Galois theory - Problem Set 3 solutions

Solved on Thursday 07.03

Chapter 16.4

Problem 1. (Exercise 16.4.1 in the book.) If F is a finite field of characteristic p, show that each element
a of F has a unique p-th root ¢« in F.

Solution. Since F is a finite field of characteristic p, we may assume that F = GF(p™) for some n > 1. Let
a € F. If a =0, then 0P = 0 and for any other element x € F* = F \ {0} we have 2P # 0 since F is a
field. If o # 0, then o?"~! =1, since F* is a multiplicative group with p™ — 1 elements. Then o?" = a. Let
B=aP""". Then

BP = (ap"’l)p = o = a,

and so [ is a p-th root of a in F'. Moreover it is unique since if 47 = « for some element v € F', then

n—1

n n—1
Y= =P =’ =8

Problem 2. (Exercise 16.4.3 in the book.) Find generators for the multiplicative groups of fields with 8,
13, and 17 elements.

Solution. Let z € {8,13,17} and F = GF(z), so that |F*| =z — 1. Since F** is a cyclic group by Theorem
10.11, we conclude that there are ¢(z — 1) generators of F'*, where ¢ is Euler’s totient function.

If x = 8, then |F*| = 7 is a prime number. Hence if o € F* with o # 1, then (a) = F*. Hence o € F' is
a generator of the multiplicative group of F if and only if a € F'\ {0,1}.

If = 13, then |F*| = 12. Hence if a € F*, then its order o(«) belongs to the set {1,2,3,4,6,12}. We
may identify F' with Zi3 and we compute

{a € Ziz|ola) =1} = {1},
{a e Ziz [ ola) =2} = {12},
{a€Ziy|ola) =3} = {3,9},
(@)
(@)

{a € Ziz|ola) =4} = {58},
{a € Ziz [ o(a) = 6} = {4,10},
{a € Zi;5 | o(a) =12} = {2,6,7,11}.

Hence « € F is a generator of the multiplicative group of F' if and only if « € {2,6,7,11}.
If + =17, then |F*| = 16. Hence if @ € F*, then its order o(«) belongs to the set {1,2,4,8,16}. We may
identify F’ with Z1g and we compute

{a e Zig|o(a) =1} = {1},
{a € Zig [ o(a) = 2} = {16},
{a € Zig | ola) = 4} = {4,13},
{a € Zig | o(a) =8} ={2,8,9, 15},
{a € Zig | o(a) = 16} = {3,5,6,7,10,11,12, 14}.

Hence « € F is a generator of the multiplicative group of F' if and only if « € {3,5,6,7,10,11, 12, 14}.



Problem 3. (Exam May 2013, Problem 7.) Let [E : F| < oo where E is an extension of the field F.
(Warning: I don’t think that [F : F| < co plays a role.) If M;(C FE) and M>(C E) are two normal
extension of F' show that Mj M is a normal extension of F. (Here M; My denotes the subfield of E generated
by Ml and Mg)

Solution. Let K = MMy = F(M; U Ms). Let 0 : K — F be an F-embedding of K to F. By Theorem 8.5
it is enough to show that o(K) C K. -
We have that U|M1 is also an F-embedding of M; to F. Since F' C M is normal, by Theorem 8.5 we

have that U’Ml (M) € M;. Similarly 0’M (M3) € M5. Now let o € K. Since K is the field generated by
M, U My over F, an element o € K is of the form

a=(a1B 4+ b)) B+ + o B) "

for some «y, o, € My and B, 8; € Ms. Since o is a ring homomorphism, we have
o(a) = (a(ar)o(Br) + -+ alar)a(Br)(o(ah)a(By) + - + olar,)a(B,)) "

In particular, U|M1 (My) C My implies that o(o;),o0(af) € M;. Similarly we have o(8;),0(8;) € My. But
then o(a) € F(M; U Ms) = K. Hence o(K) C K, as required.

Problem 4. (Exam May 2017, Problem 4.) Let Ky = F(«) and Ky = F(8) be two finite and normal
extensions of F. Show that K = F(«, 3) is a finite and normal extension of F.

