
Galois theory - Problem Set 3 solutions

Solved on Thursday 07.03

Chapter 16.4

Problem 1. (Exercise 16.4.1 in the book.) If F is a finite field of characteristic p, show that each element
α of F has a unique p-th root p

√
α in F .

Solution. Since F is a finite field of characteristic p, we may assume that F = GF(pn) for some n ≥ 1. Let
α ∈ F . If α = 0, then 0p = 0 and for any other element x ∈ F ∗ = F \ {0} we have xp ̸= 0 since F is a
field. If α ̸= 0, then αpn−1 = 1, since F ∗ is a multiplicative group with pn − 1 elements. Then αpn

= α. Let
β = αpn−1

. Then

βp = (αpn−1

)p = αpn

= α,

and so β is a p-th root of α in F . Moreover it is unique since if γp = α for some element γ ∈ F , then

γ = γpn

= (γp)p
n−1

= αpn−1

= β.

Problem 2. (Exercise 16.4.3 in the book.) Find generators for the multiplicative groups of fields with 8,
13, and 17 elements.

Solution. Let x ∈ {8, 13, 17} and F = GF(x), so that |F ∗| = x− 1. Since F ∗ is a cyclic group by Theorem
10.11, we conclude that there are ϕ(x− 1) generators of F ∗, where ϕ is Euler’s totient function.

If x = 8, then |F ∗| = 7 is a prime number. Hence if α ∈ F ∗ with α ̸= 1, then ⟨α⟩ = F ∗. Hence α ∈ F is
a generator of the multiplicative group of F if and only if α ∈ F \ {0, 1}.

If x = 13, then |F ∗| = 12. Hence if α ∈ F ∗, then its order o(α) belongs to the set {1, 2, 3, 4, 6, 12}. We
may identify F with Z13 and we compute

{α ∈ Z∗
13 | o(α) = 1} = {1},

{α ∈ Z∗
13 | o(α) = 2} = {12},

{α ∈ Z∗
13 | o(α) = 3} = {3, 9},

{α ∈ Z∗
13 | o(α) = 4} = {5, 8},

{α ∈ Z∗
13 | o(α) = 6} = {4, 10},

{α ∈ Z∗
13 | o(α) = 12} = {2, 6, 7, 11}.

Hence α ∈ F is a generator of the multiplicative group of F if and only if α ∈ {2, 6, 7, 11}.
If x = 17, then |F ∗| = 16. Hence if α ∈ F ∗, then its order o(α) belongs to the set {1, 2, 4, 8, 16}. We may

identify F with Z16 and we compute

{α ∈ Z∗
16 | o(α) = 1} = {1},

{α ∈ Z∗
16 | o(α) = 2} = {16},

{α ∈ Z∗
16 | o(α) = 4} = {4, 13},

{α ∈ Z∗
16 | o(α) = 8} = {2, 8, 9, 15},

{α ∈ Z∗
16 | o(α) = 16} = {3, 5, 6, 7, 10, 11, 12, 14}.

Hence α ∈ F is a generator of the multiplicative group of F if and only if α ∈ {3, 5, 6, 7, 10, 11, 12, 14}.
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Problem 3. (Exam May 2013, Problem 7.) Let [E : F ] < ∞ where E is an extension of the field F .
(Warning: I don’t think that [E : F ] < ∞ plays a role.) If M1(⊆ E) and M2(⊆ E) are two normal
extension of F show that M1M2 is a normal extension of F . (Here M1M2 denotes the subfield of E generated
by M1 and M2.)

Solution. Let K = M1M2 = F (M1 ∪M2). Let σ : K → F be an F -embedding of K to F . By Theorem 8.5
it is enough to show that σ(K) ⊆ K.

