
MA3203 - Exercise sheet 5

Throughout k denotes a field.

1. [2, Problem 5.1] Find a composition series for the module Λe1, where
Λ is the path algebra of each of the following quivers (with relations):

(a) Λ = kΓ for Γ = 1 2 3α β
.

(b) Λ = kΓ for Γ = 1 2 3α
β

γ
.

(c) Λ = kΓ/(βα) for Γ = 1 2 3α
β

γ
.

(d) Λ = kΓ/(βα, δ3) for Γ = 1 2 3α
β

γ
δ .

2. [1, Exercise I.5)] Let Λ be a ring, and let

0→ L
u−→M

r−→ N → 0

be a short exact sequence of Λ-modules. Prove that u admits a retrac-
tion (a morphism v : M → L such that v ◦ u = 1L) if and only if r
admits a section (a morphism s : N →M such that r ◦ s = 1N).

Hint: If v is a retraction of u, consider the morphism

t := 1M − u ◦ v : M →M.

Show that t is 0 on L, and hence induces a morphism s : N → M .
Finally, show that r ◦ s = 1N . The other direction is proved similarly.

3. Here we consider modules of finite and infinite length.
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(a) Let Λ be a k-algebra. Show that if M is a Λ-module which has
finite dimension as a k-vector space, then M has finite length.

(b) Let k[x] be the polynomial algebra in one variable. Show that k[x]
does not have finite length as a module over itself.

(c) Given an example of a field k and an infinite-dimensional k-algebra
which has finite length as a module over itself.

Hint: Let k := Q and consider R as a Q-algebra.

References
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