
MA3203 - Exercise sheet 10

Throughout k denotes a field.

1. [1, Proposition 3.7 (a)-(c)] Let Λ be a ring and let L,M,N be Λ-
modules. Show that the following hold:

(a) An element m ∈ M belongs to radM if and only if f(m) = 0 for
any f ∈ HomΛ(M,S) and any simple Λ-module S.

(b) If g : M → N is a morphism of Λ-modules, then g(radM) ⊆ radN

(c) rad(M ⊕N) = rad(M)⊕ rad(N).

2. [1, Exercise I.7.6] Let Λ be a ring, let M be a Λ-module, and let N be
a Λ-submodule of M . Prove that

(a) (N + radM)/N ⊆ rad(M/N).

(b) If N ⊆ radM , then rad(M/N) = (radM)/N .

3. Find the radical of the module Λe1, where Λ is the path algebra of each
of the following quivers (with relations):

(a) Λ = kΓ for Γ = 1 2 3α β
.

(b) Λ = kΓ/(γα− γβ) for Γ = 1 2 3
α

β

γ
.

(c) Λ = kΓ for Γ = 2 1 3α β
.

(d) Λ = kΓ/(αβ, β2) for Γ = 2 1α
β .
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4. Let Γ be the following quiver
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α
γ

β

and for λ, µ ∈ k let M(λ, µ) be the representation given by

k
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k

[
0
1

]
[
λ µ

][
1
0

] .

Compute the radical of M(1, 1) and M(0, 0).

5. [2, Exercise 9.2] Let Λ be a ring and let M be a module of finite length
`(M).

(a) Show that rad`(M) M = 0.

(b) M is called uniserial if it has a unique composition series. Let m
be the smallest positive integer so that radmM = 0 (this is some-
times called the radical length of M). Show that M is uniserial if
and only if its radical length is equal to its length.

(c) Find the radical length of the modules in exercise 3.
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