


Week to
-

Exercise : Suppose I have a napkin at

fiber bundles E
'# E

T
"

!y , → L 't
.

Then
,
it 't e't

.

- B

Associated bundle
-

het CIT
, PCB) be a principal

G- bundle
,

I let e : a→ Aus

a left action on a space
F
-

Then the product PXF has a

canonical right action g
-1

- f
-

Cp, f) g
= (pig , ecg -D - f)

prod : the quotient of PXF by

G defies a Aber bundle over

B with Abe F by

his t J 1-3
us up )

This is called the associated

fiber bundle
.

If PG trivial as

a G-bundle
,
the Pxaf is

trivial for any
F

.



Pxafi
- Cpx F) 19 B

Cp
,
f ] 1-3 Tcp)

This is called the associated

fiber bundle
.

If PG trivial as

a G-bundle
,
the Pxaf is

trivial for any
F

.

Proof : we first check that Tp is

well - defined . Suppose that ( p' if '] c,

another representative is this equivalence
class

.

Ther p
'

=p - g for some g EG

f 's g-
1. f

IFIP '

, f
'T ) - ITF ( [ pig , g

-1. f ] )
= Tcp -

g)
= Hcp)
- IT

,
#p ,

EJ)



We claim that the fibers of pxaf
are homeomorphic to F

.

To see

this
,
fix a point b C- B

,

&

choose a point poet
-1 (b) in the

fiber of P over B
.

We

define a Cts map

F- ITE
' Cb )

f 1-3 [ Po
,
f]

This has a cts nurse gives by
Tf1 Cb)- F

[ p ,
f ]1- recap) - f

where Ecp. ,p) EG is the unique element

such that po.nccpo.pl =p .

[pit] 1-3 [ p , ECpo.pe) - f]
e-



The mop it
- 7-(B) XF tcp ,

f) l-skpo.PT - fff

is invariant with respect to the

G- action

( p ; f
) -

g
= ( p -

g
,
g-1. f)

1-3 e ( Po
,
p -g) g-2. f

=e(po
, p
) -

g.g-If

= acpo ,p) - f

& here this descends to the quotient

it -FCB) xF/q= ITE
' CB)

.

To fresh the proof it suffices to

prove the feat claim : triviality at

P implies triviality of PIAF .

Hence we can assume 10=13×9
.

Then CPXF ) Ig = @ xaxF) 19
This is isomorphic to BXF



⑤b. gift)- Cb
, g. f)

with inverse

( b
,
t) 1- Ecb , e. A] -

o
.

Remark (structure group of a bundle)
.

-

Suppose B is covered by a collection

sets Eva} with local trivializations

% : thx F Esp-1cg)

Let's compare the local trivializations

on the intersection GAUR
.

Uan up Xfipp -Kuang)
-

-

.

. Hei
-

"

-

→ 0×10 ,zXF

For every x turn Up
,

we obtain

a homeomorphism of the fiber F
,



a nap
clap : Van ups-Autcf)

these are called clutching functions
-

If the bindle is or a- dimensional

vector - bundle
.

then the clutching

functions take the form

G.pi Grup- Glen
,
F)

If p : E- B is a principal
G - bundle

,

then the clutching fuckers

take values in G :

clap : Ua AUB- G C Aut
.

In general , a fiber bundle with

structure group 9 I one whose

clutching fountains take values is

a
.



Pros : Gines any
fiber bundle

IT : E- B with fiber F &

structure group
Aut CF)

,

there

exists a principal G=AutG⇒ - bundle

P such that E= PXAF .

Proof : For BGB
,
define

Pb = SG - isomorphisms 6 : F→ IT -1lb) }
-

set of frames

This has an action of G on the

right
6. g

: F→ it
-Kb)

is also a G-isomorphic
.

This is a free d transitive action :

any two 90
'

: F- it
-a- Cb)



are related by g= 0-1.0 EG -

- Atef)
.

Define

p = ✓ Pb
b EB

& define Ip : p- B

pfpb 1-3 b

Suppose E= BXF
,

then it
-1 (b) =sb3xF

& canonically
,

Pb # G
.

This is this

case D= Ubepopb = ¥3563 XG
= BXG

In the general case we do the

same constructions over local tranquility
.

To see that PXAF E E ,

note that

points in PXAF are equivalence classes

[ b
, qt ] whee BE B, 0 : F-3# Cb)

I g G - isomorphism & f- C- F
.



