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Question 1.

(i) Let X be an (n− 1)-connected space, then Hn(X;G) ∼= HomZ(Hn(X), G).

(ii) Use this, and the theorem [X,K(G,n)] ∼= Hn(X;G) mentioned in class, to show that

[K(G,n),K(G′, n)] = HomZ(G,G
′).

Proof. (i) This is a consequence of the universal coefficient theorem. Note that in the UCT there is an
Ext term of the form

ExtZ(Hn−1(X),Z)

but this vanishes because X is (n− 1)-connected, and hence Hn−1(X) = 0 by the Hurewicz theorem.

(ii) From (i) we have

[K(G,n),K(G′, n)] ∼= Hn(K(G;n);G′) ∼= HomZ(Hn(K(G,n)), G′) ∼= HomZ(G,G
′).

We have used that Hn(K(G,n)) ∼= πn(K(G,n)) ∼= G.

Question 2.

Show that a map between simply-connected CW complexes is a homotopy equivalence if its mapping cone
is contractible. Remark: Recall that the mapping cone of f : X → Y is the pushout

X Y

CX Cf

f

p

Equivalently, it is the quotient Mf/j(X) of the mapping cylinder along the inclusion j : X →Mf .

Proof. By the long exact sequence in homology, the inclusion X → Mf is a homology isomorphism, and
because both spaces are simply-connected (note thatMf is homotopy equivalent to Y ), the homology version
of Whitehead theorem says that X 'Mf ' Y .

Question 3.

Show that if Sk → Sm → Sn is a fiber bundle, then k = n− 1 and m = 2n− 1.
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Proof. We first note that this is only possible if k + n = m, by the definition of a fiber bundle, so we can
write the fiber sequence as Sk → Sm → Sm−k. Moreover, we must have k ≤ m and n ≤ m. We cannot have
k = m, because then n = 0, and this cannot be a fiber bundle (think about why not!). On the other hand
if m = n, then k = 0, and this also cannot occur for m > 1. This would mean that Sm → Sm was a double
cover, and such a double cover cannot exist (for example, because Sm) is simply connected. To summarize,
we have a fiber sequence

Sk → Sn+k → Sn

and we can assume that 0 < k < m. The long exact sequence in homotopy is then

· · · → πn(S
n+k)→ πn(S

n)→ πn−1(S
k)→ πn−1(S

n+k)→ · · ·

Using that πn(Sn) = Z, πn(Sn+k) = 0 ∼= πn−1(S
n+k) = 0, we see that πn−1(Sk) ∼= Z. This means that

n − 1 ≥ k, i.e., n > k. The long exact sequence again then shows that Z ∼= πn(S
n) ∼= πn−1(S

k), and that
this is the first non-zero homotopy group of Sk, i.e., k = n− 1 and m = k + n = 2n− 1, as required.

Remark: In fact, if the inclusion F → E is null, then the homotopy groups always split: πn(B) ∼=
πn(E)⊕ πn(F ). This is Hatcher, Exercise 4.2.31, and can be used to simplify the proof a little.

Question 4.

Show that a simply-connected closed 3-manifold is homotopy equivalent to S3. (You may assume that every
closed manifold is homotopy equivalent to a CW-complex.)

Remark: This is a little bit tricky, but you should try and compute the homology groups of such a
manifold, and then use the homology Whitehead theorem.

Proof. Such a manifold M is orientable (as it is simply-connected). Then π1(M) = 0 implies H1(M) = 0,
by Hurewicz, so H2(M) = 0 by Poincaré duality. The top homology is H3(M) ∼= Z, and by Hurewicz again,
we have π3(M) ∼= H3(M) ∼= Z. Therefore, we can choose a map f : S3 →M which induces an isomorphism
on homology. Because S3 and M are simply-connected, the homology Whitehead theorem implies that it is
a homotopy equivalence.
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