MA3203 - Exercise sheet 3

1. [1, Exercise II1.8] Let I' = 1 %; 2 be the Kronecker quiver. Define
a representation Hy of I by

mzk:%jk.

for every A € k. Show that H) is indecomposable and that Hy = H,
if and only if A = p. This shows that £I' is not of finite representation
type when £k is infinite.

2. [4 Exercise 2.1] Let ' = 1 —*— 2« ’ 3 and let

T

N

. Write V' as a direct sum of indecomposable representations of I'.
Hint: Show that V' is isomorphi to a direct sum Vi B Vo ® V3BV, where
Vi=k—=0+<0 and Vo=0—%k<+0
Va=0—=0<k and Vi=k k< k
3. Let '= 1 —— 2 and let V; — V5 be a representation of I'. Using

Problem 2 b) in the previous exercise sheet, show that we can write
Vi — V5 as a direct sum

Vi Va2 (k—=0)"a(0— k)™ (k= k)™

for unique integers my, mo, m3. The uniqueness of this decomposition
is a special case of the Krull-Remak-Schmidt theorem, which we will
learn later in the course.



Hint: Choose a basis of Vi and Vs, so that we get isomorphisms k™ =V,
and k™ = V5. Then Vi — V4 is isomorphic to a representation of the

form k™ Ay for some n x m matrix A’. From Problem 2 b) in
the previous exercise sheet it follows that Vi — V4 is isomorphic to a

Im3 Om37m1

representation k™ AT pm owhere A = ( for unique

0m27m3 Om27m1
integers my, mo, ms. Use this to deduce the result.

. [2, Exercise 3.4] Let I" be an arbitrary quiver and let V' be a represen-
tation of I'. Show that the following are equivalent.

(a) V is indecomposable.

(b) If ¢ : V — V is idempotent (¢ = ), then either ¢ = 0 (that is,
(i) = 0 for all i € T'y) or ¢ is an isomorphism]

Hint: If V' is not indecomposable, then V =V, & V4 for two nonzero

representations Vi and V. Let ¢ be the map V 2 V3 XV where pis
the projection and i is the inclusion.

Conversely, if ¢ is an idempotent, then show that V = Im ¢ & Ker ¢.

. 13, Exercise 2.5] Let I' be the following quiver (of type Dy):

>3L>4

2
1
. For A\, u € k, let M (A, 1) be the following representation of I'

(a) Determine when M (A, u) and M (N, ') are isomorphic.

!This property is sometimes stated as “End(V) contains no nontrivial idempotents”.



(b) Determine for which values of A and p that M (A, ) is indecom-
posable.

Hint: Use Ezercise 4.
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