Galois theory - Problem Set 2 solutions

Solved on Thursday 15.02

Chapter 15.3
Problem 1. (Exercise 15.3.2 in the book.) Prove that V2 and /3 are algebraic over Q. Find the degree of

(a) Q(v2) over Q.

(b) Q(v/3) over Q.

(c) Q(v2,V3) over Q.
(d) Q(v2 + v/3) over Q.

Solution. Since v/2 is a root of f(z) = 22 — 2 € Q[z] and /3 is a root of g(z) = 2> — 3 € Q[z], we have
that v/2 and v/3 are algebraic over Q. Moreover, both of these polynomials have no root in Q and so they
are irreducible by Lemma 3.4(3). Hence by Theorem 4.6 we have

[Q(v2) : Q] = deg(f) = 2 and [Q(V3) : Q] = deg(g) = 2.
This solves (a) and (b). For [Q(v/2,v/3) : Q], notice that we have by Example 5.5 that
[Q(v2,v3): Q] = [Q(V2,v3) : Q(V2)][Q(v2) : Q] =2 -2 = 4.

Finally

Q(V2+V3) CQ(V2,v3),
since V2 + 3 € Q(ﬂ, \/3) On the other hand, we have
(V2+V3)(vV2-V3)=4-3=1,
and s0 V2 — V3= (V2 +v3)"' € Q(w2 + v3). Then

1
V2=-| V2+V3 +V2-V3
2| Y~— — ™ —-—
€Q(V2+v3) €Q(v2+v3)

and hence v/2 € Q(v/2 + v/3). Then

V3= V2+V3 - V2
~— ~~
€Q(V2+Vv3) €Q(V2+V3)

and so V3 € Q(v2 + V3) as well. Thus Q(v2,v3) C Q(v2 + v/3) and we conclude that Q(v/2,v/3) =
Q(V2 +/3) and so
[Q(V2+V3): Q] = [Q(v2,V3): Q] = 4.

Problem 2. (Exercise 15.3.4 in the book) Find a suitable number « such that

(a) Q(v2,v5) = Q(a).



(b) Q(V3,i) = Qo).

Solution. We first show the more general claim that if a,b € C satisfy a — b € Q, then Q(y/a, vd) =
Q(v/a + vb). Since v/a + Vb € Q(y/a, vb), we have that Q(v/a + vb) € Q(v/a, vb). For the other direction

we have
(Va+Vb)(vVa—vb)=a—beQ
and so
a—>b
(ﬁ—ﬁ)—me(@(\/&—k\/@).
Then

1
Va=2| va+vb + va— b
2| —— —_——
€Q(va+vb)  €Q(va+vh)
and hence v/a € Q(/a + Vb). Then

Vb= Va+Vb —  a
—— ~~
€Q(va+Vvb)  €Q(va+Vb)

and so Vb € Q(y/a + v/b) as well. Since v/a, Vb € Q(v/a + v/b), we have that Q(v/a,vb) C Q(v/a + vb),

which shows the claim.

(a) In this exercise we have @ =2 and b =5 and 2 — 5 = —3 € Q. Hence by our general statement above
we can pick a = V2 + /5.

(b) In this exercise we have a = 3 and b = —1 and 3 — (—1) = 4 € Q. Hence by our general statement
above we can pick o = V3 +i.

Problem 3. (Exam May 2013, Problem 3.)

(a) Let a be an algebraic number over the field F such that [F'(«) : F] is an odd number. Show that this
implies that F(a?) = F(a).

(b) Give an example to show that the converse implication is not true (Hint: Cyclotomic extensions.)

Solution.

