
lqK-the←yasaepreserta8le_functor

Recall Bucs) : = Gucci)
,

Vectra G) I[ × , Boon]

I have a bit lazy with based us

in based spaces & maps .

Let us recall

that Top
,

denotes the category of

pointed topological spaces .

the forgetful

functor
0 : top

#

- Top

has a left adjoint goes by adding a

distant basepoint . Then

b-Et-prese.mg

Vecticx)±[Xr
,

Boat
,

We have maps

2n : Boca)→ Butte)



& we delve Bo : = colin Boca) with

the direct limit topology -

this For
any compact space ✗

G) KCX) :[ ✗ +
,

130×21]*

ohee 21 is given the discrete topology .

compact
If ✗ is a non - degenerates based' space

Cie
,
the inclusion of the base point in ✗

is a cofrbralion ) ,
then

(2) E. (x) 2-[-1,130×4]
, .

Pr00f_ : we prove (1) fist .

First note that

we can assume ✗ is connected
,
because both

KG)
,
[ -113074T

,
send disjoint onions

to cartesian products .

Let ✗ be connected 1
I } a a- din

bundle over ✗ with classifying map

fz : ✗→ Boca) CBU



Evey element of plot is given as

[z] - TE
~

trivial
q
- dimensional

bundle over ✗

Then the ñonwpwim (1) is goer

by sending

[z] - nee → ( fz ,

n - g)

To get (2) we use (1) .

Let 8°→ ✗
+ be the cotrsralin

be the baoepont & a diojort base point .

Last week we used the nap d : RCA -3kt
€21

to define reduced K-theory .

This map

d can be identified with

[-1+1130×21] * → [80,130×21] ,
d so we must show that the kernel



is [×
,
BOTH]•

.

the cotbratios

so→ ✗
+ → ✗

induces

[sins
,
Botz]*→[x,Bu✗4] → [-4,130×2]
y → [8,130+21]

[5,130-14]
,

11

[ s
'

,
Bosa

"

IT , CBO) = lTo(03--0 .

Def : If ✗ is a space with the homotopy

type of a cw - complex ,

then

Kcx):=[x+
,

☒ 0×21]*
It ✗ is a aon - degenerates based spree

with the homotopy type of a cw

complex , ther
EG) :=[x

.

130×21]&
.



Red : there are other possible definitions .

For example
,

I could Wile X as

the limit of its finite cw - skeletons
,

a tale 1kt) :-. 1¥ K(xD

these don't always agree .

Prof : the spat
130×21 is a ring up

to homotopy .

In particular ,
Kfc) is a

ring .

proofshe.to#. Taking direct sums endues

Grace) ✗ Grace) → Granato)

choosing a isomorphism 6*+0 A- 00

we get a nap

Bofn) c- Boca)→ Bulwtn)

Taking colinits gives

⑤ :B 'D ✗ Bo→ BO



This map is associative & comnutatrute

up to homotopy . Using the addition on

21
, we extend this to Botz

.

For multiplication
,
we start with the

tensor product of canonical bundles
,

←

show tho induces

Boca) ✗ Bow → Bucatm)

with some effort show these are compatible

with the cobnuts
,

& so endue

④ : BOX BO- BO ☐
.

-

K-thecyasacohonolosythecrym.tn
ordinary cohomology we have a graded

ring structure tticx) - Hicx) c- Hi (e)

the same is true is K-theory .



It ✗ I a pointed space ,
then for

j ,i >co thee ae maps [sitinsinsi ]

siiind : sitjrx→ sitinxnx
I Csirxnlsinx)

& so maps

ñ( sinx)☒ñ(sin) Elsinxrsirx)

→ E(sitinx)

ie a nap

- ⑦ - : E- if> ④ E-i(⇒→ E- i-i(×)

Using Bolt - periodicity the , extends to a

multiplicate defined an i.JEZ .

Reni : This multiplication is graded - commutative
.



onreduoedk-theoywotethutk.cn/+)--KC-)
,

so we

just define

kicx) : --Ñi(x+)

so
,

for example
,
K
- 1-G) ~=Ét(*+)

a- ÉTs°)
- 0

,
as we saw on

Friday .