Solution. Since F' C F'(f) is finite, it follows that it is algebraic. Hence 3 is algebraic over F'. Similarly, « is
algebraic over F'. Then F' C F(«, ) is a finitely generated extension and a and g are algebraic over F' and so,
by Theorem 5.8, it is a finite extension. On the other hand, we have F C K C F(«a, 8) and F C K5 C F(«, f)
with FF C K; normal and F' C K5 normal. By Problem 3 we have that Ky Ky = F(K; U K>) is a normal
extension of F. But clearly we have

F(K1 U Ky) = F(F(a) UF(B)) = F(a, B) (1)

and so F(a, () is a normal extension of F.
(For a formal proof of (1), we can argue like this. As sets we have

Fla)UF(B) € F(a, B)

and so
F(F(a) UF(B)) C F(F(a,B)) = F(a, B).

On the other hand, we have
{o, B} € Fla) UF(B)

and so
F(a,B) € F(F(a) UF(B)),

which shows the other inclusion.)

Problem 5. (Exercise 16.4.6 in the book.) If F'is a field and f : F — F is a mapping defined by

x7t ifx #0,
J(@) = {0, if 2 =0,

show that f is an automorphism of F' if and only if F' has at most four elements.

Solution. Assume first that f is an automorphism of F. Let z € F \ {0,—1}. Then f(z) = 271,
fx+1)=(z+1)"! and f(1) = 1. We have

(z+1)t=flz+1)=fla)+ f(1) =zt +1.



Hence for every z € F\ {0, -1}, we have
e 4 l=(z+1)7
Multiplying both sides by x(x + 1) we obtain
rz+ et o+ 1) =x@+1)(x+1)71,

or after doing some calculation
P +2+1=0,

for every z € F'\ {0,1}. But 22 +  + 1 can have at most two roots in F, and so there can be at most two
elements in F'\ {0,1}. Hence F' can have at most 4 elements.

Assume now that F' has at most four elements, that is, ' = GF(2) or F' = GF(4). If F = GF(2),
then f(z) = idp(x) is clearly an automorphism. If FF = GF(4), then we may identify F with the field
Zo[z]/(x? + x 4+ 1). Indeed, 2% + = + 1 is irreducible over Zy (since it has no roots in Zs), and so if « is a
root of 22 + x + 1 in F, then F = Zy(«) and

[Zo(a) : 7o) = deg(a® + 2+ 1) = 2.

Hence Zs(a) has 22 = 4 elements. Then a?+a+1 = 0 in Zy(«a) from which we obtain that ™! = —(a+1) =
a+ 1 (since Za(«) has characteristic 2). Hence F = {0,1,a,1 + a} and f(0) =0, f(1) =1, f(a) =1+ «,
f(1+ @) = a. It follows that for all z,y € F we have f(z +y) = f(z) + f(y) and f(zy) = f(z)f(y) (using
a?+a+1=0)andso f: F — F is a ring homomorphism.

Problem 6. (Exercise 16.4.7 in the book.) Prove that in any finite field any element can be written as the
sum of two squares.

Solution. Let F' = GF(p™) be a finite field where p is a prime number and n > 1. If p = 2, then for every
o € F* we have a®"~1 = 1. Hence for every o € F we have o = « (since this equation also holds for
a =0). Hence o = (2" )2 + 02 for every a € F.

Now assume that p > 3 and so p is odd. Consider the set

A={a’|acF}.

The polynomial 22 — a? € F[x] has at most two roots, namely o and —a. If & = —a, then 2a = 0 and since
p > 2, we conclude that o = 0. Hence the polynomial 22 — o has exactly two roots if o # 0 and exactly
one root if @ = 0. Therefore the set A has

Fl-1  _pi-1_ pitl
2 + 2 + 2
elements. We may write
A= {0417042,...,Oépn+1}.
2
Let a € F. Consider the set
pr+1

B={a—a;|1<i<

}.

