Galois theory



1 PIDs and UFDs

R - commutative ring with unity
R*=R\{0}
Definition 1.1
* Ris an integral domainifab=0=a=0orb=0foralla,b € R
* Leta,b € R. We say adivides b if Ic € R s.t. b = ca. In this case we write a|b.
* Anelementu € Risaunitif 3v € R s.t. uv =1.
From now on: R is an integral domain.
Definition 1.2
* Anelement p € R* is prime if
1. pis not a unit
2. plab = pla or p|b for a,b € R.
* Anelement g € R* is irreducible if
1. g is not a unit
2. g =ab for some a,b € R = a or b is a unit.

Lemma 1.4
Let R be an integral domain.

1. Leta,x,y € R,a+#0. Thenax=ay=x=Yy.
2. Leta,b € R. Then a|b and b|a = 3 unit u € R such that b = ua.
3. Leta,p € R, anot a unit, p prime. Then a|p = J unit u € R such that a = up
4. Let p,u € R, u a unit. Then p is irreducible/prime iff pu is irreducible/prime.
5. Let p € R. Then p is prime = p is irreducible,
6. Leta,b € R. Thena|b < (b) C (a)
Definition 1.5
* Ris a principal ideal domian (PID) if V ideal I ¢ R,3x € R such that I = (x)
* R is a unique factorization domain (UFD) if:
1. V non-unit x € R*, 3 irreducible elements py,...,p, € R withx = py...p,

2. if Firreducible elements ¢y, ...q,, such that

P1---Pn=41---4m

then n=m and, up to reordering, we have p; = u;q; for all 1 <i < n, where u; € R are units.



Theorem 1.6
Let R be a PID and p € R be irreducible. Then p is prime.

Theorem 1.7
Let R be a PID. Then R is a UFD.

Definition 1.8
Leta,b € R. A greatest common divisor of a and b is an element d € R s.t.

1. d|a and d|b
2. if ¢|a and c|b, then c|d
Remark 1.10
1. If R is a UFD, then gcd(a,b) always exists.

2. gcd(a,b) does not necessarily exist in general.



2 Euclidean domains and polynomial rings

Definition 2.1
R is called a euclidean domain if 3 a function ¢ : R — Z such that:

1. if a,b € R* and b|a, then ¢(b) < ¢(a)
2. ifa/inR and b € R*, then 3q,r € R with a = bg+r and ¢(r) < ¢(b)

Theorem 2.2
Let (R, ¢) be a euclidean domain. Then R is a PID.

Theorem 2.4 (generalized division)
Let f(x) = fo+ fix+...+ fiux™ € R[x] and g(x) = go+g1x+... +gnx" € R[x]".
Set k :=max{m—n+1,0}. Then 3!g(x),r(x) € R[x] s.t.

gnf () = q(x)g(x) +7(x)
where deg(r) < deg(g)

For the rest of this chapter we assume that R is a UFD.

Definition 2.6
Let f(x) =ap+aix+...+a,x" € R[x].

1. f(x) is called monic if a,, = 1
2. The content of f(x), denoted c(f) is c(f) := gcd(ao, ...,an)
3. We say that f is primitive if c(f)=1.

Lemma 2.7 (Gauss * lemma)
If f(x),8(x) € R[x], then c(fg) = c(f)c(g)

Theorem 2.8
Assume that R is a UFD. Then R[x] is a UFD.



3 Polynomial rings over fields and irreducibility in Z,

F-field
Remark 3.1 (Properties of F[x])
1. F[x] is an integral domain.
2. f(x) e F[x]isaunitiff f(x)=ce F*

3. f(x) € F[x] is irreducible & deg(f)> 1 and f(x) = g(x)h(x) = g(x) € F or h(x) € F. We say that
f(x) is reducible if f(x) is not irreducible.

