
MA3203 - Problem Set 16 (Basic algebras)

Let Λ be a finite-dimensional K-algebra over some field K. Recall that if Λ is basic, then as
rings, Λ/radΛ ∼= D1⊕ · · · ⊕Dn, where each Di is a division algebra over K. The converse of
this fact is true as well, and while not explicitly stated, is essentially proven in the videos.

1. This exercise shows that the assumption that K is algebraically closed is necessary in
order to claim that every basic K-algebra is isomorphic to a quiver algebra.

(a) Show that C is a basic R-algebra.

(b) Show that there is no quiver Q and admissible ideal I so that C ∼= RQ/I.

2. For simplicity, let K be an algebraically closed field. Let φ : Γ → Λ be a non-
unital morphism of finite-dimensional K-algebras. This means we are not assuming
φ(1Γ) = 1Λ.

(a) Let I ⊆ Λ be a left ideal. Show that there is an injective homomorphism of
K-vector spaces φ∗ : Γ/φ−1(I)→ Λ/I given by φ∗(x+ φ−1(I)) = φ(x) + I.

(b) If I is a 2-sided ideal, show that φ is a ring homomorphism (which does not
necessarily send 1 to 1).

(c) From now on, suppose that Λ is basic. Show that if I is maximal in Λ, then either
φ−1(I) is maximal in Γ or φ−1(I) = Γ. Hint: what is dimK(Λ/I)?

(d) Show that φ(radΓ) ⊆ radΛ. Hint: recall that the radical is the intersection of all
maximal left ideals.

(e) From now on, assume that φ is injective. Show that φ−1(radΛ) ⊆ radΓ. Hint:
recall that the radical is nilpotent and that any nilpotent ideal is contained in the
radical.

(f) (Recall that we are assuming φ is injective.) Show that radΓ = φ−1(radΛ).

(g) [1, Exercise III.2b] Recall that since Λ is basic, we have an isomorphism of rings
Λ/radΛ ∼= Kn for some n. Use this fact and parts (b) and (f) to show that Γ is
basic (assuming that φ is injective).

3. [1, Exercise III.3] For simplicity, let K be an algebraically closed field. Let

Q = 1 2α
γ

δ
β

and let ρ = {δγ − α2, α3 − α2, γδ − β2, β3 − β2, αδ − δβ, γα− βγ}.
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(a) Show that KQ/(ρ) has a K-basis {e1, e2, α, β, γ, δ, α
2, β2, δβ, γα, γα2, α2δ}.

(b) Show that the subalgebra of KQ/(ρ) generated by {α2, γα2, α2δ, β2} is isomorphic
to the algebra of 2× 2 matrices over K.

(c) Conclude that KQ/(ρ) is not basic. Hint: Use problem 2.

(d) Conclude that (ρ) is not an admissible ideal.

4. [2, Problem 6.1] Let K be a field and let φ : Λ→ Γ be a surjective homomorphism of
finite-dimensional K-algebras.

(a) Let M be a left Γ-module. For λ ∈ Λ and m ∈ M , define λ.m := φ(λ).m. Show
that this makes M into a left Λ-module.

(b) Let M,N ∈ ModΓ. Show that HomΓ(M,N) = HomΛ(M,N) (as subspaces of
HomK(M,N)).

(c) Show that M ∼= N as Γ-modules if and only if M ∼= N as Λ-modules.

(d) Define an exact, full, and faithful functor F : modΓ→ modΛ.
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