We have that σ
∣∣
M1

is also an F -embedding of M1 to F . Since F ⊆ M1 is normal, by Theorem 8.5 we

have that σ
∣∣
M1

(M1) ⊆ M1. Similarly σ
∣∣
M2

(M2) ⊆ M2. Now let α ∈ K. Since K is the field generated by
M1 ∪M2 over F , an element α ∈ K is of the form

α = (α1β1 + · · ·+ αkβk)(α
′
1β

′
1 + · · ·+ α′

mβ′
m)−1

for some αi, α
′
i ∈ M1 and βi, β

′
i ∈ M2. Since σ is a ring homomorphism, we have

σ(α) = (σ(α1)σ(β1) + · · ·+ σ(αk)σ(βk))(σ(α
′
1)σ(β

′
1) + · · ·+ σ(α′

m)σ(β′
m))−1.

In particular, σ
∣∣
M1

(M1) ⊆ M1 implies that σ(αi), σ(α
′
i) ∈ M1. Similarly we have σ(βi), σ(β

′
i) ∈ M2. But

then σ(α) ∈ F (M1 ∪M2) = K. Hence σ(K) ⊆ K, as required.

Problem 4. (Exam May 2017, Problem 4.) Let K1 = F (α) and K2 = F (β) be two finite and normal
extensions of F . Show that K = F (α, β) is a finite and normal extension of F .

Solution. Since F ⊆ F (β) is finite, it follows that it is algebraic. Hence β is algebraic over F . Similarly, α is
algebraic over F . Then F ⊆ F (α, β) is a finitely generated extension and α and β are algebraic over F and so,
by Theorem 5.8, it is a finite extension. On the other hand, we have F ⊆ K1 ⊆ F (α, β) and F ⊆ K2 ⊆ F (α, β)
with F ⊆ K1 normal and F ⊆ K2 normal. By Problem 3 we have that K1K2 = F (K1 ∪ K2) is a normal
extension of F . But clearly we have

F (K1 ∪K2) = F (F (α) ∪ F (β)) = F (α, β) (1)

and so F (α, β) is a normal extension of F .
(For a formal proof of (1), we can argue like this. As sets we have

F (α) ∪ F (β) ⊆ F (α, β)

and so
F (F (α) ∪ F (β)) ⊆ F (F (α, β)) = F (α, β).

On the other hand, we have
{α, β} ⊆ F (α) ∪ F (β)

and so
F (α, β) ⊆ F (F (α) ∪ F (β)),

which shows the other inclusion.)

Problem 5. (Exercise 16.4.6 in the book.) If F is a field and f : F → F is a mapping defined by

f(x) =

{
x−1, if x ̸= 0,

0, if x = 0,

show that f is an automorphism of F if and only if F has at most four elements.

Solution. Assume first that f is an automorphism of F . Let x ∈ F \ {0,−1}. Then f(x) = x−1,
f(x+ 1) = (x+ 1)−1 and f(1) = 1. We have

(x+ 1)−1 = f(x+ 1) = f(x) + f(1) = x−1 + 1.
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Hence for every x ∈ F \ {0,−1}, we have

x−1 + 1 = (x+ 1)−1.

Multiplying both sides by x(x+ 1) we obtain

x(x+ 1)x−1 + x(x+ 1) = x(x+ 1)(x+ 1)−1,

or after doing some calculation
x2 + x+ 1 = 0,

for every x ∈ F \ {0, 1}. But x2 + x+ 1 can have at most two roots in F , and so there can be at most two
elements in F \ {0, 1}. Hence F can have at most 4 elements.

Assume now that F has at most four elements, that is, F = GF(2) or F = GF(4). If F = GF(2),
then f(x) = idF (x) is clearly an automorphism. If F = GF(4), then we may identify F with the field
Z2[x]/(x

2 + x + 1). Indeed, x2 + x + 1 is irreducible over Z2 (since it has no roots in Z2), and so if α is a
root of x2 + x+ 1 in F , then F = Z2(α) and

[Z2(α) : Z2] = deg(x2 + x+ 1) = 2.

Hence Z2(a) has 2
2 = 4 elements. Then α2+α+1 = 0 in Z2(α) from which we obtain that α−1 = −(α+1) =

α + 1 (since Z2(α) has characteristic 2). Hence F = {0, 1, α, 1 + α} and f(0) = 0, f(1) = 1, f(α) = 1 + α,
f(1 + α) = α. It follows that for all x, y ∈ F we have f(x+ y) = f(x) + f(y) and f(xy) = f(x)f(y) (using
α2 + α+ 1 = 0) and so f : F → F is a ring homomorphism.

