
Character classes
-

We saw in the last lecture

that Buca) classifies rank is

complex vector bundles
.
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Using that Butt) A- Epa ,
this



starts on
inductive argument to

get the result
.

Another way
to do it is to

recall that to ( OG) ; 2)Eh
,
Guy

,
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we have the universal bundle

um→ Even) → BUG)
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Deff : the generators G
.
. . .

. as are

tf Bucs) are called the anuesaf

Cheers classes of Ocn) - bundles .

Gives IT : E- X a principal OCN

bundle
,
there exists a classifying

map fan- X- Buca)
,
such that

IT Eff Iucn)
.



Deff ? The i - th Chern class of the

UG) - bundle It : E- X with

classifying map ft: x- Boca) is

defined as

GCH) : - fat CCD Etf
"
( x ; z)

Rey : If IT is a Ucr)- bundle
,
then

Cecil) - O for i > n
.

Proto : If E denotes the trivial von-bundle

or a space X ,

the GCE) =o for

ad i > o
.

Froot : the classifying map for the

trivial bundle is the constant map

of : x→ Boca)
,

which induces the

trivial homomorphism is positive degree

cohomology .



pro-pcfurctwcalutyJ-lffn.si- X is

a Cts map & I -- E- X is a

oh) - bundle
,

the Ci (f- it) = f' Cock)

for ay
o

.

Rene : f
' has two different meanings here

once as a pullback - bundle , & one as

the indeed map
is cohomology

.

Deff : the total Chem class of a

is
UG) - bundle IT

'

- E-X n defied by
c.Cit) = coat) + C. Cit) t - -

rt Cuca)
=L t c. Cet) t . . - t Cucci)

DEICwhitneys.ru# IT
, a principal um- bundle
over x

Tz a principal Ucm) bundle owe ×

IT
, XITZ I a prenupa uCn3x 0cm) - bundle

.
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IT, 792 can be condoned as a

ucntm) - bundle
.

The Whitney sun is

IT
,
⑦Tz = D- CIT ,xITz)

whee s :X-3 Xxx

a- ca
,
a)

IT Tz is a
Ucntm) - bundle over X

.

Props : With IT
, .kz as above

c. CIT ,
Iz) = CCT ,) . ccttz) ,

the cap product of CGT
.
) & cats)

Equivalently ,

CKCIT , ⑦To)
= { Cacti) - G- CITI
itj=k

Proofs : We always have Bcaxtt) a- BGXBH
.

(exercise for this week) . In particular
,

B. Cuca) xucm)) I Buca)x BUGS .



The inclusions

Uca) xocm)→ ocutm)

yields
w : B Coa) xocn))

00%3 + Boas,
→

Buchta)

claim : w
-CCD = E Ci Cj [ Co - IT

itj=k

Assuming the chairs for a moment
,

&

noting that the classifying map for

IT
, xttz regarded as a ucutm) - bundle

is Wo ( frxfz)
,

we get bono-play

Ck GT ,
Tz) = Cisco CIT,xITz))

= Dick CIT ,
X Iz)
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= b- ( C- I. x FEZ (w

-Cnd)
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=¥fnCeGTe) - G- Cta)
.
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Hi v tis → Hits
-

the claim is a little tricky .

there is

a sketch :
.

There is a canonical map UCF
"

→ uca)

this gives a diagram
*

↳ E H
- Boca) 2 tf (Boca) ④ tf ucvk)
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The computational fact we need 5 that

Butt)
"
-Bu Cn)



induces a nap
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k - th elementary
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Ozan ) = @ , ) , 672-1 (G) ( Cdg t - - copies of
the fast
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\
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Cos : Let E
'

be the trivial off) - bundle
,

then CCI ⑦ E ') = CCT)



Exampled ? GCS
,

') first Chem class of

the rash I tautological bundle over

EPI
.

si→so

I t ' t.EE?It:aE'
u

GET
apt-Ep

fix

what is fit ?

I claim that fat is just the neuron's

map ,

& so C. Csi) is the canonical

degree 2 general of the
°)

.

More generally , consider the inclusions map

ii. Ep
"
- apt

then the total space of the pull-back

bundle is

{ ( Ce] , a) Elephas
- likes) - qcx) }

= Ecce]
.
x ) c- epuxs

"

-11 e- CAT ) -- e Cx ) }

= Ecce]
,
x) EEP

"
x 11 x Ece] }



= 85
.

In fact
,

Chern classes are completely
determined by the following axioms

.

@ 1) co CIT) - I I Ck =0 for

k> rank Cun)

(Cz) For a Cts map f , Ccf - it) a- f
- ECT))

43) (Whitney Bum formula)

( CIT
,
Iz) = cat ,) . ccttz)

Coe) C. ( 8 ,

' ) is isomorphic to the canonical

degree 2 generator of the CGPM
.

How do we prove this ?

Let it : ECT)- B be ar e- dimensional

complex vector bundle
.

the group I

act fberwoe or non-zero elements at ECT)

by scalar multiplicities .

Let Pat)

be the orbit space .

the progestin



map IT : ECI) →B melees a

projection Pt : PCT)→ B
.

This is

called the projective bundle associated

to IT
.

The tube PE Cb) is the

E. Rpn-2

project space patio) of the

vector space ztcb)
.

The PE
'

- H
- B- to PCI) is an

injection .

( Leroy - Hirsch theorem)
at

Propp : For each complex vector bundle rain

IT : E→ B there exists a space

f- CE) & a nap p : FCE
)- B

such that POE splits as a

1
FEE)

direct sum of line bundles &

Po : H
- B- H

- FCE) is injective
.



Proof : consider the pull - back along

spot)
'
- PCE)- B

.
Call this

bundle pCaTCE) , thus pull - back

contains a natural 1- dimensional

sub - bundle

L - scene) EPCESXEIV Ee }

then
put)°CE) =L Lt where

deice) =u -I

Now iterate this procedure using
<
+

→ PCE) instead of E→ B
.

This the Ce) axioms completely determine

the Chem classes
.

proof ! Let Ci & I be two sets
-

of Chem classes
.

Let IT :E→B be

on a- dimensional vector - bundle
,
with splitting

pa.
FCE)→ B Cie

, port -1,0. . - ⑦ Su)



Then

p
- Coca)) = Ccp - it)

= CC -7
,
⑦

. . . ⑦ Sn)
= CCS ,

) . CCDs) - -
-

- c u)
= Cite , Cam Gtc ,

Cad) .
- - CHC

,

= at Ican) ( it g- card) - - - CHIEN)

= E Cp-et)

=p
-CECIL)

But p
-

is injective
,

⇒ cat) - ECT) is .


