MA3204 - Exercise 1

1. [1, Exercise I.1].

e Describe which morphisms in Set are monomorphisms, epimor-
phisms, split monomorphisms, and split epimorphisms.

e (For those who have taken topology courses) Describe which mor-
phisms in Top are monomorphisms and which morphism are epi-
morphisms. Find an example of a morphism that is both a monomor-
phism and an epimorphism, but not an isomorphism.

e Let Ring denote the category of rings, where the objects are asso-
ciative and unital rings, and where morphisms are maps preserving
the ring structure. Show that in Ring, the inclusion Z — Q is
both a monomorphism and an epimorphism. This is an example
of an epimorphism which is not surjective.

2. [1 Exercise 1.3] Show that if f: X — Y is an isomorphism, then the
g: Y — X satisfying go f = idx and fog = idy is uniquely determined
(it is denoted by f~1)

3. [I, Exercise I.2]. Let C be a category, and let f and g be two composable
morphisms. Show that if f and g are monomorphisms, then so is fog.

4. [I, Exercise 1.3] Show that any split monomorphism is a monomor-
phism.

5. Let F': C — D be a functor, and let f be a morphism in C. Show that

e If f is a split monomorphism, then F(f) is a split monomorphism.
e If f is an isomorphism, then F'(f) is an isomorphism.

e Give an example showing that even if f is a monomorphism, F'( f)
does not necessarily have to be a monomorphism.



Note that Exercise 3, 4, and 5 involved monomorphisms in a category C.
To obtain similar results for epimorphisms, one just needs to consider the
opposite category C°P (why?).
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