Problem 6. (Exercise 16.4.7 in the book.) Prove that in any finite field any element can be written as the
sum of two squares.

Solution. Let F = GF(pn) be a finite field where p is a prime number and n ≥ 1. If p = 2, then for every
α ∈ F ∗ we have α2n−1 = 1. Hence for every α ∈ F we have α2n = α (since this equation also holds for

α = 0). Hence α = (α2n−1

)2 + 02 for every α ∈ F .
Now assume that p ≥ 3 and so p is odd. Consider the set

A = {α2 | α ∈ F}.

The polynomial x2 −α2 ∈ F [x] has at most two roots, namely α and −α. If α = −α, then 2α = 0 and since
p > 2, we conclude that α = 0. Hence the polynomial x2 − α2 has exactly two roots if α ̸= 0 and exactly
one root if α = 0. Therefore the set A has

|F | − 1

2
+ 1 =

pn − 1

2
+ 1 =

pn + 1

2

elements. We may write
A = {α1, α2, . . . , α pn+1

2
}.

Let α ∈ F . Consider the set

B = {α− αi | 1 ≤ i ≤ pn + 1

2
}.

Clearly B has also pn+1
2 elements. Assume to a contradiction that A ∩B = ∅. Then

pn = |F | ≥ |A ∪B| = |A|+ |B| = pn + 1,

a contradiction. Hence there exists β ∈ A ∩ B, so that β = αi and β = α − αj for some 1 ≤ i, j ≤ pn+1
2 .

Then
αi = β = α− αj

gives
α = αi + αj .

Since αi, αj ∈ A, they are squares and so α is a sum of two squares. Since α was arbitrary, we are done.
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Problem 7. (Exam May 2017, Problem 3(a)-(b).)

(a) Let F , N and K be fields such that N = F (α), K = F (β), and let p(x) ∈ F [x], q(x) ∈ F [x] be the
minimal polynomials of α and β, respectively, over F . Assume deg(p(x)) = 17 and deg(q(x)) = 16.
Show that [F (α, β) : F ] = 17 · 16 = 272.

(b) Let E be the splitting field of f(x) = x17−2 ∈ Q[x] over Q. Determine [E : Q]. Explain your argument.

Solution.

(a) Let mβ be the degree of the minimal polynomial of β over F (α). Since q(x) ∈ F (α)[x] and q(β) = 0,
we have that mβ ≤ 16. From F ⊆ F (α) ⊆ F (α, β) we obtain

[F (α, β) : F ] = [F (α, β) : F (α)][F (α) : F ] = mβ · 17.

Similarly let mα be the degree of the minimal polynomial of α over F (β). Similarly we get

[F (α, β) : F ] = [F (α, β) : F (β)][F (β) : F ] = mα · 16.

Hence
mα · 16 = mβ · 17

gives that 16 divides mβ . But mβ ≤ 16 implies mβ = 16 and so [F (α, β) : F ] = mβ · 17 = 16 · 17 = 272
as required.

(b) Let ω = e
2πi
17 be a primitive 17-th root of unity. Then the roots of f(x) in C are

17
√
2, ω

17
√
2, ω2 17

√
2, . . . , ω16 17

√
2.

Hence the splitting field of f(x) is Q(ω, 17
√
2). The polynomial f(x) has 17

√
2 as a root and is irreducible

(Eisenstein for x = 2) and monic, and hence it is the minimal polynomial of 17
√
2 over Q. On the other

hand
x17 − 1 = (x− 1)(1 + x+ · · ·+ x16) = (x− 1)Φ17(x).

The polynomial Φ17(x) has ω as a root (since ω is a root of x17 − 1 but not of (x− 1)), is irreducible
by Example 3.11(2) and is monic and hence it is the minimal polynomial of ω over Q. Hence we are
in the situation of part (a) for α = 17

√
2 and β = ω and so [E : Q] = 17 · 16 = 272.