Clearly B has also pn; L elements. Assume to a contradiction that AN B = @. Then

p" =|F| > [AUB| = [A| +[B| =p" +1,

a contradiction. Hence there exists 5 € AN B, so that § = a; and 8 = o — «; for some 1 < 4,5 < %
Then
a;p=f=0a—aq

gives
a=qa; + aj.

Since oy, a; € A, they are squares and so « is a sum of two squares. Since a was arbitrary, we are done.



Problem 7. (Exam May 2017, Problem 3(a)-(b).)

(a) Let F, N and K be fields such that N = F(a), K = F(8), and let p(x) € Flz], ¢(z) € F[z] be the
minimal polynomials of o and S, respectively, over F. Assume deg(p(z)) = 17 and deg(q(z)) = 16.
Show that [F(a, ) : F] =17-16 = 272.

(b) Let E be the splitting field of f(z) = 2" —2 € Q[x] over Q. Determine [E : Q]. Explain your argument.
Solution.

(a) Let mg be the degree of the minimal polynomial of 8 over F(«). Since ¢(z) € F(a)[z] and ¢(8) = 0,
we have that mg < 16. From F C F'(a) C F(a, 8) we obtain

[F(a,B) : F] = [F(a, ) : F()][F(a) : F] =mg - 17.
Similarly let m,, be the degree of the minimal polynomial of « over F($). Similarly we get
[F(a,8) : F] = [F(a, B) : F(B)[F(B) : F] = mg, - 16.

Hence
Mq - 16 = mg - 17

gives that 16 divides mg. But mg < 16 implies mg = 16 and so [F(«, 8) : F] =mg-17 =16-17 = 272
as required.

2mi

(b) Let w = €17 be a primitive 17-th root of unity. Then the roots of f(z) in C are
V2,0 V2,02 V2,. .. w' V2.

Hence the splitting field of f(z) is Q(w, V/2). The polynomial f(z) has /2 as a root and is irreducible
(Eisenstein for # = 2) and monic, and hence it is the minimal polynomial of V/2 over Q. On the other
hand

e —l=(r-1)1+z+ - +20) = (- 1)P7(2).

The polynomial ®17(z) has w as a root (since w is a root of x!7 — 1 but not of (z — 1)), is irreducible
by Example 3.11(2) and is monic and hence it is the minimal polynomial of w over Q. Hence we are
in the situation of part (a) for a = V/2 and 8 =w and so [E : Q] = 17 - 16 = 272.

Problem 8. (Exam May 2013, Problem 5.)
(a) Let F = GF(2)(«), where a* + a4+ 1 = 0. Determine a, b, c,d € GF(2) such that

1
— =a+ba+ca®+dad.
!
(b) Let f(x) be an irreducible polynomial over GF(p) where p is a prime. Show that f(z) divides the
polynomial g(x) = 2P" — 2 in GF(p)[z] if and only if deg(f(z)) divides n.
Solution.

(a) We have a* + o+ 1 =0 and so
1=—-a-a'=a(-1-a?),

and since F' has characteristic 2, we conclude that
at=—-1-a%=1+a"

Hencea=1,6=0,c¢c=0,d=1.



(b) Let F = GF(p) and let f(z) € F[z] be irreducible of degree d. Let E be a splitting field of g(x) over
F. By Theorem 10.6 we have that E has p™ elements and so

[E: F]=n.

Assume first that f(z) divides g(z) = 2?" — z. Every root of g(x) exists in E. In particular, every
root of f(x) exists in E since f(z) divides g(z). Let a € FE be a root of f(x). Then FF C F(a) C E
and [F'(«) : F| =deg(f(z)) = d since f(x) is irreducible. We obtain

n=|[E:F|=[FE:F)][F(a): F]=[E: F(a)ld,
and so d = deg(f(z)) divides n.