4. f(x) € F[x] irreducible & (f(x)) is maximal ideal <= F[x]/(f(x)) is a field

5. We have a division algorithm: Vf(x),g(x) € F[x] with g(x) £ 0, 3!g(x),r(x) € F[x] with f(x) =
q(x)g(x) +1(x), deg(r) < deg(g)

deg(f) f#0

6. (F[x],¢) is a euclidean domain where ¢(f(x)) = {_1 F=0

Definition 3.2
If F is a subfield of another field E, then we say that E is an extension field of F and that the inclusion F C E
is a field extension.

Definition 3.3
Let F C E be a field extension. Let f(x) € F[x] and « € E. We say that « is a root of fif f(a) =0.

Lemma 3.4
Let f(x) € F[x].

1. If degf =1, then f is irreducible and f has a root in F.
2. If degf > 1 and f has a root in F, then f is reducible.
3. If deg f € {2,3}, then f has a root in F iff f is reducible.
Lemma 3.6 (Gauss ~ lemma)// Let f(x) € Z[x] with deg(f) > 1. TFAE:
1. fisirreducible over Z
2. fis primitive over Z and irreducible over Q.

Theorem 3.7
Let f(x) =ao+aix+...+a,x" € Z[x] be monic. If f(a) =0 for some @ € Q, then @ € Z and a/|ay.

Theorem 3.8 (Eisenstein criterion)
Let f(x) =ap+aix+...+a,x" € Z[x],n > 1. If 3 prime p € Z such that

1. plag,...,plan-1
2. ptan
3. p*tao

then f(x) is irreducible over Q.



4 Field extensions and root adjunction

F - field

Let F C E be a field extension. Then E is a vector space over F with addition and scalar multiplication given
by the field operations.

Definition 4.1

The dimension of E as an F-vector space, dimpE is denoted [E : F] and is called the degree of E over F. If
[E : F] < co then E is called a finite extension of F, otherwise it is called an infinite extension of F.

Theorem 4.3
Let FCKCEbefields. If [E: K] <ooand [K: F] <ocothen [E:F]=[E:K][K:F] < .
Remark 4.4

Let o : F — E be a ring homomorphism where F and E are fields. Since ker o is an ideal of F, we have that
ker o = (0) (injective) or ker o = F (0 = 0. If o is injective, then o is called an embedding and gives an
isomorphism o : F — o (F). By identifying F with o (F) C E, we view E is an extension field of F.

Theorem 4.5
Let f(x) € F[x] with deg f; 0. Then 3 field extension F' C E such that f has a root in E.
Notation

* Let F C E be a field extension. Let U C F be a subset. We denote by F(U) the smallest subfield of E
containing F and U. Then we have a field extension F C F(U) C E

* Let f(x) € F[x] with degf > 1. Let F C E be a field extension such that a € E is a root of F. We
denote Fla] ={bo+bia+...+b,a"|n>0,by,...,b, € F}

Theorem 4.6

Assume the above setup. Then F(a) = F[a]. Moreover, if p(x) is an irreducible factor of f with deg(p)=d
and p(a) =0, then {1,a,a?,...,a% '} is a basis of F(a) over F. In particular, [F(«) : F] = deg(p).



S Algebraic extensions of fields

F - field

Definition 5.1 Let ' C E be a field extension.
1. Let a € E. Then « is called algebraic over F if 3 nonzero polynomial f(x) € F[x] with f(a) =0.
2. Eis called an algebraic extension of F if every element of E is algebraic over F.
3. Eis called a transcendental extension of F if 3 @ € E which is not algebraic over F.

Theorem 5.2 Let F C E be a field extension and let a € E be algebraic over F. Let p(x) € F[x] be a nonzero
polynomial with p(a@) = 0 and such that deg(p) is minimal. Then the following holds:

1. p(x) is irreducible over F[x].

2. f(x) € F[x] satisfies f(a) =0, then p(x)|f (x).

3. 3! monic such polynomial p(x) which is called the minimal polynomial of o over F.
Theorem 5.3 Let F' C E be a finite field extension. Then E is an algebraic extension of F.

Corollary 5.4 Let F C E be a field extension. If @ € E is algebraic over F, then F C F(«) is a finite and
algebraic extension of F.

