Galois theory Spring 2025 Exercise sheet 4

Exercise sheet 4

1. Fundamental Theorem of Galois theory and related questions:

a) Let p,q be primes. Show that the number of irreducible polynomials of degree p over
GF(q") is equal to (¢" — 1) - (qpnp_qn).
(Hint: Use that GF((¢™)P) is the splitting field of a particular polynomial h and prove
that irreducibles of degree p divide h.)

b) Determine the structure of Gal(GF(p™)/GF(p)).
c¢) Find the Galois group of 2% — 322 + 4 over Q.

d) Let E = Q(z3 — 2) (splitting field of 23 — 2 over Q) and let w be a primitive third
root of unity. For each of the following subgroups S; < Gal(E/Q), determine Eg,.

o 81 = ({id,o2}) where 09(V/2) = V2w?, 02 (w) = w?.

o Sy = ({id, o3}) where 03(V/2) = V2w, o3(w) = w?.

o S3 = ({id,04}) where 04(V/2) = V2, 04(w) = 2.

o Sy = ({id,05,06}) where 05(v/2) = V2w, 05(w) = w,06(V2) = V2w?, 06(w) = w.
o S5 = ({{id,092,05}).

e) Let £ = F(a1,a2) be a Galois extension, let K1 = F(a1), Ko = F(az) and Hy =
Gal(E/Ky), Hy = Gal(E/K2). Prove the following:

e« HHNHy= {Zd}

o Assume for any ¢; € Hy,g1(K2) C Ko and for any go € Ho, g2(K71) C K;. Then
the group actions commute, i.e. g1go = gog1 for any g1 € Hy, gs € Ho.

f) Let E = Q(«'" — 2) Prove the following:

o Show that there exists an intermediate field Q C K C E such that Gal(E/K) <
Gal(E/Q) with |Gal(E/K)| = 17.

o Show that there exists an intermediate field Q C L C E, such that [L : Q] = 34.
Hint: Use Sylow’s Theorem.

o Show that Gal(E/Q) is non-abelian.
Hint: Find a subgroup that is not normal.

g) Let E/F be a Galois extension.

o Let [E: F] =4. Is it possible that there are exactly 2 proper intermediate fields
FCKCE?
o Let [E: F] =6 and assume E = F(p) for an irreducible polynomial p of degree 3.
How many intermediate fields F' C K C E are there?
h) Let E/F be a Galois extension of degree n. Prove that Gal(E/F) < S,, (where S, is
the symmetric group).
2. Solvable groups: Let G be a finite group.

a) (Lemma 11.4 of the lecture): Prove that G is solvable if and only if there exists a
normal series {e} = Gy < G1 < G2...G, = G such that G;+1/G; is Abelian for all
1=0,....,r—1.
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b) (Lemma 11.5 of the lecture): If G is solvable, then every subgroup H < G and every
factor G/N with N <1 G is solvable.
Hint: Use the fact that a group G is Abelian if and only if ghg~'h™! = e for all
g,h € G, or use the second and third Isomorphism Theorem several times.

3. Applications of Galois theory: Let G be a finite group.

a) Let p € F[z] irreducible. Prove that you can find a root of p with finitely many
“algebraic operations” if and only if you can find all roots of p with finitely many
“algebraic operations”.

b) (Realization of finite groups as Galois groups): Prove that every finite group G can be
realized as the Galois group of a field extension.
Hint: Applying Cauchy’s Theorem shows that G < &, for some n. Now let ' =
Q(y1,-.-,yn) with y; all mutually transcendental. Take F' = Epy where H = {0 :
7 € Sp} C Gal(E/Q) with 0x(yi) = Yn(s)- Prove that p(z) = [[} (v — v;) € F[z] and
E = F(p). Then find a suitable intermediate field.