For the other direction assume that d divides n. Since f(z) is irreducible, the quotient ring K =
F[z]/(f(x)) is a field extension of F. Moreover, we have [K : F] = deg(f(z)) = d. Hence K has p?

elements and so for every a € K we have o’ = . We claim that o?”" = o for all @ € K and k > 1.
We show this by induction. The base case k = 1 is clear, while for the induction step we have

d
dk d(k—1)\ P d
ol = (a” ) =af =aq,

where the penultimate equality follows by the induction assumption. Now, since d divides n we have
that n = dm for some m € Z > 1. Then o?" = o = a for every a € K. In particular, every element
in K is aroot of g(x). Let 8 =z + (f(z)) € K. Then S is a root of f(z) and a root of g(z). But since
f(z) is irreducible in GF(p)[z], it follows that f(x) divides g(z) in GF (p)[z].

Problem 9. (Exercise 16.4.9 in the book.) Show that z? — x — 1 is irreducible over Z,. Let K be the
splitting field of degree p over Z,. Show that K = Z,(w), where w is a root of P — x — 1. For p € {2, 3,5}
show that the order of w in the group K \ {0} is 1 +p+p? + -+ pP~L.

Solution. Let w € Tp be a root of f(x) = 2P —x — 1 in the algebraic closure of Z,. Then for any a € Z,
we have
flw+a)=w+a —(w+a)—-1=wP+ad’ —w—-a—-1=f(w)+dad’ —a=0,

since f(w) = 0 and since a? = a( mod p) by Fermat’s little theorem. Hence w + a is a root of f(z) for every
a € Zy,. In particular, we have that w ¢ Z,, since 0 = w + (—w) is not a root of f(z). Since the set

S={w,w+1,...,w+p—1}

has p elements and deg(f(x)) = p, we conclude that S is the set of roots of f(z). Thus

f@)= I @-(w+k) (2)

0<k<p—1

in Z,. Now assume to a contradiction that f(x) is not irreducible over Z,. Then f(z) = p(z)q(z) with
deg(p(z)) > 1 and deg(g(x)) > 1. In particular, there exist k1, ko, ...,k € Z, such that

p(x) = (z = (w+ k) (@ — (W k) - (2 = (W + ).

But then
p(x) =a' — [(w+ k) + (W ko) +--- 4 (w + ke)]z"! + lower degree terms
and so ,
(WHk)+ (W+ke)+-+ (wth) =tw+ Y ki €7
i=1
Since Y°_, k; € Z, we obtain that tw € Z,. But since w ¢ Z, and p >t = deg(p(x)) > 1, we conclude that
t = p. But then

deg(f(x)) = deg(p(x)gq(x)) = deg(p(x)) + deg(q(x)) = p + deg(q(x)) = p + 1,



a contradiction. So p(z) is irreducible over Z,. Since S C Z,(w), and since f(z) factors into linear factors
in Z,(w), it follows that the splitting field of f(z) is K = Z,(w).
Now we claim that for 0 < k < p — 1 we have

W =wtk (3)

We use induction on k. For k = 0 the claim is true. Assume the claim is true for £ and we show it for
k+1<p-—1. We have

wpk+1 _ (wpk)p _ (w+ k)p
using the induction step. But w4+ k € S is a root of f(z) and so (w + k)P =w + k + 1. Hence

k41

wPl =w4 (k+ 1),
as claimed.
Using WP =w+ k we compute
wITPHP T e P = ww+D)(w+2) - (w+p—1).
But by (2) we have that the constant term of f(z) is
o=@+ D)~ +2)) -+ (P = 1) = e+ 1) (@ +p =1,

where the sign follows since there are p terms (if p is odd, then there is an odd number of terms, while if
p =2 then —1 = 1). Since the constant term of f(z) is —1, we obtain that

ww+ 1) wrp—1) =1,

and so ) )
P—
w1+p+p +-+p =1.

Hence the order of w divides 1 +p + p? + -+ + pP~1 (and clearly is not 1).

If p = 2, then the order of w divides 1 + p?>~! = 142 = 3. Since 3 is prime, the order of w in this case is
3.

If p = 3, then the order of w divides 1 +p +p>~! =143 4+ 9 = 13. Since 13 is prime, the order of w in
this case is 13.

