
MA3203 - Exercise sheet 13

Throughout k denotes a field

1. [2, Exercise 12.1] Let Γ = 1 2 . For λ ∈ k define a represen-

tation M(λ) = k k
1

λ
and define M(∞) = k k

0

1
. For all

λ ∈ k ∪ {∞}, show that there is a projective cover Λe1
fλ−→ M(λ) and

find ker(fλ).

2. Let Λ be a ring, and let e be an idempotent of Λ.

(a) Let M be a Λ-module. Show that we have an isomorphism

HomΛ(Λe,M) ∼= eM

of abelian groups.

Hint: Show that the map

HomΛ(Λe,M)→ eM f 7→ f(e)

is well defined, Λ-linear, and bijective.

(b) Show that eΛe inherits a ring structure from Λ with identity ele-
ment e. Furthermore, show that with this structure

HomΛ(Λe,Λe)op ∼= eΛe

becomes an isomorphism of rings, where HomΛ(Λe,Λe)op denotes
the opposite ring of the endomorphism ring HomΛ(Λe,Λe). Also,
show that

HomΛ(Λe,M) ∼= eM

becomes an isomorphism of left eΛe-modules.
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Hint: The additive and multiplicative structure of eΛe is inherited
from Λ. The isomorphism

HomΛ(Λe,Λe)op ∼=−→ eΛe

is given by the map in a) with M = Λe. The action of eΛe on
HomΛ(Λe,M) is given by (x · f)(y) = f(y · x), and on eM just by
left multiplication.

(c) [2, Exercise 12.4 (b)] Suppose Λ = kΓ/I for some quiver Γ and
admissible ideal I, and let i ∈ Γ0 be a vertex. Show that
dimk HomΛ(Λei,M) = dimkM(i), where M(i) is the vector space
at vertex i when M is considered as a representation.

Hint: Use that eiM ∼= M(i)

3. [1, Exercise I.7.7] let Λ = k[t]. Show that the Λ-module k[t]/(t3) has
no projective cover in Mod Λ

Hint: If f : P → k[t]/(t3) is a projective cover, then P has to be a sum-
mand of all projective modules Q for which there exists an epimorphism
Q→ k[t]/(t3) (why?). Deduce that P ∼= k[t].

Now consider the morphism g : k[t] → k[t] given by 1 7→ 1 + t3. Show
that f ◦ g is an epimorphism, but g itself is not an epimorphism. Con-
clude that this gives a contradiction.

4. [2, Exercise 12.3] Let Λ be a ring and M a module. A projective reso-
lution of M is a sequence

· · · f2−→ P1
f1−→ P0

f0−→M → 0

where each Pi is projective, ker(fi) = Im(fi+1) for all i ≥ 0, and f0 is
surjective. Often we use the symbol P• to denote a projective resolu-
tion.

If there exists some m so that Pm 6= 0 and Pn = 0 for all n > m, then
we say that the length of the projective resolution is m. The projective
dimension of M is then defined to be the minimum possible length of
a projective resolution for M .

There is a theorem which says that if P• is a projective resolution of

M so that P0
f0−→ M is a projective cover and Pi+1

fi+1−−→ ker(fi) is a
projective cover for all i ≥ 0, then the projective dimension of M is
equal to the length of P•.
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(a) For an arbitrary ring Λ and module M , show that the projective
dimension of M is 0 if and only if M is projective.

(b) Let Γ = 1 2 and let Λ = kΓ. Find the projective dimen-
sions of the modules Λe1,Λe2, and S1 = Λe1/Λe2.

Hint: Show that there exists an exact sequence

0→ Λe2 → Λe1 → S1 → 0.

(c) Let Γ = 1 2
α

β
and let Λ = kΓ/(αβ, βα). Find the projec-

tive dimensions of the simple modules S1 and S2.

Hint: Show that there exists exact sequences

· · · → Λe1 → Λe2 → Λe1 → S1 → 0

and
· · · → Λe2 → Λe1 → Λe2 → S2 → 0.

(d) Let Λ be a left artinian ring. The left global dimension of Λ is
the supremum of the projective dimensions of all finitely gener-
ated left Λ-modules1. Show that if Λ is left hereditary (that is,
every submodule of a finitely generated projective left module is
projective) then the global dimension of Λ is at most 1.2

(e) (Challenge) Let Γ be a finite acyclic quiver. For an arrow α ∈ Γ1

let s(α) and t(α) denote its source and target of α, respectively.
Show that a finite-dimensional representation (V, f) of Γ is pro-
jective if and only if the map⊕

α∈Γ1, t(α)=i

Vs(α)
(fα)−−→ Vi

is a monomorphism for all i ∈ Γ0. Deduce that kΓ is left heredi-
tary.

1It can be shown that this is the same as the supremum of all Λ-modules.
2The converse to this statement is also true.
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