
MA3203 - Exercise sheet 2

1. [3, Exercise 1.1] Let Γ be the quiver 1 2 3α β
.

(a) Consider the representations of Γ

(V, f) : k2 [1 1]
−−−→ k

[
0
1

]
−−→ k2, (V ′, f ′) : k

[
1
0

]
−−→ k2

[
1 0
0 0

]
−−−−→ k2

and describe all morphisms (V, f)→ (V ′, f ′) and (V ′, f ′)→ (V, f).

(b) Given two representations (W, g) and (W ′, g′) of an arbitrary quiver
Q, we say that (W ′, g′) is a subrepresentation of (W, g) if W ′(i) is
a subspace of W (i) for every vertex i ∈ Q0 and g′α = gα|W ′(i) for
every arrow (α : i → j) ∈ Q1. Find all subrepresentations of the

representation k
1−→ k

1−→ k of the quiver Γ from part (a).

(c) (Challenge) Give a definition of a factor representation and find

all factor representations of the representation k
1−→ k

1−→ k of the
quiver Γ from part (a).

2. In this exercise we investigate the connection between representations
of quivers and certain matrix problems you might have seen in previous
courses in linear algebra.

(a) Recall that two n × m matrices A and B are equivalent if there
exist an invertible n×n matrix P and an invertible m×m matrix
Q such that B = PAQ−1. Let Γ be the quiver 1 2 . Show
that A and B are equivalent if and only if the representations

km
A·−−−→ kn and km

B·−−−→ kn

of Γ are isomorphic.
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(b) Let Ir denote the r × r identity matrix and let 0i,j denote the
i × j matrix with all entries 0. Show that any finite-dimensional
representation of 1 2 is isomorphic to a representation of

the form km
A·−−−→ kn where A =

(
Ir 0r,m−r

0n−r,r 0n−r,m−r

)
for unique

integers m,n, r.

(c) Recall that two n×n matrices A and B are similar if there exists
an invertible n×n matrix P such that B = PAP−1. Let Γ be the

quiver 1 α . Show that A and B are similar if and only if the

representations

kn A·− and kn B·−

of Γ are isomorphic.

(d) (Based on Section 1.2 in [1].) The two subspace problem is given by
the setM of all pairs of matrices (A,B) with the same number of
rows under the equivalence relation (A,B) ∼ (A′, B′) if and only
if there exists invertible matrices P,Q,R such that A′ = PAQ−1

and B′ = PBR−1. Find a quiver Γ such that equivalence classes of
M are in bijection with isomorphism classes of finite-dimensional
representation of Γ.

3. [2, Exercise 2.4] Let Γ be an arbitrary quiver and let φ : (V, f)→ (V ′, f ′)
be a morphism of representations of Γ. We define the kernel of φ to be
the representation ker(φ) = (W, g) given by

W (j) = ker(φj) j ∈ Γ0

g(α) = fα|ker(φi) (α : i→ j) ∈ Γ1

(a) Show that ker(φ) is well-defined; that is, that Im(fα|ker(φi)) ⊆
ker(φj) for all arrows α : i→ j.

(b) Find the kernel of some of the morphisms you found in problem
1.

(c) Give a definition of the image of a morphism of representations
and find the image of some of the morphisms you found in problem
1.
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(d) Show that for any morphism of representations
φ : (V, f)→ (V ′, f ′) there is a surjective morphism (V, f) � Imφ
with kernel ker(φ); that is, that (V, f)/ kerφ ∼= Imφ.
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