If p = 5, then the order of w divides 1+ p + p? +p? + p°~!1 = 1+ 5+ 25 + 125 + 625 = 781. Since
781 = 11 - 71, it is enough to show that w'' # 1 and w™ # 1. Assume to a contradiction that w'! = 1.
Recall by (3) that w® = w + 1. Then

1 =w" =www® =ww+1)? = w? 4 202 +w,

or w? 4+ 2w? +w — 1 = 0. But this contradicts the fact that {1, w,w?, w? w*} are linearly independent over
Z,. Hence w'! # 1. Now assume to a contradiction that w™ = 1. Recall by (3) that w?> = w + 2. Then
1=w™ =w ™ = 0w WBwPw? = w (w4 2)% = wH (W3 + 6w? + 12w + 8)

—w W HwF w3 =w w4 2w 3w

and so by multiplying both sides by w* we obtain

wt =wd +w? +2w+3,

which again contradicts the fact that {1,w,w?, w® w*} are linearly independent over Z,. Hence in this case
the order of w is neither 11 nor 71 and so it is 781.



Chapter 16.5
Problem 10. (Exercise 16.5.5 in the book.) Prove that a finite extension of a finite field is separable.

Solution. Let F be a finite field and F' C FE be a finite extension. Since F C FE is finite, it follows that
F C E is algebraic. Let a € E and let f(z) be the minimal polynomial of « over F. Then f(x) is irreducible
and so by Theorem 10.15 all of its roots are simple. Hence f(z) is separable and so « is separable over F.
Since a € E was arbitrary, we conclude that F' C E is a separable extension.

Problem 11. (Exercise 16.5.7 in the book.) Let a be a root of 2P — x — 1 over a field F of characteristic
p. Show that F(«) is a separable extension of F'.

Solution. By Example 11.5 it is enough to show that « is separable over F. Let p(x) be the minimal
polynomial of « over F. Then p(z) ’ f(x) = 2P —x — 1. Hence to show that p(x) is separable, it is enough
to show that P — x — 1 does not have multiple roots. Let 3 be a root of f(z) with multiplicity mg. Then
1 <mg <p. If mg = p, then
P —x—1=f(x) = (x— B =a” — B

gives a contradiction. Hence mg < p. Therefore by Theorem 9.3 we have that mg is equal to the smallest
number k such that f*)(38) # 0. But notice that f’(z) = pa?~' —1 = —1+#0, and so k = 1 = mg. Hence
every root of f(x) is simple, as required.

Problem 12. (Exercise 16.5.2 in the book generalized.) Let p, ¢ be prime numbers and let a,b € Z* =

Z\ {0}. Show that Q(a./p + b\/q) = Q(\/P, /)

Solution. If p = g then the claim is clear. If p # ¢ we claim that a,/p + b,/q is not zero. Indeed, assuming
otherwise we obtain a?p = b%¢ and so p ‘ b and ¢ | a. Then b = pFrr for some kp > 1 such that p does not
divide 7. Similarly a = ¢*¢s for some k, > 1 such that ¢ does not divide s. Then a’p = b?q gives

Prasp = pPrep2g

or
2kq—1 .2 2k, —1

s°=p 2,

q r

But this is impossible since the right hand side has an odd number of factors of p while the left hand side
can only have an even amount of factors (since p does not divide q).

Now we have /p, \/q € Q(\/p, /q) and so a,/p + b\/q € Q(\/P, /7). Hence Q(a\/p + b\/q) € Q(\/D, /q)-
It remains to show that Q(/p,/q) € Q(a\/p + by/q). In particular, it is enough to show that \/p,/q €

Q(ay/p + b\/q). We have
(ay/p +0y/@)(ay/p — by/q) = a®p — bq.

And since a,/p + by/q # 0, we have that

ay/p — by = (ap — 1) (ay/B + by/3) " € Qay/p + byD).

