
Galois theory Spring 2025 Exercise sheet 1

Exercise sheet 1

1. Ring theory - a warmup:
Prove the following statements in an integral domain R:

a) If d | d′ and d′ | d, then d ∼ d′.
b) Prove that every prime is irreducible.
c) a | b if and only if (b) ⊆ (a).
d) (a) = (b) if and only if a ∼ b.
e) The intersection of at most countably many ideals is an ideal.
f) The sum I + J of two ideals I, J is an ideal, but I ∪ J is in general not an ideal.
g) If I1 ⊆ I2 ⊆ I3 . . . is a chain of nested ideals, then I := ⋃

j∈N Ij is an ideal.

2. UFD, PID, Euclidean domains:
a) Prove that Z is a UFD.
b) Prove that neither Z[i

√
5] (with standard complex multiplication), nor Z[x] is a PID.

c) Prove that F [x, y] where F is a field is not a PID.
d) Prove that any Euclidean domain R is a PID.

(Hint: Prove that I = (d) where d is a minimizer of min
a∈I\{0}

Φ(a) where Φ : R∗ → Z is

the Euclidean function.)
e) Show that the Gaussian integers Z[i] are a Euclidean domain with Euclidean function

Φ : Z[i] \ {0} → Z defined via a + bi 7→ a2 + b2.
(Hint: Show that for x, y ∈ Z[i], any q that minimizes minz∈Z[i]∥x

y − z∥ (where ∥.∥ is
the standard norm in the complex numbers) satisfies x = yq +r, r = 0 or Φ(r) < Φ(y).)

f) Use the Euclidean algorithm to compute a greatest common divisor of 6+5i and 3−2i
in Z[i] and determine x, y ∈ Z[i] such that gcd(6 + 5i, 3 − 2i) = x(6 + 5i) + y(3 − 2i).

g) Show that in the ring Z[
√

−3], the gcd of 4 and 2 + 2
√

−3 does not exist.
h) Prove that if gcd(ca, cb) exists, then gcd(ca, cb) = c gcd(a, b).
i) Show that the ring Z[

√
2] is a Euclidean domain. Explain why we have

(5 +
√

2)(2 −
√

2) = (11 − 7
√

2)(2 +
√

2)

even though each of the factors is irreducible.

3. Irreducibility and factorization:
a) Give an example of a polynomial that is reducible over Z but irreducible over Q.
b) Prove that a polynomial p ∈ F [x] with deg(p) ∈ {2, 3} is irreducible over a field F if

and only if p has no root in F .
c) Prove via Eisenstein criterion that the following polynomials are irreducible over Q[x]:

• x3 − 9x2 + 6
• x2 + 2x − 16
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• ϕp(x) := xp−1 + xp−2 + . . . + x + 1 where p is a prime.
(Hint: Write ϕp(x) = xp−1

x−1 and apply Eisenstein after substitution x 7→ x + 1.)

d) Prove that 3√2 is irrational.
e) Prove that x4 + 8 is irreducible over Z.
f) Prove that x3 + 3x + 2 ∈ Z7[x] is irreducible over Z7.
g) Find the unique factorization of f(x) = x4 + x3 − 3x2 + 3x + 3 ∈ Z5[x].
h) Find the unique factorization of f(x) = x3 − 7x2 + x − 7 ∈ Z[x] (without brute-force,

“guessing”, or Cardano’s formula).
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