Now consider

Pxgf 3- Cb
, off] 1-3 Oct) c- E

.

This is well - defined

Eb
, dog , g-

1
- f ] 1-7 6cg -g-If )

= act)

Because 0 is an isomorphism, this

gives the bundle isomorphism .
D
.

-

Notation : F is a space with a

left a- action
,
a its nap f :P- F

is C- equivariant it f (pig)
-

g
-1. fcp)

.

We denote th set of sad crops

by Mapa CP ,F ) .



Props : Let CT
,
P
,
B) be a principal

G- bundle
,
F a space with a left

G- action
,

d E= pxaf the associated

bundle
.

Then there is a bijection

PCU
,
E) ⇒ Mapa Citro) , F ) .

Root : Gives J E Uapa ( it-703 ,

F)

define

scb) : = [ p , Scp)]

This is well - defied

[p.g ,

5 Cp .gl] = [ p -

g , g -15cm]
= [ p, 5403] .

Conversely , let s :O→ E be a local

sectors
. Suppose sect ( p)) - [ pit]

Dehne
g , y

-eco)→ F

p- f



To see this is G- eguww.at

5Cpg ) = g-
1. 5Cp)

because sctcp.gl) -

- s (Tcp))
= [ pit]

=[p -

g , g-
2

- f]

From the detrition S & I are inverse

bijection . Also
,

s Cts ⇐ 5 Cts is .

Prod : Fix a group G
.

Let CT
, RB )

& CIT
'

, Q
,
B
') be principal

G- bundles over B & B ! then

there is a bijection between bundle

morphisms 0 : CLT ,p ,B)→ Clt ! Q
,
B
')

& sections of the associated



p
Q is a

left G-space

with action g. q
-_ q.gs

.

bundle PxqQ

Proof : A morphism as above is

specified by a G- nap 0 :p-Q

ie
.

or element Mapa ( R Q)
.

Mapa ( P, Q) = Napa CB)
,
Q)

[previous prop ⇒J
- M ( B

,
PX
,
Q)

.

-

Homotopy classification of principal
-

bindle

prod : If (IT
,
P

,
B

') a principal G

- bundle
,
I fo - f, :B- B

'

,
then

filet) & FICA) are isomorphic as

bundles over B
.

Red : Use the associated bundle



constructions
,
can prove it holds

for any fiber bundle
.

Exercise : Fiber bundles are a

contractible base space are

trivial
.

Proof of propositions
-

:

Let ft : BTI→ B be
a homotopy

between fo I fi
.

Now consider the

following diagram :

top FIP→ P

T
air .it t"

I -

BxEo3 Yo BXI- B

13×5/3 Tiz
ft



Claim : For a principal G- bundle (IT
,
Q ,BxI)

we have toTI III ios . Bxso3→BEI

iz '

- 13×513→BXI

This will complete the proof as ther

*fit a iof: IT A IE FEIT Ef ,
-

IT

Proof of the claim-
ion- Q

→
To ! is'T fit

Tlzl
13×903 BXI

Bxsztz

We claim in fact that

IT A- To tide

If this holds
,

the

Q/B×s⇒= IET
=CQxIo)lBaI I if IT



Slice we work with principal G -bundles

morphisms over a fixed base are

isomorphisms .

Therefore it suffers to

produce a morphism

Q- Q
.
x I

/
BE ie. .!

By the previous prop

-

osho's
,

this corresponds

to a section of the bundle

w : QXGCQ.at)→ BTI
.

Now
,
by detrition

,
QXACQOXI) has

a section over 13×503 .
Now

consider the following diagram

QlBxEo3 & QoXIlBxso3 are

both just Qo
.



Bx so } Is QXGCQ . >⇒
a

~ -
-

f. io ? -

- L w
r

'

Bx I# Bat

identity .

We want to find a lift 5 is

this diagram .

The left 5 exists

by the homotopy lifting property,

because w is a
fibration

.

D
.

Rene : GCB) = set of principal C-bunches

over B
.

This is factorial with

respect to Cts maps f. A-→ B

P- f
- Cp)

The previous proposition slows that

G descends to the homotopy

category .



G : h Top→ g principal
G - burdens

up to isomorphism
{



Week 10 - Lecture 2
=

Classification of principal G
-
bundles M- M

- sit st.
Deff : G (B) = set of isomorphism

classes of principal G- bundles

over B
.