Definition 5.6 A field extension F C E is called finitely generated if 3 a1, ..., such that E = F(ay,...,a;).
Clearly finite extension is finitely generated. The opposite is not true.

Theorem 5.8 Let F C E = F(ay,...,a,) be a finitely generated field extension such that «; is algebraic over
F for 1 <i < n. Then it is a finite and, by theorem 5.3, and algebraic extension.

Corollary 5.9 Let F' C E be a field extension. The set K = {«@ € E|a algebraic over F} is a subfield of E and
an algebraic extension of F, called the algebraic closure of F in E.

Definition 5.11 Let F C K, F C L be a field extensions. A field embedding o : K — L (i.e. nonzero ring
homomorphism) is called an F-homomorphism or an embedding over F if 0| = idF thatis, o (a) =aVa € F.

Theorem 5.12 Let F C E be an algebraic field extension and o : E — E an F-homomorphism. Then o is
onto and hence an isomorphism.



6 The algebraic closure of a field

F - field
Definition 6.1

1. Fis called algebraically closed if it has no proper algebraic field extension.

2. Let F C E be a field extension. Then E is an algebraic closure of F if F' C E is an algebraic extension
and E is algebraically closed.

Theorem 6.2
TFAE:

1. Fis algebraically closed
2. f(x) € F[x] irreducible & deg(f) =1

3. f(x) € Flx],deg(f) =n>1= f(x)=pi(x)...pn(x) where deg(pi(x)) = 1,pi(x) € F[x]
4. f(x) e F[x],deg(f) 21 =tfhasarootinF.

Lemma 6.4

Let o : F — L be an embedding of F into an algebraically closed field L. Let F C F(«) be an algebraically
extension. Then there exists an embedding o* : F(a) — L such that 0*|r = o and the number of such
embeddings is the same as the number of distinct roots of the minimal polynomial of & over F in L.

Theorem 6.5
Let o : F — L be an embedding of F into an algebraically closed field L. Let F C E be an algebraic extension.
Then there exists an embedding o* : E — L such that *|p = 0.

Theorem 6.6
Let F be field and K, K* be algebraic closure of F. Then 3 F-isomorphism ¢ : K — K.

Theorem 6.7
3 an algebraically closed field K that contains F as a subfield.

Note
Theorem 6.7 gives the existence of a field extension F' C K with K algebraically closed. In general, it is not
necessary that K is an algebraic closure of F.

Lemma 6.8
Let F € K C E be field extensions such that F' C K is algebraic. Let @ € E be algebraic over K. Then « is
algebraic over F.

Theorem 6.9
There exists an algebraic closure F over F.



7 Splitting fields

F - field

Definition 7.1
Let f(x) € F[x],deg(f) = 1. An extension field E of F is called a splitting field of f(x) over F if

1. f(x) factors into linear factors f(x) = c(x — 1) (x — @3)...(x — a,) in E[x].
2. if F C K C E are field extensions, then f(x) does not factor into linear factors in K[x].

Remark 7.2
Let f(x) € F[x],deg(f) > 1.

1. A splitting field of f(x) always exist. Let a1, ...,a, € F be the roots of f(x). Then F(ayi,...,a,) is a
splitting field of f(x).

2. Let F be a splitting gield of f(x) satisfying E C F. Write f(x) = c(x —a1)(x — a3)...(x —a,,) in E[x].
Then F(ajy,...,a,) C E by (1) f(x) factors in F(ay,...,a,) ans so E = F(ay,...,ay).

3. We have f(a;) =0Veq; and so ¢; is algebraic over F. Since E = F(ay, ...,a,) we obtain that [E : F] < oo
and so algebraic by thm. 5.8.

Theorem 7.4
Let E and K be two splitting fields of f(x) € F[x] over F. Then 3 an F-isomorphism o : E — K.



8 Normal extensions

F - field

Definition 8.1
Let {fi(x)}icr C F[x] with deg f;(x) > 1 be a (possibly infinite) collection of polynomials. An extension
field E of F is called a splitting field of { f; (x)};cs over Fif

1. f;(x) factors into linear factors in E[x] for all i € I.

