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Question 1.

Let A be an abelian monoid. A group completion is an abelian group K(A) together with a morphism
of abelian monoids i : A → K(A), such that for any abelian group B and any map of abelian monoids
f : A→ B, there exists a unique abelian group homomorphism f̃ : K(A)→ B such that the diagram:

A K(A)

B

i

f
∃!

commutes.

1. Give a construction of K(A) for an abelian monoid (A,⊕).

2. Show that there is an adjunction
K : AbMon � AbGps : U,

where U is the forgetful functor.

3. Show that if A is a commutative semi-ring (i.e., admits a multiplication which distributes over the
sum), then K(A) is in fact a commutative ring.

4. Consider the abelian monoid Z+
∞ obtained from Z+ = {0, 1, 2, . . . , } under ordinary addition by adding

the element ∞ and defining k +∞ =∞ for every k ∈ Z+
∞. Compute K(Z+

∞).

Proof. 1. We consider the quotient K(A) of A×A by the equivalence relation

(a, b) ∼ (a′, b′) : ∃t ∈ A : a+ b′ + t = a′ + b+ t.

The class [a, b] should be thought of as a− b. This inherits an operation

+: K(A)×K(A)→ K(A)

by
[a, b] + [a′, b′] = [a+ a′, b+ b′].

We have a natural map A→ K(A) given by sending a→ [a, 0]. Moreover, K(A) is an abelian group;
the unit is [0, 0] = [a, a] and inverses are −[a, b] = [b, a].

We must check the universal property holds. To that end, let f : A→ B be a map of abelian monoids.
We must define f̃ : K(A)→ B. Thinking of [a, b] of a− b it is clear that we should define

f̃([a, b]) = f(a)− f(b).

This is well-defined, and is unique (because it is determined by f).

2. This is clear from the universal property.
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3. We can extend the product on A to K(A) via

× : K(A)×K(A)→ K(A)

by
[a, b] · [a′, b′] = [a · a′ + b · b′, b · a′ + a · b′].

Why this? Because (a− b) · (c− d) = (a · c+ b · d)− (b · c+ a · d).
One then checks that this is well-defined and does give a commutative ring structure on K(A).

4. Note that for any two elements a, b ∈ Z+
∞ we have a+ 0 +∞ = b+ 0 +∞, and hence [a, b] = [0, 0] for

any elements a, b ∈ Z+
∞. Hence, K(Z+

∞) = 0. (This is known as the ’Eilenberg swindle’.)

Question 2.

Show that K(S1) = Z.

Proof. This follows because complex vector bundles over S1 are classified by homotopy classes of maps from
S1 into BU(n) and π1BU(n) = 0.
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