B ,-7893)

We have a contravariant functor

g
principal a-bodies

§ ? Top -3 up to isomorphism )
which sends f : A- B

to f
.

- g (B)- GCA)
P 1- f

-

p



The proposition from Tuesday
shows that this factors

through the homotopy category

Top#principal

"

t
.

÷÷
"

Ree : For today B is a

CW - complex .

Deff : A principal C-bundle

(Ta
,

Eh
,

BG) is called
EG universal
*
-

it the

BG



total space EG is (weakly)
contractible .

Theory Let Cta
,

Ea
,

BG) be

a universal G- bundle
.

then there

is a bijection

I :[ B ,
Ba] Es GCB)
f- f't

E-→ EG

T ! BIG'T Ttfttq

B
-
-

Proofs : OI is well- defined by the

proposition from Tuesday .



Eisert het it :E- B be

a principal C- bundle .

We must

find a map f. B- BG with

fatty A- IT .

This is equivalent to

finding a bundle morphism IT- Ita .

Recall that a morphism
@iCITeEiBJ-CtTa.EG.Ba)

corresponds to a section of the

associated bundle

EXAEG- B

with fiber EG . Because EG is

weakly contractible
,
such a sector

exists by the following lemma
.



Lenny. Let IT : E- X be

a fiber bundle with Tif -O for

del i30 . It A- EX is a

sub complex ,
ther every section

over A extends to a section

defined in all of X
.

In particular,

He has a section (take A- 0 )

Moreover , any two sections of

IT are homotopic.

Proof : Gives a section Oo - A-→E

of IT over A
,
we extend it

to a section O : x- E of

IT over X by using induction

on the dimension of the cells is

X - A
.



So it suffices to assume that

X = A Open
where e

"

is on a -cell is X- A

with attaching nap g. tea→ A
.

Since e
" is contractible

,
IT is

trivial ooo en
,
so we have

a commutative diagram
← - hi -- -

-

.

.

it
-Yen)⇒ e"xF

A

9¥
.

den # .

-
.

-

"

'
o

By composing with h
,
we can regard

Oo (for x C-Sen) as given by
oocx) = (x

,
tow) Gen XF

where to : de
" a- s

" - it
→ F

slice In -ace) -- O,
to extends to



a map re : e
"
→ F

,
which can

be used to extend Oo ooo en

by setting
• Cx) - Cx

,
can)

After composing with h
-1

we get the

desired extensor of Oo over ey .

Two show ay
two sectors 0,0

'
are

homotopic
,
consider the bundle

ttxcdp : E XI → XXI

We can consider o as a section
over xx Eo} & O

'

as a section

over xx 973 . Suppose we can construct

a sector E of Teide which

extends the sector ooo xx soot}

defined by Lga)
.

Then Eckel

= (Oecd
,

t) where 00=0

Oz = o
'

⇒ of will provide the desired



homotopy between O & o
'
,

such a section can be constructed

as is the first part of

the proof .

D
.

-

E -

is injective
-

: suppose we have

f. g :
B- BG

suck that

Ito : = forty E g
-

Tg - it ,

then we must show that fig .

E. = EEG EG

Because

" / fit,
tonite 13=13×503 f- Ba
t
- .

Eo E E
,
-
- g- EG -93 EG

th ! Ltg
BeBxtt3- BG

g



We can combine the two diagrams

above

EIR c- Eo X Eo , 13£ Eq

To 'xid ! µoxEoA3 fig
BXI c- Bx 50,13→ Bg

a- Cf,o)oCgA)

It suffices to extend ( L
,
I) to

a bundle morphism (Hitt) : To * id→it

as ther H : BXI→ BG will

give the required homotopy . Using

the proposition from Tuesday

such a bundle map corresponds

to a seeds of the floor

bundle
w :(EoxI)XgEG→ BXI



On the other hand the bundle

map ( L ,

I) corresponds to a

section Oo of the Gbe barde

Wo : (Eox 8923) Tata→ 13×6,73
.

There is or in Cutch

( Eo XEo.IS/xgEGECEoxI)xaEG
so we can regard To as a section

of w over the subcomplex Belo,I3
.

Since EG is contactable
,
this

section can be extended to a

section of w defined on BEI
,

as desired
.

H
.

