but an approximation argument easily extends

it to all of𝑊 1,∞
c (Ω).

Now we employ a change of variables 𝑌 = �̂�(𝑦), which transforms (6) into

∫
𝜔
(−𝐺 ⋅ ∇𝑌Φ +𝐻Φ) ∘ �̂� det 𝐽 𝑑𝑛𝑦 = 0

where 𝐽 is the Jacobian of �̂�. Now write 𝜑 = Φ ∘ �̂� and

𝑔 = (det 𝐽)𝐽−1𝐺 ∘ �̂�, ℎ = (det 𝐽)𝐻 ∘ �̂�. (7)

Since Φ = 𝜑 ∘ ̂𝑦, we find ∇Φ = ∇𝜑 ⋅ 𝐽−1. Here we adopt an agnostic position as to whether vectors
are column or row vectors. Accordingly we can write 𝐺 ⋅∇Φ = ∇Φ ⋅ 𝐺 = ∇𝜑 ⋅ 𝐽−1 ⋅ 𝑔, and so we find
in the end that (6) is transformed into

∫
𝜔
(−𝑔 ⋅ ∇𝑦𝜑 + ℎ𝜑) 𝑑𝑛𝑦 = 0

which is the weak formulation of
div𝑦 𝑔 + ℎ = 0. (8)

The situation is entirely symmetric in 𝑦, 𝑌, of course, and so we conclude that (5) and (8) are equiv-
alent in the weak formulation.

Example: The shallow water equations. The shallow water equations can be written

ℎ𝑡 + (ℎ𝑣)𝑥 = 0,

(ℎ𝑣)𝑡 + (ℎ𝑣2 + ℎ2
2 )𝑥

= 0.

For the Lagrangian formulation of the first equation, we turn to (4), and find (ℎ−1)𝑡 − 𝑣𝑋 = 0.
The second equation is of the form (8) with ℎ = 0 and 𝑔 = (ℎ𝑣, ℎ𝑣2 + 1

2ℎ
2), where 𝑦 = (𝑡, 𝑥).

Furthermore, we find the Jacobian from (3) with 𝜌 replaced by ℎ.Thus we should get from (7):

𝐺 = (det 𝐽−1)𝐽𝑔 = 1
ℎ (

1 0
−ℎ𝑣 ℎ) (

ℎ𝑣
ℎ𝑣2 + 1

2ℎ
2) = (

𝑣
1
2ℎ

2) ,

and so the second equation in the Lagrangian formulation becomes 𝑣𝑡 + ( 12ℎ
2)𝑋 = 0. This can be

viewed as a formulation of Newton’s second law: The acceleration 𝑣𝑡 equals the force (per unit mass)
( 12ℎ

2)𝑋 caused by pressure difference due to varying water depth.

2Or system of balance laws. But for the sake of the variable change, we can deal with just one component at a time.



Example: The p-system. We start with the first two components of the Euler equations:

𝜌𝑡 + (𝜌𝑣)𝑥 = 0,
(𝜌𝑣)𝑡 + (𝜌𝑣2 + 𝑝) = 0.

(9)

In the Euler equations, these are supplemented with an equation for energy conservation, along
with an equation of state relating energy to 𝜌, 𝑣, and the pressure 𝑝. If we assume instead that the
gas undergoes only adiabatic changes, we close the system by assuming 𝑝 to be a given function of
𝜌, and thus have equations for isentropic flow.

Note that these equations have exactly the same structure as the shallow water equations, only
with ℎ replaced by 𝜌 and 1

2ℎ
2 (which also represents pressure!) replaced by 𝑝. So we can simply

adopt that solution, and arrive at the system

𝜏𝑡 − 𝑣𝑋 = 0
𝑣𝑡 + 𝑝(𝜏)𝑋 = 0

for the Lagrangian formulation of the problem. This is known as the 𝑝-system, and more commonly
written using different letters as

𝑣𝑡 − 𝑢𝑥 = 0,
𝑢𝑡 + 𝑝(𝑣)𝑥 = 0.

Sources. The classic paper on this topic is [1]. The present note is, however, based on [2]. The later
paper [3] may also be noteworthy, but I haven’t read it (yet).
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