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Question 1.

If f : Y → X is a continuous map and π : E → X is a U(n)-bundle, then ci(f∗π) = f∗ci(π) for any i.

Remark: Note that f∗ has two different meanings here, once as a vector bundle pullback, and once as the
pullback of a cohomology class.

Proof. The commutative diagram

f∗E E EU(n)

Y X BU(n)

f∗π π πU(n)

f fπ

shows that fπ ◦ f is the classifying map from the bundle f∗π over Y . Therefore,

ci(f
∗π) = (fπ ◦ f)∗(ci) = f∗(f∗πci) = f∗(ci(π)),

as claimed.

Question 2.

Let πR denote the underlying real bundle of a complex bundle; note that if π has rank n as a complex
bundle, then πR has rank 2n as a real bundle. Via the map Z→ Z/2 the class ci(π) ∈ H2i(X;Z) determines
a cohomology class ci(π) ∈ H2i(X;Z/2). Show that the Stiefel–Whitney classes of πR are computed as
follows:

1. ω2i(πR) = ci(π) for 0 ≤ i ≤ n.

2. ω2i+1(πR) = 0 for any integer i.

Proof. Let f : X → BU(n) be the classifying map for π, and let µn : BU(n)→ BO(2n) be the map induced on
classifying spaces by the inclusion, then the classifying map fR for πR is the composite µn◦f : X → BO(2n).1
In other words, we have

H∗(BU(n);Z) H∗(X;Z)

H∗(BU(n);Z/2) H∗(X;Z/2)

H∗(BO(2n);Z/2)
f∗
R

µ∗
n

m∗
1

f∗

m∗
2

1This actually factors through SO(2n), but that is not important for this result.
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where m∗
1 and m∗

2 are the maps induced by Z→ Z/2. Note that

H∗(BU(n);Z/2) ∼= Z/2[c1, c2, . . . , cn]

with |ci| = 2i (these are the mod 2 reduction of the universal Chern classes), and

H∗(BO(2n);Z/2) ∼= Z/2[w1, w2, . . . , w2n]

where |wi| = i.

We claim that the map µ∗
n : H

∗(BO(2n);Z/2)→ H∗(BU(n);Z/2) sends w2i−1 to 0 and w2i to ci. The claim
about the odd degree classes follows because the cohomology of BU(n) is concentrated in even degrees. For
the even degree classes, we prove this by induction. When n = 1 we have U(1) ∼= SO(2) ∼= S1, and it is easy
to check the result directly in this case. For the general case, consider the diagram

S2n−1 BU(n− 1) BU(n)

S2n−1 BO(2n− 1) BO(2n)

i2n−1µn−1 µn

where i2n−1 : BO(2n − 2) → BO(2n − 1) is induced by the inclusion map. If i < n, then µ∗
n(w2i) = ci by

induction, since i∗n is an isomorphism in degree 2i. By naturality of the Gysin sequence, we can then deduce
that µ∗

n(wn) = cn as well. This is enough to finish the result:

ωi(πR) = f∗R(wi)
∼= f∗ ◦ µ∗

n(wi)

If i is odd, then this is zero and if i is even, then this is ci(π).
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