2. E = ({r € E|3i € I with f;(r) =0}), that is E is generated over F by all the roots of the polynomials
{fi(x) }ier-

Definition 8.2
A field extension F C E is called normal if E is a splitting field of a collection of polynomials { f; (x) }iinrcF[x]-

Proposition 8.4
Let F C E be a field extension. TFAE:

1. F C E is normal and finite.
2. E is the splitting field over F of a finite family of polynomials { fi(x),..., fu(x)} € F[x]
3. Eis the splitting field over F of a polynomial f(x) € F[x].

Theorem 8.5
Let F C E C F be field extensions. TFAE:

1. F C E is a normal extension

2. Every irreducible polynomial in F[x] that has a root in E factors into linear factors in E[x]. Equiva-
lently, every such irreducible polynomial has all its roots in E.

3. Every embedding o : E — F with o = idF restricts to an F-automorphism of E.



9 Root multiplicity

F - field

Definition 9.1
Let f(x) =ap+aix+...+a,x" € Fx].

1. The derivative of f(x) is the polynomial f(x) = aj +2ax+...+na’~! € F[x].
2. Let E be the splitting field of f(x) over F. Let @ € E be a root of f(x). If f(x) = g(x)(x —a)™ for some

g(x) € E[x] and n > 1, and if (x — ) does not divide g(x), then m is called the multiplicity of @. If
m=1, then « is called a simple root, otherwise « is called a multiple root.

Remark 9.2
Let f(x),g(x) € F[x],a,b€eF.

1. We have the familiar formulas (a f (x)+bg(x)) =af(x)+bg(x) and (f(x)g(x)) = f(x)g(x)+ f(x)g(x).

These can be proved immediately from definition.

deg(f)—1 deg(f) =1

2. If char(f)=0, then d. =
® eg(f) {—oo deg(f)=0 or {=0

3. Let f(x) =xP € Z,[x]. Then f"(x)=0. In general, the implication f’(x) = 0 = f(x) is constant holds
only in fields of characteristic 0.

4. We define ™ (x) = (f*=D(x)) forn > 1 and f© =),

5. Let f(x) € F[x] and assume that char(F) = p > 0. Then if k > p, we have f¥)(x) = 0. Indeed, by (1)
it is enough to show this for a monomial a,x*. If s < p then clearly (a;x®)?) = s(s=1)...(s = (p -
1))x*~? and p divides one of s, s-1,..., s-(p-1). So (a;x*)(?) =0 and so (a,x*)*) = ((a,x®)P))k=P) =
0k=p) =,

Theorem 9.3
Let f(x) € F[x] with deg(f) = 1. Let E be a splitting field of f(x) over F. Let @ € E be a root of f(x) with
multiplicity m¢. Let m > 1. TFAE:

1. f(@)=...=fD(a)=0and f () #0
2. m =my and either char(F)=0 or char(F)=p > m.

Lemma 9.5
Let f(x) € F[x] be irreducible. Let E be a splitting field of f(x) over F. Then f(x) has a multiple root in E iff

f(x)=0.

Corollary 9.6
Let f(x) € F[x] be irreducible. Let E be a splitting field of f(x) over F.

1. If char(F)=0, then f(x) has only simple roots in E.
2. If char(F)=p > 0, then f(x) has a multiple root in E iff 3g(x) € F[x] with f(x) = g(xP).

Theorem 9.7
Let f(x) € F[x] be irreducible. Let E be a splitting field of f(x) over F. Then all roots of f(x) in E have the
same multiplicity.
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10 Finite fields

Definition 10.2
1. A field is called prime if it contains no subfield
2. The prime field of a field F is the smallest subfield of F containing 15
It is clear that the prime field of a field exists (by taking the intersection of all subfields) and that it is prime.

Theorem 10.4
Let F be a field. Let F, be the prime field of F. Then exactly one of the following two cases holds:

1. char(F)=0 and Q ~ F),
2. char(F)=p is a prime number and Z,, ~ F),
”Only two” prime fields.

