MA3203 - Problem Set 4 (Quivers with Relations)

In all problems, K denotes a field and all representations are representations over K.
1. (Based on [1, Exercise 11.14]) Let Q = aC 1 Dﬂ and let A = KQ/(a?, 5%, Ba).

(a) What is the dimension of A as a vector space?

(b) Let K{(x,y) be the ring of polynomials with coefficients in K and noncommuting
variables z and y (that is, xy # yz). Show that A = K{x,y)/(x?, y* yx).

a

(c) Let A = {{

a
c d

0
0} ca,b,c,de K}. Show that A is a ring and that A = A.

2. Let Q = (Qo, Q1) be an arbitrary quiver. The ideal of K@ generated by @ is called
the arrow ideal of @ (or technically K@), and is often denoted Rg. An arbitrary ideal
I C K@ is called admissible if there exists an integer m > 2 so that Rg cIC R%.

(a) Show that if I is admissible, then K@/ is finite dimensional (even if K@ is not).

B
(b) [1, Exercise I1.7a] Let I' = aC 1 ; 2 andlet p = {a?, 783, f7—Bavy}. Show

that (p) is an admissible ideal.
(c) Compute dimg KT'/(p).

a B
3. Let Q= 1:7—=2 B: 3 and let A = KQ/(a*a, 8%, a* + §* ). This algebra is
called the preprojective algebra of type As and has many interesting properties.

(a) Find the representation corresponding to the module Ae; for i = 1,2, 3.
(b) Show that there exist morphisms Aes — Aey which are not invertible.
()
(d) Find the representation corresponding to A considered as a module over itself.
Hint: recall that A = A - 15. What is the identity element of A?

Show that Aey is indecomposable.
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4. [1, Exercise 11.15] Find a bound quiver algebra which is isomorphic to each of the
following triangular matrix algebras:
0
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