With this definition
,
we get an exact

sequence

ROCA) ☒ ocx) ETNA)

7sat
ri-Y-lal-k-Y-d-s.EE#



MW-vietakseg.ve#
✗ is a corporal Hausdorff space

✗ = A OB two closed subspaces A-
,
BCX

.

Then ✗ 1A I BKANB)
,

so there is a map of long exact

sequences

I -11×1*-0 rica ¥-104 -Ñ(✗ later k-1( A)

1 : in:L 1 ¥ t
ñYB£nB)←k•(arid ← REB) ← Ñ°(Bland I k-1(anB)

y Ipf 9a%

Exercise : Suppose I have a diagram

i. → chat ci-cni-sci-ch.is
fit,1 fit fut c-I f- tht

g
'

ii. → D"u+1sDn
'
-Dn -3¥'→É+z
Pn

' On'

where the rows are exact
,
& f"n one



I onorphjns .

Then there is a long
exact sequence

. . . → Cn É G' ⑤ Du Dn
"

-44¥
where Dn - Pn+z°(fn+zj

"

085

⇐ : (Mayer - Vietoris is K-theory)
there is a long exact sequence

k°CanB) ikEt⑤k°Gd<iE⑦%_ Koch
fit

k-1(×) rita)⑤E4B)ÉÉk-4AnB)
-

d-donsoperatiusdttopfnvarcntofde.FI
: An operation 0 in K-theory assign

a function Ox : Rfc) → RCX)

is such a

way
that the diagram



KCY) _Éy)

ft / ta )
u

v

KCA→ RED
Ox

is commutative .

theorem: For each non - zero integer 12
,

d each compact ttauidortf space ✗
,

there is a ring homomorphism

4k : kcx)- kcx)

satisfying the following
G) ✗

1-
= identity ,

I 4-1 is indeed

by conjugation of complex bundles
.

(2) xkfP = £04k for all reap f- ✗→Y

(3) 412cL) = Lk= L④ . . . ④ L if L is a

lene bundle

④ pkoyoe = yoke



⑤ XP (a) = XP mod p for p a pine ,

Ie
. ✗Pcx) - XP =pB for some

PERCH .

Rey : By (4) 4-
k
= pkoyo-1

If we use (1) to define e-
1

,

then we

need only construct 4012 for 1271
.

Exteiorpowers_

Recall that the exterior power of a vector

space is V④
.
. . - ④ U modulo the subspace

generated V1 ④ - r - ④Uk - sign Voc⇒⑦ - -
- ⑦ Volks

where 0 is a permutation
,
sgnlo)=gl

even per

0 odd per

E tending this to bundles
,
we ca form

a eoteio - power 5k (E) with the following

properties :

Li) sk( E. ⑦⇒ = ⑦ DICE
,
)⑦Ñ(Ez)

i+j=k

Cii) Ñ( E) =L ,
the trial bundle

.



Cui) F- (E) = E

G) Dk (E) = 0 for K > max dimension int

the fibres of E
.

Lenny : the A2 extend to operations on

K-theory AK : RCA→ kcx)
.

Proof ? Consider the ing kcx)¢t] of

formal power series
,

d let G the
cents in

multiplicity group
of KCxNt☐ ( formal

power
series whose leading coelhcert 1)

.

We define a facing

D: Vectcx)- G

by setting

1) (E) = I + →
'

(E) t + ACE) Eh

f. .
. + →k(E) tkt . . .

Property C) tells us that

ACE
,
Ez] = ACED - ACED



So we trace a homomorphism at commutator

reonoids

Uectcx)→ 9

By the universal property of Grothendieck

completion

Uectcx) KCX)
:

\:3 !

> É

We define Ak G) to be the coetfert

d- tk is It)
.

☐
.

-

Returning to Adams operations , suppose

E =L
,
⑦ . . -

⑤↳ which is a sum of
line bundles .

Then
,

yk(E) = 41214+0 . . .

④ in)



= 412cL ,)⑤ . . .

+0412cL)

= Lik ⑦ .

. . ⑦ L?

The construction of 4th will be based on

the constructor of a polynomial QK with

integral coefficients for why

Lik ④ . .
-

① Luk = Q ,z(→ ' (E)
, . . - ,

→KCE))

we will then define

412 (E) : = Qr(X' (E) , . - .

,
ACED

.