Corollary 10.5
Let F be a finite field. Then char(F)=p is a prime number and |F| = p" for some n > 1.

Theorem 10.6
Let F be a finite field with prime field F), ~Z,,. Then |F| = p" for some n > 1 and F is the splitting field of
xP" —x e Fplx].

Corollary 10.7
Let F, F” be finite fields with |F| = |F|. Then F = F.

Theorem 10.8
Let F be a field with |F| = p" for some prime number p and n > 1. Then there exists an extension field E of
F with [E : F] =m forevery m € Z>;.

Corollary 10.9
For every prime number p and every integer n > 1, there exists a unique field with p" elements up to
isomorphism.

Notation 10.10
By corollary 10.5 and 10.9 it follows that we have a correspondance

{finite fields up to isomorphism} < {p" € Z|p prime, n > 1}

We denote by GF(p") the unique up to isomorphism field with p” elements. The notation stands for Galois
field which is what finite fields are usually called.

Recall
Let G be a finite group.

1. Let g € G. The order of g, denoted o(g), is the smallest n such that g” = 1. Since g!®! = 1, we have
that o(g) is finite. Also, if g* = 1, then o(g)|k and so 0(g)||G]|.

2. The exponent of G, denoted e(G) is the smallest n such that ¢g" = 1Yg € G. In other words, ¢(G) =
lem{o(g)|g € G}.

3. If G is abelian, then g € G with o(g)=e(G).
4. It follows that if G is a abelian, then G is cyclic iff |G| = e(G)

11



Theorem 10.11
Let F be a field. Then the multiplicative group F* = F\{0} is cyclic iff F is finite.

Corollary 10.13
Let F be a finite field and F C E be a finite field extension. Then E = F(«) for every @ € E* with E* = («).

Theorem 10.14
Let F be a finite field and n > 1. Then there exists an irreducible polynomial of degree n over F.

Theorem 10.15
Let F a finite field and f(x) € F[x] be irreducible. Then all roots of f(x) are simple.

Remark 10.16
Let F be a field and f(x) € F|[x] be irreducible.

1. If char(F)=0, then f(x) has only simple roots by Cor. 9.6 (1).
2. If char(F)=p is a prime number and |F| < oo, then f(x) has only simple roots by Thm. 10.15.

3. To find an example of an irreducible polynomial with multiple roots, we need an infinite field of
prime characteristic. Let F :=Z,(T) = {%M(T),g(T) €Zp,8(T) €Zy[T],g(T) # 0} be the field
of rational functions with coefficients in Z,, (addition and multiplication as usual). Using a generalized
version of Eisenstein criterion one can show that f(x) =x? —T € F[x] is irreducible. Then if E is the
splitting field of f(x) over F and « € E is a root of f(x), we have f(a)=0=aP -T=0= f(x) =

xP —dP = (x—d)? and so a, the unique root of f(x), has multiplicity p.

12



11 Separable extensions

Definition 11.1
1. Anirreducible polynomial f(x) € F[x] is called separable if all its roots (in F) are simple.

2. A general polynomial f(x) € F|[x] is called separable if all its irreducible factors are separable and
inseparable otherwise.

3. Let F C E be a field extension. An element a € E that is algebraic over F is called separable over F if
the minimal polynomial of @ over F is separable.

4. An algebraic extension F' C E is called separable if every a € E is separable over F.
5. Fis called a perfect field id every algebraic extension F' C E is separable.

Definition 11.2
A field extension F' C E is called simple if £ = F(«) for some @ € E.

Theorem 11.3
Every finite separable field extension F C E is simple.

Theorem 11.4
Let F C E be a finite field extension. TFAE:

1. E = F(«) for some ainE

2. The number of intermediate field FF C K C E is finite.
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12 Galois group

F C E - field extension
Notation 12.1

1. Amap o : E — E is called an automorphism if ¢ is a ring isomorphism. We denote
Aut(E) = {0 : E — E|o is an automorphism}

Note that Aut(E) is a griup under comoposition.