Problem 8. (Exam May 2013, Problem 5.)

(a) Let F = GF(2)(α), where α4 + α+ 1 = 0. Determine a, b, c, d ∈ GF(2) such that

1

α
= a+ bα+ cα2 + dα3.

(b) Let f(x) be an irreducible polynomial over GF(p) where p is a prime. Show that f(x) divides the
polynomial g(x) = xpn − x in GF(p)[x] if and only if deg(f(x)) divides n.

Solution.

(a) We have α4 + α+ 1 = 0 and so
1 = −α− α4 = α(−1− α3),

and since F has characteristic 2, we conclude that

α−1 = −1− α3 = 1 + α3.

Hence a = 1, b = 0, c = 0, d = 1.
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(b) Let F = GF(p) and let f(x) ∈ F [x] be irreducible of degree d. Let E be a splitting field of g(x) over
F . By Theorem 10.6 we have that E has pn elements and so

[E : F ] = n.

Assume first that f(x) divides g(x) = xpn − x. Every root of g(x) exists in E. In particular, every
root of f(x) exists in E since f(x) divides g(x). Let α ∈ E be a root of f(x). Then F ⊆ F (α) ⊆ E
and [F (α) : F ] = deg(f(x)) = d since f(x) is irreducible. We obtain

n = [E : F ] = [E : F (α)][F (α) : F ] = [E : F (α)]d,

and so d = deg(f(x)) divides n.

For the other direction assume that d divides n. Since f(x) is irreducible, the quotient ring K =
F [x]/(f(x)) is a field extension of F . Moreover, we have [K : F ] = deg(f(x)) = d. Hence K has pd

elements and so for every α ∈ K we have αpd

= α. We claim that αpdk

= α for all α ∈ K and k ≥ 1.
We show this by induction. The base case k = 1 is clear, while for the induction step we have

αpdk

=
(
αpd(k−1)

)pd

= αpd

= α,

where the penultimate equality follows by the induction assumption. Now, since d divides n we have

that n = dm for some m ∈ Z ≥ 1. Then αpn

= αpdm

= α for every α ∈ K. In particular, every element
in K is a root of g(x). Let β = x+ (f(x)) ∈ K. Then β is a root of f(x) and a root of g(x). But since
f(x) is irreducible in GF (p)[x], it follows that f(x) divides g(x) in GF (p)[x].

Problem 9. (Exercise 16.4.9 in the book.) Show that xp − x − 1 is irreducible over Zp. Let K be the
splitting field of degree p over Zp. Show that K = Zp(ω), where ω is a root of xp − x− 1. For p ∈ {2, 3, 5}
show that the order of ω in the group K \ {0} is 1 + p+ p2 + · · ·+ pp−1.

Solution. Let ω ∈ Zp be a root of f(x) = xp − x − 1 in the algebraic closure of Zp. Then for any a ∈ Zp

we have
f(ω + a) = (ω + a)p − (ω + a)− 1 = ωp + ap − ω − a− 1 = f(ω) + ap − a = 0,

since f(ω) = 0 and since ap = a( mod p) by Fermat’s little theorem. Hence ω+ a is a root of f(x) for every
a ∈ Zp. In particular, we have that ω ̸∈ Zp, since 0 = ω + (−ω) is not a root of f(x). Since the set

S = {ω, ω + 1, . . . , ω + p− 1}

has p elements and deg(f(x)) = p, we conclude that S is the set of roots of f(x). Thus

f(x) =
∏

0≤k≤p−1

(x− (ω + k)) (2)

in Zp. Now assume to a contradiction that f(x) is not irreducible over Zp. Then f(x) = p(x)q(x) with
deg(p(x)) ≥ 1 and deg(q(x)) ≥ 1. In particular, there exist k1, k2, . . . , kt ∈ Zp such that

p(x) = (x− (ω + k1))(x− (ω + k2)) · · · (x− (ω + kt)).