€Q €Q(a/P+b/q)

Then

a\/]?:% ay/p+by/q + a\/p—b/q

€Q(ayp+by/a)  €Q(ay/P+by/q)
and so a,/p € Q(a\/p + b\/q), and so \/p = a 'a\/p € Q(a\/p + b\/q). Then
bWa= ayp+b/qg— ayp
—_———

~—~—
€Q(a/p+by/q) €Q(a\/p+by/q)

and so /q € Q(a/p + by/q) as well.



Problem 13. Show that there exists an s € C such that Q (\/5, eso1s, /1 + \‘Lﬁ) = Q(s).

Solution. Let us write a = /5, = e201s and v = Vv/1+ V7. Then a is algebraic over Q since it is a root
of go(x) = 2% — 5 € Q[z], B is algebraic over Q since it is a root of gs(x) = 2?°1® — 1 € Q[z] and to see
whether « is also algebraic over Q we have

VP=14+VT = P -1)=VT = P -1)'=7 = 12 -4y’ + 6,5 —11* -6 =0,

and so  is also algebraic over Q since it is a root of ¢, (z) = 2% — 42° + 62° — 42 — 6 € Q[z]. In particular,
we have that

[Q(a, ,7) : Q] = [Q(e, 8,7) : Qla, B)][Q(a, B) : Q)][Q(ev) : Q] < deg(gy) deg(gp) deg(ga)

=12-2018 -2 = 48432 < oo,

and so the field extension Q C Q(«, 3,7) is algebraic. Since char(Q) = 0, it follows by Remark 10.16 that
the field extension Q C Q(«, 3,7) is separable. As it is also finite, it follows by Theorem 11.3 that it is
simple, as required.

Extra problems
The following problems may be a bit more challenging, in case you feel like you need something more.
Problem 14. (Chapter 16.4) Find a field F' and a field embedding ¢ : F' — F such that [F': ¢(F)] # 1.

Solution. Consider the field

Q) {28 | p(8),a(t) € Q] a(t) # o} 7

with standard addition and multiplication. Let ¢ : FF — F' be the field embedding defined by

pt)\ _ p(t?)
? <q<t>> = uB)

Then
o) = 0e2) = {250 | (0).a(0) € QU a(0) 0}

and so clearly ¢(F') # F. Hence [F : ¢(F)] # 1. In fact, we have
F=Q(t) = Q(t*)(t) = o(F)(®),

and the irreducible polynomial of ¢ over ¢(F) is f(z) = 2% — t? of degree 2. Hence [F : ¢(F)] = 2.

Problem 15. (Chapter 16.5) Let F' C E be a field extension such that [E : F] = 2. For every possible
characteristic of F, determine whether F' C F is separable (i.e. prove that it is separable or provide a
counterexample.)

Solution. Since [E : F] < oo, the extension F' C E is algebraic. Let v € E and let f(x) be the minimal
polynomial of « over F. If @« ¢ F, then F C F(«a) C E and [F : F] = 2 implies that [F(«) : F] = 2.
Hence deg(f(z)) = 2 and so f(z) = 2® + ax + b with a,b € F. We have f'(z) = 2z + a. If char(F) # 2,
then f'(a) = 2a+ a # 0 (since a € F). Hence in this case by Theorem 9.3 we conclude that « is a simple
root of f(z) and so the other root of f(x) is also simple. Hence « is separable over F' and so, in the case
char(F) # 2, the extension F' C E is separable.



Assume now that char(F) = 2. Let F = GF(2)(¢) and let f(z) = 2> —t € Flz]. We claim that f(z)
is irreducible. To show this it is enough to show that it has no roots in F, that is, that there exist no

polynomials p(t), ¢(t) € GF(2)[t] such that
M\,
<Q(t)> B

But this follows by the Solution of Problem 9 in Problem Set 2. Hence f(x) is irreducible. Let a be a root
of f(z) in F. Then F C F(«) is an extension of degree 2 since f(x) is the minimal polynomial of « over F'.
But a? —t = 0 and the fact that char(F) = 2 imply that

(r—a)?=2>-a? =2t = f(x)

and so « is not a simple root of f(z). Hence the extension F C F(«) is not separable.