Examples How many principal G -bundles

our 8
"

ae there?

[ s"
,
BG] A- ITNBG



G- Ea BG

Because EG is contractible
,
the

long exact sequence shows InBaarn -ah .

Eecsteve of arousal bundles
#

theorem : Let G be a locally
compact topological group .

Then

there exists a wuvesal principal
G - bonde Ta : EG → BG

,

&

the construction b factorial
in G

,
in the sense that µ :a→H

is dues a bandy (pm. Eat) : IIe -4ft .

Moreover, BG of unique up to

homotopy .

Proof: we just show wugueuess op

to homotopy - Suppose



Ita : EG→ BG

Tal : EG
'
- BG

'

are unreal principal G - bundles .

We can regard Tg as the

unversed bodle Ce- Aa
'

,

so we

get a map fc.BG
'

- BG

seek that Tg
'
Ef
-

Ta
.

Likewise we

can regard Ta
'
as the amiral

bundle for Ta
.

Eh→ EG
'
→ EG

TH ! Ital Lita
Bg → Ba

'
- Bq

g f

Itg A- g- Itg're g-f
-

Tg = ( fog)
-

Tg
Sl A- ( ldBg)

-

Fg
GdBa5tTg



By the theorem fog A- idea
.

Similarly
,
gofneidisa ,

f a g are

homotopy equivalences .

One model is to take

EG
"

: - G # a * . . .
.# g
-

u - fines

where A- * B = A- X B XI In

cab
,
o) ya ,

b
, o
)

(9,413^62,41)
.

Milnor showed that Eau a @ -⇒ - conneaut

& it has a G -action goer by
right uuefcpkatrcs is each factor

of 9 .

The limit EG -zE%Ea
"

is a weekly contractible G - space
,

I 136 - EGIG
.

-

( Cosseting space for the group
a

.



Ree : G discrete
,
tha BGA-kca.IT

.

Exampled Un (Rk) -- Stiefel moufolds

Su - francs is 112123

Gn (Rk) -- En - demurral vote
subspaces of Dsk }

We saw that there are floating

old→ Vacek)→ Cancer)

Deke Uncut) - coin Under)

G. CRA) - conman Cork)

Uncw) is contractible
,

d there is

a
fibration

oca)→ Valko)→ a. Giza)

This is a uncool principle 0cm

bundle
,
because Wick) is contactable

.



In other words Boca) A- Guard)
.

In fact Bahn A- Boca)
,
so

this bundle classifies rank a

real voter bundles
.

Similarly there is a fiber seguere

uh- un → aace.)

Vale) is contractible
,

& so

Buca) E Galea)
.

this classifies

rank a complex vector bundles
.

Exampled : het 6=212 & consider the

principal 212 - bundle

21/2- so- Rpd

since 5 is contractible
,
we see

that 1321/211121001842/2,1)
,



We see that RPO classifies rank I

real vector bundles (eat line bawled

Prnapatzyzcx) = [ X , 132112]
= [x

,

klutz
,
'D]

Recall : Cx
,
Kca,nDEHnCx;a)

- H
' ( x ; 212)

for any CW - complex X
.

Now let

IT be a real line bundle or X with

a classifying mop fat : x→ Rp
'

.

Recall HER.pt ; 21k) E- FEW] with w

a generator of H' ( pepo 's 212)
.

By pullback along fit we get a

well-defined degree 1 class

Waca) .
- = fit (w)

the first Stiefel- Whitney class .



Under the bijection

Pmupalzaczcx) E H' (x ; 2112)
IT is w, Cx) .

i.e
.
real line bundles are completely

classified by their Ast state - Whitney

class .

Example (complex line bundles)
-

there is a parapet s
'
- barde

s
'
- so→ capo

shows that BS
'
EEP = K Czyz)

.

Principals ,
Cx) = [x ,

BE]

= [ x
, relaid]

E- Hex ; x)

we have H
- capo) E IK] ,

let 2



r

Any prncpal of - bundle over X gives

rise to a nap fit : x→ Bs
'

=¢pD

c. Cut :=fECc) C-Hex; z)

the first Chern class
.

Under the

cjorcrplrsry

Principals , Cx) EHTx;x)
IT l→ ⇐et)

⇒ Complex line bundles are completely
classified by their hot Chern
class

.

-

Post -lecture remark
-

GG) defines a fufu htop → Set .

A




