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Exercise sheet 2

1. Root adjunction and degree of field extensions:

a) Find the degree of the following field extensions:
. [Q(v5): Q.
. [Q(V5,V7): Q.
[Q(V5+V7) : Q).
[@(¥/3) : Q.
b) Prove that the field £ := Q ({\/ﬁ 1d e N}) is an algebraic extension over Q, but
[E: Q] = 0.
c) Let E//F be an algebraic field extension and «, 5 € E. Find a proof or counterexample:
o We have [F(«,f3) : F| = [F(«a): F]-[F(B) : F].
« We have [F(a,8) : F(a)] - [F(a) : F] = [F(a, 8) : F(8))-[F(8) : F)
o If [E: F|=p for a prime p and a ¢ F', we have F(a) = E.
o If [F(a): F]is odd, then F(a?) = F(a).
e Foranyae F,F(a)=F(a-«

)-
d) Show that [F(a-f3): F] < [F(«,p) : F.
Give an example where [F(a - 3) : F|] < min{[F(«) : F],[F(B) : F]}.

2. Algebraic closures, alghebraically closed fields:

a) (Proposition 4.7 of the lecture): Let K be a field. The following are equivalent:
(i) K is algebraically closed.
(ii) Every irreducible polynomial p € K|[x] is of degree 1.
(iii) Every polynomial f € K[z| factors in K into linear factors.
(iv) Every non-constant polynomial f € KJz| has at least one root in K.

b) Let K/FE and E/F be algebraic field extensions. Then K/F is an algebraic field
extension.
(Hint: Let o € K and p = ap,2™ + ... + ap € E[z] the minimal polyonmial. Show first
that [F(a) : F(a1,...,a,)] < 00.)

c¢) (Proposition 4.10 of the lecture): Let K/F be a field extension and let K be algebraically
closed. Then the algebraic closure of F' in K is an algebraic closure of F.
(Hint: Apply the previous exercise)

d) (Proposition 4.11 of the lecture): Let E//F be a field extension, p € F[z| with o € E a
root of p, 0 : E — E an F-automorphism and Ny(F) := {# € E : p(8) = 0}. Then
o(Np(E)) = Np(E).
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e) Show that for a algebraic over F' with minimal polynomial p,,
| Homp(F (), F())| = [Np, (E)].

(Recall Homp(K, L) := {0 : K — L embedding with o|rp = id}).

f) (similar to (e)): Let « algebraic over F' with minimal polynomial p,, K algebraic over
F. Then
| Homp (F(), K)| = [Ny, (K)|.

In particular, show that if p, has all distinct roots in F', | Homp(F (), F)| = deg(pq)-

3. Splitting fields, Normal extensions:

a) (Proposition 5.1 of the lecture): If K is a splitting field of f € F[z] over F, then
[K : F] < oo and in particular, K/F is algebraic.

b) (Proposition 5.3 of the lecture): Given an arbitrary (possibly uncountable) family of
polynomials (f;)ier C F[z]. Then a splitting field for (f;);cr exists and is unique up
to F-isomorphisms.

(Hint: Use the algebraic closure(s) and imitate proof methods from the lecture.)

c¢) Prove that every extension of degree 2 is normal.
d) Which of the following extensions are normal?

. R(v3)/R

- Q(V2)/Q(v2).

o Q

- Q




