MA3203 - Exercise sheet 6

Throughout £ denotes a field

1. [I, Exercise 1.13](Challenge) Let A = M, (k) be the ring of n x n-
matrices over k, and let M be an indecomposable A-module. Show
that [(M) =1 and dimy M = n.

Hint: Show that A is a semisimple ring. This can be done using
Wedderburn-Artin or in the following way: First show that

i=ds
=1

as a left A-module, where S; is the ith column vector of A. Then
show that S; is a simple A-modules for all i (note that S; and S; are
isomorphic for all i and j). This shows the claim.

Conclude that any indecomposable A-module is simple and has to be
isomorphic to one of the S;’s. Since [(S;) =1 and S; has dimension n,
this proves the claim.

2. Let I' be an arbitrary quiver. Recall that a two-sided ideal I C kI is
called admissible if there exists an integer m > 2 so that R C I C R,
where R is the arrow ideal of kI'. We fix an admissible ideal I of kI'.

(a) (Challenge) Let M be a kI'/I-module. Show that M is simple if
and only if dim M = 1.
Hint: Choose a path p of maximal length such that p-m # 0 for
some element m € M (why does such a path exist?). Choose a
vertex i € Qo such that e;-m # 0 (why does such a vertex exist?).
Set m; := e; - m and show that the one-dimensional subspace

{a-m;|ack}
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of M must be a A-submodule. Conclude that it must be equal to
M, so M has dimension 1.

(b) Deduce that for any finite-dimensional kI'/I-module M we have

(c) LetI'= 1 # 2 . Construct a simple kI'-module of dimension
greater than 1.

1
Show that the representation k —<T> k is simple.

Extra problems

3 [1, Exercise II1.6] Let I' = 1 %; 2 be the Kronecker quiver. Define

a representation M™ of I' by

M®™ = Kfa)/a" == Kla]/a" .

Show that M ™ is indecomposable.

This shows that kI" is not of finite representation type even when k is
a finite field (compare with Problem 1 in Exercise sheet 3).

Hint: use that M™ is indecomposable if and only if 0 and 1 are the only
idempotent endomorphism of M™ , see Problem 4 in Exercise Sheet 3..

4 [2, Problem 5.2] Let I' be the quiver 1 —*— 2 ® 53 . Consider

the representations of I'
) ol o b ]

o [ 1 2
M : k" — k — k*, N:k—=k
(a) Find a composition series for each of M and N.

k,2

(b) What do you notice about the number of times each composition
factor appears?

(c¢) (Challenge) How many different composition series does each of
M and N have.
Hint: start by looking for subrepresentations of one smaller di-
mension.



5 [2, Problem 7.2] Let Ay, be the “quiver” with vertex set (Aw)o =
and an arrow «; : ¢ — ¢ + 1 for each i € Z. Define a representation
(V, f) so that V(i) = k and f,, = 1, for all 1.

(a) What are the subrepresentations of (V, f)?
Hint: The subrepresentations should be representations (W, g) where
W)=k = W(j) =k foralli <j

(b) Show that (V, f) does not have finite length.
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