


Let E be a category with pushcarts
& binary products . whee does taking

product preserve pushcarts?

A-B

µ, !
EEE is YE

→ Bee

④ I
IE -50¥

If - XE has a right adjoint , then is

still a pushcart . A pushout is a colimt
,

& left adjonts preserve ka cookies
.

e.g . E =

"

nice topological specs
" Ew

, ,aH
compactly
generated
week Hausdorff]

F : E→ D

G : D→ ee greatest
CF

,
a) are adjoint Honoured,N)tHomqM ,and

far del MEE
,
NED



Tha F is left adjoint
to G

. E is right

adjoint to F
.

tlomsetsCA-xBCG-Homsets.CA , CB)

-
Homotopy extension & lifting property
-

Recap of what HELP property .

Gier a diagram :

A- X
f

~ /

/ g, If
u i

y c- z
e

where e- Y→ Z is an a- equivalence , Cga)
is a relative co - complex odd of diners

such that this diagram commutes up

to a homotopy H
,
tha thee exists

of :X→ x

such that

• the top triangle commutes strictly



- the low triangle commutes up to

a homotopy
# extending H tTla⇐eH

.

HowdowegetHLPfomthis.TT

Good question !
-

-

The : If X is a CO - complex
,

I e:Y→Z

is an n- equivalence , ther

e
.
:[ x

,
-1 ] → Ex

,⇒

thing is a bijection if dim an
,

&

a surjection it din Cx) --n
.

Proof : Let [ET E Cxc Ef
, apply HELP

to ( x
, p
) :

ee- x

!
x

"

÷:*
that e.I :X → Z

tf

ee
.

.
e.Cgi -- Cf]

it
.

, es
is surjective .



hjeetvety : Assume cgo3.ES ,
] C- Exit] with

← Ego.] - edged
ie
, ego Eeg ,

vice some homotopy
F : XXI →Z

Consider the main (XXI
,
Xx SI) od the

map gg
'

. XxSI→ Y

(x
,
v) 1- g. Cx) v

-

- 0,1

Xx SI-XXI

g ! If
Y- I

e

Define H : (xxSI) XI- Z

(x , i. s) = e. gels) i=QI
,
SEI

Applying HELP we get g : XXI -7 Y

which is a homotopy between go and g .
.

⇒ Cgd - Eg ,]
⇒ e
,

is injective .



Coe : If X is a CW- complex
,

e :X-Z

is a weak homotopy equivalence , ther
e. :[xp]→ Exits is a bijection .

Thy (Whitehead's theorem) A weak homotopy
equivalence btw Cw - complexes is a

homotopy equivalence .

* them : A weak homotopy equivalence requires

a map
! we love sees examples of spaces

with isomorphic homotopy groups that are
not homotopy equivalent . *

Proof : Let e : Y→ Z be a weak equivalence

Thes es
'

- CZ
,
'D→ HET is a bijection

,

so there east f : 2-→ Y sake that

e. f- a idz
.
then -e,

but

we also have

⑦ es:cGy]→[Yz#±ta, implies
⇒ foe tidy

,
as foe & dy are napped

to the same element cede

the bijection ET D
.



Remake: (The polish circle ( the topologists sine curve)

A- = 4 ( x. g) EIRZ I ocx EI
, y

-

-
since 'The) }

13=9 (o,g) C- R2 I -312 Eye I }

c-- I lay ) Ige C- 3h
,

- D) u { Cx,-3k)

EIR4xc-GIBUEG.gl/yeC-3k.oT3x--AUBUC
Then Tax - O foray

µµ bat x a not

contractible
.

-

-
Excision
-

Deff : A triad (x ; A.B) is a space X,

together with subspaces ALBCX .

It is excising if X. = of o B
'

w

interior of A .

them : Do not confuse a triad (x; A.B)
with a triple Cx

, A.B) .



Thx : het Cx; A. B) be an excision

triad such that c- An B is non
- empty .

Assume that CAC) is Cu - e) - connected

& CB
,
c) is Cn - 1) - connected where m>z

nai .

then
,
the inclusion ( A. c)→ Cx

,
B)

Is an Carta - 2) - equivalence
[ITQCA ,

c) → ltqcx, B) is an

↳o for qcrrtn
- Z

& surjection for q= Mtn
-2

.

I
.

Sketch of proof
-

:

⑦ Homotopy long exact sequence of atrip
For a triple ( Y

,
S
,
T) &

org baoepoant

there is a long exact sequence

. . - → itqcsh-ttqlx.DJ-TQG.SI
→ itqfsctt → .

. .

② Define triad homotopy groups with

basepoint * C- G- AAB .



Deff : Iq ( x ; A.B) '

-
= ttq ,

(PG,*
,
B)

,
PCA

.
#d)

where PCX ,* , B) = paths in X starting at
* and ending in B

- { oepx I oft) c- B }
whee PX = 48 E XI 1867=404

③ Combine ⑦ and ② to get a long
exact sequence

- r - → Igt , (x; A ,
B)→ Iq (A. c)

→ttqcx , B)

→ ttqcx;A
,

B) →
-

. .

& thee homotopy ecicesios is the claim that

Tq (x; AB) ⇒ for 2EqEmtu -2 .

④ Reduction to the case where (x. AaB) is

a CW-trI (AaB are sub complexes) .

⑤ Finally ,
reduce to ,Az= C

Vem

= Coen

& then prove directly in this case
.

[
" A concise course is algebraic topology"]

Chapter I



Geometric proof in Hatcher 's book
.