But then
p(x) = xt − [(ω + k1) + (ω + k2) + · · ·+ (ω + kt)]x

t−1 + lower degree terms

and so

(ω + k1) + (ω + k2) + · · ·+ (ω + kt) = tω +

t∑
i=1

ki ∈ Zp.

Since
∑t

i=1 ki ∈ Zp we obtain that tω ∈ Zp. But since ω ̸∈ Zp and p ≥ t = deg(p(x)) ≥ 1, we conclude that
t = p. But then

deg(f(x)) = deg(p(x)q(x)) = deg(p(x)) + deg(q(x)) = p+ deg(q(x)) ≥ p+ 1,
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a contradiction. So p(x) is irreducible over Zp. Since S ⊆ Zp(ω), and since f(x) factors into linear factors
in Zp(ω), it follows that the splitting field of f(x) is K = Zp(ω).

Now we claim that for 0 ≤ k ≤ p− 1 we have

ωpk

= ω + k (3)

We use induction on k. For k = 0 the claim is true. Assume the claim is true for k and we show it for
k + 1 ≤ p− 1. We have

ωpk+1

= (ωpk

)p = (ω + k)p

using the induction step. But ω + k ∈ S is a root of f(x) and so (ω + k)p = ω + k + 1. Hence

ωpk+1

= ω + (k + 1),

as claimed.
Using ωpk

= ω + k we compute

ω1+p+p2+···+pp−1

= ωωpωp2

· · ·ωpp−1

= ω(ω + 1)(ω + 2) · · · (ω + p− 1).

But by (2) we have that the constant term of f(x) is

−ω(−(ω + 1))(−(ω + 2)) · · · (−(ω + p− 1) = −ω(ω + 1) · · · (ω + p− 1),

where the sign follows since there are p terms (if p is odd, then there is an odd number of terms, while if
p = 2 then −1 = 1). Since the constant term of f(x) is −1, we obtain that

ω(ω + 1) · · · (ω + p− 1) = 1,

and so
ω1+p+p2+···+pp−1

= 1.

Hence the order of ω divides 1 + p+ p2 + · · ·+ pp−1 (and clearly is not 1).
If p = 2, then the order of ω divides 1 + p2−1 = 1+ 2 = 3. Since 3 is prime, the order of ω in this case is

3.
If p = 3, then the order of ω divides 1 + p+ p3−1 = 1 + 3 + 9 = 13. Since 13 is prime, the order of ω in

this case is 13.
If p = 5, then the order of ω divides 1 + p + p2 + p3 + p5−1 = 1 + 5 + 25 + 125 + 625 = 781. Since

781 = 11 · 71, it is enough to show that ω11 ̸= 1 and ω71 ̸= 1. Assume to a contradiction that ω11 = 1.
Recall by (3) that ω5 = ω + 1. Then

1 = ω11 = ωω5ω5 = ω(ω + 1)2 = ω3 + 2ω2 + ω,

or ω3 + 2ω2 + ω − 1 = 0. But this contradicts the fact that {1, ω, ω2, ω3, ω4} are linearly independent over
Zp. Hence ω11 ̸= 1. Now assume to a contradiction that ω71 = 1. Recall by (3) that ω25 = ω + 2. Then

1 = ω71 = ω−4ω75 = ω−4ω25ω25ω25 = ω−4(ω + 2)3 = ω−4(ω3 + 6ω2 + 12ω + 8)

= ω−4(ω3 + ω2 + 2ω + 3) = ω−1 + ω−2 + 2ω−3 + 3ω−4

and so by multiplying both sides by ω4 we obtain

ω4 = ω3 + ω2 + 2ω + 3,

which again contradicts the fact that {1, ω, ω2, ω3, ω4} are linearly independent over Zp. Hence in this case
the order of ω is neither 11 nor 71 and so it is 781.
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Chapter 16.5

Problem 10. (Exercise 16.5.5 in the book.) Prove that a finite extension of a finite field is separable.

