Galois theory Spring 2025 Exercise sheet 3

Exercise sheet 3

1. Normal extensions and root multiplicities:
a) Determine the splitting field of 2% — 2 and its degree over Q.

b) Let «, 3 be algebraic over F' and assume F(«)/F, F(3)/F are both normal. Prove
that F(«, 8)/F is normal.

c¢) (Proposition 6.1 of the lecture): Show linearity and product rule for the formal
derivative of polynomials, i.e.:

e (af+bg) =af' +bg, a,beF,fge Flx]
« (fr9)=f-9+d f [fg€Fz]
d) Show that for any polynomial f € F[x], its root multiplicity at a equals

min{n € N: f(™(a) # 0}

(as usual, f:= f, f")(z) := (fV) (z),n > 1),

e) Let f € F[z] be an irreducible polynomial with o € Nt(«). Show that its multiplicity
divides deg(f).

2. Finite characteristics, separable and simple extensions:

a) Let F be a field with characteristic p. Prove that if f € F[z] is an irreducible
polynomial with deg(f) not being divisible by p, then f only has simple roots.

b) Show that in GF(p"), ¥/a exists for every a € GF(p").

c) Let p,q be primes. Show that the number of irreducible polynomials of degree p over

GF(q") is equal to (¢" — 1) - (#)

(Hint: Use that GF((¢"™)?) is the splitting field of a particular polynomial h and prove
that irreducibles of degree p divide h.)

d) Prove that a field F' with characteristic p is perfect if and only if the p-th root of
every a € F' exists in F.
(Hint: Look at the proof that irreducible polynomials in finite fields only have simple
roots.)

e) Determine the structure of Gal(GF (p")/GF(p)).
(Hint: Look at the Frobenius homomorphism z +— zP.)

f) Find (explicit) a € C such that £ = Q(«) where
- BE=Q(vV2,V7),

o E=Q(/2+V2, V7).

3. Galois theory, roots of unity:

a) Determine the Galois groups Gal(E/F) for the following field extensions:
. F=Q, E=Q(2 V7).
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« F =Q, E = splitting field of 27 — 1.

« F=Q, E=F(2).

e F=Q, E = splitting field of 23 — 2.
b) (Proposition 9.1 of the lecture):

Let n € N and let ¢(n) = #{a € Z,, : gcd(a,n) = 1} denote the Euler totient function
Then we have the following:

() )
VYm € Zy, : ord(m) = scd(mm)’
In particular, (m) = Z,, & ged(m,n) = 1.
(ii):
Vd | n:#{m € Zy, :ord(m) =d} = p(d).

In particular, Z,, has exactly ¢(n) many generators.

Z o(d) =n.

dln

(iii):




