
Galois theory Spring 2025 Exercise sheet 5

Exercise sheet 5

1. Galois groups and solvable polynomials:
a) Let F (α)/F, F (β)/F be two Galois extensions and assume that their corresponding

Galois groups are Abelian. Show that Gal(F (α, β)/F ) is solvable.
b) Let F = GF (53), E = GF (524). Determine the structure of the Galois group and list

all intermediate fields F ⊆ K ⊆ E.
c) Which of the following polynomials are solvable by radicals over Q?

• x5 − 9x + 3.

• 2x5 − 5x4 + 5.
• x5 − 8x + 6.
• x5 − x4 − x + 1.
• x5 − 4x + 2.
• x5 + 13x3 − 7x2 + 5x.

2. Constructions with ruler and compass:

a) Determine the set of n ∈ N so that n
√

3 can be constructed with ruler and compass.
b) Let P, Q ∈ K. Show that we can construct a line perpendicular to L(P, Q) that runs

through P .
c) Prove the following properties of the Euler totient function φ:

• φ is multiplicative, i.e. for m, n ∈ N with gcd(m, n) = 1, we have φ(mn) =
φ(m)φ(n).

• For every p ∈ P and every k ∈ N, we have φ(pk) = pk−1(p − 1).
• Deduce that if a regular n-gon and a regular m-gon can be constructed with

gcd(m, n) = 1, then the regular mn-gon can be constructed.
• Do we need the assumption of gcd(m, n) = 1?

d) Prove that the angle 2π
5 can be trisected by ruler and compass.

e) Which of the following regular n-gons can be constructed?
• n = 5.
• n = 7.
• n = 20.
• n = 1028.
• n = 5 · 1028.

f) Which of the following numbers are constructible?
•

√
5 + 2i − i.

• 3
√

π.

•
√

(π − 1)( 1
2π + 2) − (2π − 4 + 1

2π ).
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• The roots of x4 − 3x2 + 4.
g) Given three constructible points P, Q, R, with the lines L(P, Q) and L(Q, R) intersec-

ting at angle θ, construct cos(θ) from there, only using ruler and compass.
h) Show that Theorem 5.9 in the book is false, by constructing an example where

α ∈ C, [Q(α) : Q] = 2m, m ∈ N, but α /∈ K.
(Hint: Show that for constructible α, there exists a normal extension E/Q such that
α ∈ E, [E : Q] = 2k, k ∈ N. You can use (without proof) that x4 − x − 1 is irreducible
with Galois group S4.)

2