Solution. Let F be a finite field and F ⊆ E be a finite extension. Since F ⊆ E is finite, it follows that
F ⊆ E is algebraic. Let α ∈ E and let f(x) be the minimal polynomial of α over F . Then f(x) is irreducible
and so by Theorem 10.15 all of its roots are simple. Hence f(x) is separable and so α is separable over F .
Since α ∈ E was arbitrary, we conclude that F ⊆ E is a separable extension.

Problem 11. (Exercise 16.5.7 in the book.) Let α be a root of xp − x − 1 over a field F of characteristic
p. Show that F (α) is a separable extension of F .

Solution. By Example 11.5 it is enough to show that α is separable over F . Let p(x) be the minimal
polynomial of α over F . Then p(x)

∣∣ f(x) = xp − x− 1. Hence to show that p(x) is separable, it is enough
to show that xp − x − 1 does not have multiple roots. Let β be a root of f(x) with multiplicity mβ . Then
1 ≤ mβ ≤ p. If mβ = p, then

xp − x− 1 = f(x) = (x− β)p = xp − βp

gives a contradiction. Hence mβ < p. Therefore by Theorem 9.3 we have that mβ is equal to the smallest
number k such that f (k)(β) ̸= 0. But notice that f ′(x) = pxp−1 − 1 = −1 ̸= 0, and so k = 1 = mβ . Hence
every root of f(x) is simple, as required.

Problem 12. (Exercise 16.5.2 in the book generalized.) Let p, q be prime numbers and let a, b ∈ Z∗ =
Z \ {0}. Show that Q(a

√
p+ b

√
q) = Q(

√
p,
√
q).

Solution. If p = q then the claim is clear. If p ̸= q we claim that a
√
p+ b

√
q is not zero. Indeed, assuming

otherwise we obtain a2p = b2q and so p
∣∣ b and q

∣∣ a. Then b = pkpr for some kp ≥ 1 such that p does not
divide r. Similarly a = qkqs for some kq ≥ 1 such that q does not divide s. Then a2p = b2q gives

q2kqs2p = p2kpr2q,

or
q2kq−1s2 = p2kp−1r2.

But this is impossible since the right hand side has an odd number of factors of p while the left hand side
can only have an even amount of factors (since p does not divide q).

Now we have
√
p,
√
q ∈ Q(

√
p,
√
q) and so a

√
p+ b

√
q ∈ Q(

√
p,
√
q). Hence Q(a

√
p+ b

√
q) ⊆ Q(

√
p,
√
q).

It remains to show that Q(
√
p,
√
q) ⊆ Q(a

√
p + b

√
q). In particular, it is enough to show that

√
p,
√
q ∈

Q(a
√
p+ b

√
q). We have

(a
√
p+ b

√
q)(a

√
p− b

√
q) = a2p− b2q.

And since a
√
p+ b

√
q ̸= 0, we have that

a
√
p− b

√
q = (a2p− b2q)︸ ︷︷ ︸

∈Q

(a
√
p+ b

√
q)−1︸ ︷︷ ︸

∈Q(a
√
p+b

√
q)

∈ Q(a
√
p+ b

√
q).

Then

a
√
p =

1

2

 a
√
p+ b

√
q︸ ︷︷ ︸

∈Q(a
√
p+b

√
q)

+ a
√
p− b

√
q︸ ︷︷ ︸

∈Q(a
√
p+b

√
q)


and so a

√
p ∈ Q(a

√
p+ b

√
q), and so

√
p = a−1a

√
p ∈ Q(a

√
p+ b

√
q). Then

b
√
q = a

√
p+ b

√
q︸ ︷︷ ︸

∈Q(a
√
p+b

√
q)

− a
√
p︸︷︷︸

∈Q(a
√
p+b

√
q)

and so
√
q ∈ Q(a

√
p+ b

√
q) as well.
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Problem 13. Show that there exists an s ∈ C such that Q
(√

5, e
2πi
2018 ,

3
√
1 + 4

√
7
)
= Q(s).