2. An automorphism o : E — E is called an F-automorphism if | = idp. We denote

G(E/F)={0 : E — E|o is an F-automorphism}

It is easy to see that G(E/F);Aut(E).
Definition 12.2
1. F C E is called a Galois extension if it is finite, normal and separable.
2. If F C E is a Galois extension, then G(E/F) is called the Galois group of the extension.

3. If F C E is a Galois extension, by Proposition 8.4, E is the splitting field of some polynomial f(x) €
F[x]. In this case the Galois group G(E/F) is also called the Galois group of f(x) over F.

Remark 12.3

Galois extension can more generally be defined as a field extensions which are algebraic, normal and sep-
arable (finite = algebraic, but the opposite is not true in generel). Also other sources may call G(E/F) a
Galois group without F C E being Galois.

Lemma 12.5
Let E = F(a) with « algebraic over F. Let p,(x) be the minimal polynomial of @ over F. Then

|[Embrp(E)| = [{r € E|pa(r) =0}| < deg(pa) = [E : F]

Theorem 12.6
1. If F C E is finite, then |G(E/F)| < |E : F].

2. If F C E is finite and separable, then [E : F] =|Embg(E)|. Moreover, in this case, |G(E/F)|=[E : F]
iff F C E is normal.

Corollary 12.7
If F C E is Galois, then |G (E/F)| = [E : F]. In particular, Galois groups are finite.

Lemma 12.8
Let oy,...,04 : F — E be distinct embeddings. Then o, ..., 07, are linearly independent, that is if a0 (@) +
w.tapou (@) =0VYa e F,thena;=...=a, =0

Definition 12.9
Let H C Aut(E) be a subgroup. The fixed field of H, denoted E, is defined to be the set

Eg={a€E|o(a)=a, YoeH}

14



Note that Ey is a subfield of E and H C G(E/Eg).

Theorem 12.10
If H < Aut(E) is a finite subgroup, then [E : Ey] = |H|.

Theorem 12.11
If FCEisfiniteand H < G(E/F),then G(E/Eg)=H and |G(E/Eg)|=[E : Eg].

Theorem 12.12
If F C E is finite and separable, then the following are equivalent:

1. F C E is normal, and hence Galois.
2. |G(E/F)|=[E:F].

3. F= EG(E/F)-

15



13 Fundamental theorem of Galois theory
Theorem 13.1 (FTGT) Let F C E be a Galois field extension. Then there are mutually inverse bijections

{subgroups H < G(E/F)} «— {intermediate fields F C K C E’}
H+—FEy
G(E/K) «— K,

that is,
1. If F € K C E is an intermediate field, then K = Eg (g/k).-
2. If H< G(E/F) is a subgroup, then H=G(E/Eg).

Moreover, if F C K C E is an intermediate field, then
3. [E:K]=|G(E/K)| and [K : F] = |G(E/F)|/|G(E/K)|.
4. If G(E/K) is a normal subgroup of G(E/F), then for every o € G(E/F) we have 0(K) =K.
5. G(E/K) is a normal subgroup of G(E/F) if and only if F C K is normal.

6. If F C K is normal, then G(E/F) = G(E/F)/G(E/K)
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14 Roots of unity and cyclotomic polynomials

F - field
Definition 14.1
LetweF
1. w is called an n-th root of unity if w" = 1.
2. If w is an n-th root of unity and w’ # 1 for 1 <i < n—1, then w is called a primitive n-th root of unity
Definition 14.3
The function ¢ : Z>| — Z given by

p(n)={deZ |1<d<n, gcd(d,n)=1}|

is called Euler’s totient function
Proposition 14.4
LetneZ,n>1

1. For every m € Z,, we have o(m) = In particular, m € Z,, is a generator of Z,, if and only if

gcd(m,n)=1

_n
ged(m,n)”

2. The number of generators of the cyclic group Z,, is ¢(n)

3. n= 2 ¢(d)
dln

Theorem 14.5
Let U be a finite subgroup of the multiplicative group F* = F\{0} of F. Then U is cyclic.
Corollary 14.6
The set {x € F |x"—1=0} C F is a cyclic group.
Theorem 14.7
Let n € Z, n > 1. Then the following are equivalent.
1. char(F) = 0 or char(F) 1 n.
2. There exists a field extension F' C E such that there exists a primitive n-th root of unity in E.

