


Week 2
-

Recap on CW - complexes .

Recall that a CW - complex is

built via the following inductive
process :

① start with a discrete

set 8 , the zero cells of

X
.

(2) Gductvely form Xu

from Xu - i by attaching
n - cells ed via maps

of : 5- '
→ Xu - I
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[ Recall : a pushout is

A B

¥!⇒! I
(3) X = V. x" with the weak topology

(Act is opeslclosed⇐ Anx
"

is open lclosed for each is)
.

Rene : A relative CW - complex Git)
has X = fdescece set

° of points} 0 A
.



Deff : A map of pairs f:( x.a) → GB)

btw relative CW complexes is

cellular if fcxa) CTN for dln
.

theorem ( cellular approximation theorem)

Any map f. Cx,A) → G.B) between
relative Cw - complexes is homotopic
rel A to a cellular map .

Exercise : Use cellular approximation
to compute tics) for isn .

-

Cobb rations & HEP
-

Det ( Homotopy Extension Property) het

E be a class of topological spaces .

A map i : A-→x has the E- HEP

it
,
for every YEE ,

the following
extension problem has a solution



A-its ATI tTI*±=H

µ
,

iad! §Xi ××I - e. art
-
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Rene : IF need not#AxB,d=HonLAiWdbeauqwe↳
Ree : we can rewrite this diagram as the

following
h
yI=MopCIi 'DA-

it
.

.it. - -
→

Leu.
x#Y

Deft : tf E is the class of dll

topological spaces ,
if ii. A → X has

the E -HEP
,
then i is called a

coGbrah#
.



Exampled J=[o
,
I]

The mapping cylinder associated to a nap

x#Y is the pushcart

× 't

17¥
'

et t
. ¥Y→ Mt

Uf deformation

refracts onto 7

by sliding each port
↳ E) cite ad to

the endpoint EG) .

Ci) io : x→ XXT is a cobb ratios

Lii) io :X → ex is a cofibratios

X→ xx I

¥→↳⇒tx±¥¥
It



HUGH ,
s) = { C- (x

,
I - Cc -⇒ CHS)) G-Nhtsa

H (x
,
Ce - f) ( its) - t ) Cc - exits)>1

"

stretch the cyanide or the core through
the homotopy

"

EI Cl - t) ( Its) -- CHS) 71
,

so

tilted
,
s) = thx, s)

talk Ci - E) ( Its) = # ( its) El ⇐ SE ' 13

TTCCX
, 'z) , s) ={ C- Cx, Ice

- 3d) sets

Hfc , # Gs - D) S3 }
C-Cx , 'z) → tix

,
I)

¥2 ( i - t) ( its) = {Cites) El for All s

tTkx
,
s)=fCx

,
Ici - s))

C- ( x
,
→ fcx

,
o)



EZy ( i -E) ( Its) = If its) El for all s

thee
,
'z7
,
s) =fCx

,
¥C3-SD

c- Cx
, I ) → e-GI)

EI Cc-E) CHS) ⇒El

tT¢x, 1) , s) = fly 1) .

÷: / .
c-=L

,

eh
EZ•



x# y

Fsu
Ciii) x→ Mt is a cotibratias

.

Cos: S
" '
- D

"

is a co fibration .

Props : (Universal test diagram) het i. A-→ X
,

let Mi be the mapping cgclnde of i
.

Then i : A→X is a cofbratios
⇐ z r : XXI→ Mi making the following

diagram commute :

A ATI

i! ¥ '
Ii

j

proof : ⇐1 If i :A→X is a cobb ratios
,
then

this is just HEP
.



64%4
, suppose such a map exists .

Consider the following diagram :

n
.

§ .
it
.term✓ ii.i

f-
A → ATI

Define tT= H'or

tent! "
#

Cos : If ACX
,
then i : A→ X is a

cobbratios ⇐ XXI is a retract of Ui .



Coe : If ii. A-→ x is a cofibration ,

then

i is an injection . [ X is Hausdorff
,
i

w closed ⇒ embedding ]

Lenny : suppose Elia
,

Aa)) is a collection

of spaces satisfying HEP
,

then so does

( ttxa
,
HAD

Proof : Exercise
.

C

Lemmy : suppose ↳A) satisfies HEP
,

f : A-→B
, 4=70+13 [Fy→§

,

]
then ( Y

, B) satisfies HEP
.

Prod : Exercise

Lenny : Suppose A- to E . . . .
Exa E . . -

X - colin Xy

If each (Xi
,
Xi - i) satisfies HEP

,
then

so does CX
,
A)

.

proof : Exercise .



Pros : A relative Cw - complex GA)

satisfies HEP .

Proof : ( s" '

,

Da) satisfies HEP

⇒ ( 15-1
,
ID

") satofees HEP

Proof of the prop is by induction . Can ndetudy
assume ( xn - i

,

A) satisfies HEP
.

Is
"
- Xu- l

l l
L J u

ID
"
- Xu

By the exercise Cxu
,
A) satisfies HEP

.

Taking counts
,
Git) satisfies HEP

.

F-

Fibrations&thet

Deff : A map p : E→B has the

E- homotopy lifting property , if for every

AGE
,
we can complete the diagram :



A#E
A

j

÷¥÷¥⇒t¥÷;B u

-BI- B
Evo

Reis : II need not be unique .

Deff : tf f- Top a map p
:E→B with

HLP is called a } fibration
.

It E- EI " }
Hebrewlot = Ecw - complexes}

-1ha this is called a Sere fibration
.

Let Ep,o= { Leg) lolol =p CEXBI

ie
,
the pull - back

TIBI I
Ero→B
r

¥ too.
E→B

P
-



Prod : A nap p : E
-B is a fibration

it and only if there exists a mop

Ep,o -3 EI making the diagram
commute:

yEpo .. .
WEI-7 E

TB€Po! Ip
BI→ B

evo

proof : . It p is a fibration
,
this is just

HLP
. If there is such a map

,
use the

universal property of the poll- back
.

Ree : Fibration are preserved under
pill - back .

Exercise : A composite's of fibration is

a fibration
.



HELP l ! !)
-

theorem : het ( x. A) be a relative CW

complex of dimension In
,

I let e-Y→Z

be a a- equivalence . then
, given maps

f :X- z

g : A
- y

h : AEI- z

such that

fl
#
= hoio

e. g= hooz

A Axe
- A

K KIettr
I
,- we

!
Tz



Red : Equivalently :

i
A-X suppose that

g ) n
.

-

"

If
this quae

g .

' commutes up

v y
'

to homotopy (called
Y# z

H) ,
e tha 25 such that

the upper triangle commutes
,

&

the bottom triangle commutes up

to a homotopy tf that

extends H ( tT/a×±=H)
.

Remy : passing to cobnuts
,
I can take

N
-

- D
.