Solution. Let us write α =
√
5, β = e

2πi
2018 and γ =

3
√
1 + 4

√
7. Then α is algebraic over Q since it is a root

of qα(x) = x2 − 5 ∈ Q[x], β is algebraic over Q since it is a root of qβ(x) = x2018 − 1 ∈ Q[x] and to see
whether γ is also algebraic over Q we have

γ3 = 1 +
4
√
7 =⇒ (γ3 − 1) =

4
√
7 =⇒ (γ3 − 1)4 = 7 =⇒ γ12 − 4γ9 + 6γ6 − 4γ3 − 6 = 0,

and so γ is also algebraic over Q since it is a root of qγ(x) = x12 − 4x9 +6x6 − 4x3 − 6 ∈ Q[x]. In particular,
we have that

[Q(α, β, γ) : Q] = [Q(α, β, γ) : Q(α, β)][Q(α, β) : Q(α)][Q(α) : Q] ≤ deg(qγ) deg(qβ) deg(qα)

= 12 · 2018 · 2 = 48432 < ∞,

and so the field extension Q ⊂ Q(α, β, γ) is algebraic. Since char(Q) = 0, it follows by Remark 10.16 that
the field extension Q ⊂ Q(α, β, γ) is separable. As it is also finite, it follows by Theorem 11.3 that it is
simple, as required.

Extra problems

The following problems may be a bit more challenging, in case you feel like you need something more.

Problem 14. (Chapter 16.4) Find a field F and a field embedding ϕ : F → F such that [F : ϕ(F )] ̸= 1.

Solution. Consider the field

F := Q(t) =

{
p(t)

q(t)
| p(t), q(t) ∈ Q[t], q(t) ̸= 0

}
,

with standard addition and multiplication. Let ϕ : F → F be the field embedding defined by

ϕ

(
p(t)

q(t)

)
=

p(t2)

q(t2)
.

Then

ϕ(F ) = Q(t2) =

{
p(t2)

q(t2)
| p(t), q(t) ∈ Q[t], q(t) ̸= 0

}
,

and so clearly ϕ(F ) ̸= F . Hence [F : ϕ(F )] ̸= 1. In fact, we have

F = Q(t) = Q(t2)(t) = ϕ(F )(t),

and the irreducible polynomial of t over ϕ(F ) is f(x) = x2 − t2 of degree 2. Hence [F : ϕ(F )] = 2.

Problem 15. (Chapter 16.5) Let F ⊆ E be a field extension such that [E : F ] = 2. For every possible
characteristic of F , determine whether F ⊆ E is separable (i.e. prove that it is separable or provide a
counterexample.)

Solution. Since [E : F ] < ∞, the extension F ⊆ E is algebraic. Let α ∈ E and let f(x) be the minimal
polynomial of α over F . If α ̸∈ F , then F ⊆ F (α) ⊆ E and [E : F ] = 2 implies that [F (α) : F ] = 2.
Hence deg(f(x)) = 2 and so f(x) = x2 + ax + b with a, b ∈ F . We have f ′(x) = 2x + a. If char(F ) ̸= 2,
then f ′(α) = 2α + a ̸= 0 (since α ̸∈ F ). Hence in this case by Theorem 9.3 we conclude that α is a simple
root of f(x) and so the other root of f(x) is also simple. Hence α is separable over F and so, in the case
char(F ) ̸= 2, the extension F ⊆ E is separable.
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Assume now that char(F ) = 2. Let F = GF(2)(t) and let f(x) = x2 − t ∈ F [x]. We claim that f(x)
is irreducible. To show this it is enough to show that it has no roots in F , that is, that there exist no
polynomials p(t), q(t) ∈ GF(2)[t] such that (

p(t)

q(t)

)2

− t = 0.

But this follows by the Solution of Problem 9 in Problem Set 2. Hence f(x) is irreducible. Let α be a root
of f(x) in F . Then F ⊆ F (α) is an extension of degree 2 since f(x) is the minimal polynomial of α over F .
But α2 − t = 0 and the fact that char(F ) = 2 imply that

(x− α)2 = x2 − α2 = x2 − t = f(x)

and so α is not a simple root of f(x). Hence the extension F ⊆ F (α) is not separable.
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