Moreover, if any of the above conditions are satisfied, there exists exactly ¢(n) primitive n-th roots of
unity in E.

Lemma 14.9
Let w € C be a primitive n-th root of unity. Then the following hold.
1. The map ¢ : (w) — Z, given by ¢(w*) =k (modn) is a group isomorphism.

2. x € C s a primitive n-th root of unity if and only if x = w* for some 1 < k < n with gcd(k,n)=1.
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Definition 14.10

Let n > 1 be such that char(F) 1 n. The n-th cyclotomic polynomial is

o= [] @-w
W primitive
n-th roof of unity

Theorem 14.2
The cyclotomic polynomial @, (x) € C[x] is an irreducible polynomial in Z[x] of degree ¢(n).
Theorem 14.13
LetneZ,n> 1. Let w € C be a primitive n-th root of unity. Then the following hold.
1. Q(w) is the splitting field of ®,,(x) and x" — 1 over Q.
2. [Q(w) : Q] = ¢(n).
3. 1G(Q(w)/Q| = ¢(n).
4. G(Q(w)/Q) = Z) (multiplicative group of units of Z,, )
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15 Cyclic extensions

Definition 15.1
A Galois extension F C E is called cyclic if G(E/F) is a cyclic group.

Lemma 15.3
Let F C E be a field extension such that G(E/F) = (o) and o is of order n. If u € E satisfies

uo(u)o?(u)--- 0" Nu) =1, (%)

then 3z € E* such that u = o-(z)z~".

Theorem 15.4
Assume there exists a primitive n-th root of unity w in F. Then the following are equivalent.

1. F C E is a cyclic extension of degree n over F
2. Eis the splitting field of an irreducible polynomial f(x) =x"—b € F[x].

Moreover, if the above equivalent conditions hold, then E = F(a) where « is a root of f(x).
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16 Polynomials solvable by radicals

F - field

Definition 16.1
Let G be a group.

1. Gis called simple if the only normal subgroups of G are e and G.
2. A composition series of G is a sequence
{e}=Go<G <G, =G
of subgroups of G such that for 0 <i <n-1
(1) G; is anormal subgroup of G4,
(i) G; # Gis1,
(iii) Gi4+1/G; is a simple group.

A composition series does not necessarily exist. However, if such a composition series of G exists
and {e} = Hy<H/| <---<H, = G is another composition series of G, then the Jordan-Holder theorem
asserts that n=m and the factors G,/Gy,...,G,/G,-1 and H,/Hy,...,H,/H,_ are the same up to
permutation and isomorphism. We call the groups G;,/G; the composition factors of G.

3. If G is finite, then a composition series of G exists and G is called solvable if its composition factors
are cyclic groups of prime order.

Definition 16.3
Let F C E be a field extension.

1. F C E is called pure if E = F(«@) with " € F for some n > 1.

2. F C E is called radical if there is a sequence of extensions F =EyC E| C--- CE, =E where E; C E;;

is pure. Then for 1 <i <r we have E; = F(ay,...,qa;) and there exists ny,...,n, > 1 such that
a?i eFE;_.
Lemma 16.4

Let F be a perfect field admitting primitive n-th roots of unity. Let F = Eg C E; C--- C E, = E be a radical
extension of F. Then there exists a radical extension

F=NyCN; C:---CNg=N
of F such that
(i) ECN
(i1) F € N is normal, and
(iii) N; is the splitting field of a polynomial of the form x™ —¢; € N;_j[x] for 1 <i <.

Definition 16.5
A polynomial f(x) € F[x] is solvable by radicals if its splitting field is contained in some radical extension
of F.

