
MA3203 - Exercise sheet 17

Throughout k denote a field

1. [2, Problem 4.1 and 4.2] Let Σ be a k-algebra.

(a) Let Λ be a k-algebra and let B be a basis for Λ. Supposed ϕ : Λ→
Σ is a morphism of k-vector spaces satisfying the following

• ϕ(1Λ) = 1Σ.

• ϕ(b1b2) = ϕ(b1)ϕ(b2) for all b1, b2 ∈ B.

Show that ϕ is a morphism of k-algebras

(b) Let Γ be a quiver and let f : Γ0 ∪ Γ1 → Σ be a function satisfying
the following:

•
∑

v∈Γ0
f(v) = 1Σ.

• qr = 0 (concatenation of paths) implies that f(q)f(r) = 0 for
all q, r ∈ Γ0 ∪ Γ1.

• f(v) = f(v)2 for all v ∈ Γ0.

• f(e(α))f(α) = f(α) = f(α)f(s(α)) for all α ∈ Γ1, where e(α)
and s(α) denotes the end and start of α, respectively

Then f extends uniquely to a morphism of k-algebras f̃ : kΓ→ Σ.

2. (Used in the end of the proof of Theorem 50 in the lecture)

Let Λ be a finite-dimensional algebra, and let r be the Jacobson radical
of Λ. Let x1, · · ·xn be elements of r, and assume their image x1, · · ·xn
in r/r2 generate r/r2 as a Λ/r-module. Show that x1, · · ·xn generate r
as a Λ-module

3. [1, Exercise II.16] This exercise shows that the assumption that k is
algebraically closed is necessary in order to claim that every basic k-
algebra is isomorphic to a quiver algebra.
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(a) Show that C is a two-dimensional basic and connected R-algebra.

(b) Show that there is no quiver Q and admissible ideal I so that
C ∼= RQ/I.

4. [1, Exercise II.17] Here we show that the generators of an admissible
ideal are not uniquely determined in general:

(a) Let Γ be the quiver

2

1 3

4

βα

γ δ

.

and let I1 = 〈βα+ δγ〉 and I2 = 〈βα− δγ〉 be two ideals of kΓ. If
chark 6= 2, show that I1 and I2 are admissible and distinct, and
that there is an k-algebra isomorphism kΓ/I1

∼= kΓ/I2 .

(b) Let Γ be the quiver 1 2 3
α

β

γ
and let I1 = 〈γα − γβ〉

and I2 = 〈γα〉 be two ideals of kΓ. Show that I1 and I2 are ad-
missible and distinct, and that there is an k-algebra isomorphism
kΓ/I1

∼= kΓ/I2 (Here the characteristic of k can be arbitrary).
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