By definition, f(x) € F[x] is solvable by radicals if and only if each root of f(x) can be expressed using
coefficients of f(x) and a finite sequence of signs +,—, -, +, v
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From now on: char(F)=0 ‘

Lemma 16.6
Let b € F and let E be the splitting field of x" —b € F[x]. Then G(E/F) is solvable.

Theorem 16.7
The following are equivalent.

1. f(x) € F[x] is solvable by radicals.
2. The Galois group of f(x) is solvable.

Remark 16.8
Let f(x) € F[x] be a polynomial with Galois group equal to S, for n > 5. Then f(x) is not solvable by
radicals. Such polynomials exist.

Definition 16.9
Let H < §,, be a subgroup of S,,. We say that H is transitive if for all i, j € {1,...,n} there exists o € H with

o) =].
Theorem 16.10
Let p > 2 be prime and H < S, be transitive. If 3 transposition (a,b) € H,then H=S,,.

Theorem 16.11
Let f(x) € F[x] have no multiple roots. Let ay,...,a, be the roots of f(x) in some splitting field E. Then
f(x) is irreducible if and only if its Galois group G (E/F) is isomorphic to a transitive subgroup of §,,.

Theorem 16.12
Let f(x) € F[x] be monic, irreducible and deg(f)= p > 2 a prime. If f(x) has exactly two roots in C\R, then
the Galois group of f(x) is isomorphic to §,.
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17 Constructions with ruler and compass

Let P # Q be two points in C. Then,
L(P,Q) denotes the line through P and Q,
C(P, Q) denotes the circle with center P through Q.
So L(P,Q) models the action of using a ruler, while C(P, Q) models the action of using a compass.

Definition 17.1
A point Z € C is called constructible form given points E,F,G,H € C if one of the following holds:

1. Ze L(E,F)NL(G,H), where L(E,F) # L(G,H), or
2. ZE L(E,F)NC(G,H), or
3. Ze C(E,F)nC(G,H), where C(E,F) # C(G,H).

Definition 17.2
The subset K C C of all constructible numbers is defined inductively by

1. 0,1 €K, and
2. if E,F,G,H € K and Z is constructible from E,F,G,H, then Z € K.

Lemma 17.4
Let a € R. The following are equivalent.

1. a ek
2. a+a-i €K
3. a-iek.

Lemma 17.5
Let a,b € R. The following are equivalent.

1. a,bi e K.
2. a+bi e K.

Lemma 17.6
Let z =a+bi, w=c+di € K. Then the following hold.

1. zzweK
2. z-wek
3. Ifw;&O,then%eK.

Corollary 17.7
There is a field extension Q C K C C.

Lemma 17.8
Let z € K. Then vz € K.

Theorem 17.9
The following are equivalent.
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1. z € Cis constructible.

2. There exists a sequence of field extensions Q = Ky C K} C --- C K,, such that z € K, and for every
1 <i<nwehave [K;:K;_1] =2.
In particular it follows that K; = K;_{(z;) for some z; with zf eK; .

If moreover any of (1) or (2) holds, then the following also holds
3. There exists t € Z, t > u such that [Q(z) : Q] = 7.
Note: the book says (3)=(1) too, which is wrong, see Problem 15 in Problem set 6.

Corollary 17.10
It is not possible to construct a square with the same area as a circle of radius 1 (using ruler and compass).

Corollary 17.11
It is not possible to construct a cube with twice the volume of a given square (using ruler and compass).

Corollary 17.12
It is not possible to trisect any angle (using ruler and compass).

Definition 17.13
A prime number p is called a Fermat prime if 3m > 0 such that p = 2" +1.

Corollary 17.14
Let n > 1 be an integer. The following are equivalent.

1. A regular n-gon is constructible (using ruler and compass).
2. ¢(n) =7 for some z > 0.
3. n=7""py---p, where m > 0 and py,..., p, are distinct Fermat primes.

Note: the proof in the book that (2)=(1) is wrong since it uses the wrong implication from Theorem 17.9
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