(a) Notice that F(a?) C F(a). Consider the polynomial f(z) = 2% — a? € F(a? [ ]. Then « is a root of
f(x) and so [F(a) : F(a?)] < 2. Assume to a contradiction that [F(«) : F(a?)] = 2. Then the field
extensions F' C F(a?) C F(a) give

[F(a): F]=[F(a): F(aZ)][F(OzQ) : F] :2[F(a2) : F),

contradicting [F(a) : F] being odd. Hence [F(a) : F(a?)] < 2 from which it follows that [F(a) :
F(a®)] =1or F(a) = F(a?).
21
(b) The roots of x> —1 = (x—1)(x?+x+1) € Rlx] are 1, w and w?, where w = e 3 . Since (w?)? = w?* = w,
we have that R(w) = R(w?). But the polynomial 22 + x + 1 is irreducible over R since its roots w and
w? are not real. Hence

R(w) : R] = deg(z? + z + 1) = 2,
which is not odd.
Problem 4. (Exam June 2015, Problem 3.) Let F' C E be a field extension of degree [E : F] = n.

(a) Show that if n is a prime number, then there is no proper intermediate field between E and F (that is,
no field K with F C K C F and F # K # F). Deduce that if « € E'\ F, then the minimal polynomial
of a in F[z] has degree n.



(b)

()

Let E = F(a, ), where o has minimal polynomial in F[x] of degree d;, and 8 has minimal polynomial
in F[x] of degree da. Show that if d; and ds are coprime (i.e. ged(dy,ds) = 1), then [E : F| = dyds.

Give an example where « and 8 are as in (b), and such that a8 has minimal polynomial in F[z] of
degree dy or do. (Hint: consider F' = Q with oo = /2 and B a suitable root of unity.)

Solution.

(a)

Let K be a field with FF C K C E. Then
n=[FE:F|=[E:K|K:F.

If n is a prime number, then either [F : K] =1 andso K = Eor [K : F] =1 and so K = F. Now
let « € E\ F. Since F C FE is a finite extension, it is also algebraic and so « is algebraic over F.
Hence the minimal polynomial p(x) of a over F exists. Then F' C F(a) C F implies that F(a) = F
or F(a) = E. Since a ¢ F, we have F(a) = E. Then

deg(p) = [Fla) : F] = [E: F] = n,
as claimed.

Let fo(z), fa(x) € F[z] be the minimal polynomials of @ and 8 over F. Then deg(f,) = di and
deg(fs) = d2. Moreover, we have

[F(a) : F] = deg(fa) = di and [F(B) : F] = deg(fp) = da.
Notice that fo(z) € F(B)[z] and f(x) has « as a root. Let m = [F(a, ) : F(5)]. Then
m = [F(a,B) : F(B)] < deg(fa) = du,
and similarly we obtain k := [F(a, 8) : F(«)] < d2. Then we have
n=|E:F| = [F(a,8) : F| = [F(a, 8) : F®F(8) : F| = mdy.
Similarly, we obtain n = kd;. Hence mdy = kdy. Since dy | kd; and ged(dy,ds) = 1, we obtain dy ’ k.
Since k < da, we obtain k = ds and so [E : F| = n = d1dy as required.

Let a = v/2 and let 3 = e%. Then the minimal polynomial of o over Q is 23 — 2 (is irreducible by
Eisenstein criterion for p = 2, is monic, and has /2 as a root), and the minimal polynomial of 3 over
Q is 2% + o + 1 (is irreducible since its roots 3, 3> € Q and has degree 2, is monic, and has 3 as a
root). Then the degree of 2 — 2 is 3 and the degree of 22 + 2 + 1 is 2 and ged(2,3) = 1. On the other

2mi
hand the minimal polynomial of af = e 3 /2 over Q is again z° — 2 (is irreducible and monic and
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has e 3 /2 as a root).

Problem 5. (Exercise 15.4.8 in the book.) Let F be a field and let n > 1. Let f(z) = 2™ — « € F[z] be an
irreducible polynomial over F' and let b € K be a root of f(x), where F C K is a field extension. If m is a
positive integer such that m ‘ n, find the degree of the minimal polynomial of b over F.

Solution. Since f(z) € F[z] is irreducible, monic, and has b as a root, it follows that f(z) is the minimal
polynomial of b over F. It follows that

[F(5) : F] = deg(f) = n.

Consider the sequence of field extensions

F C F(b™) C F(b).

Let n = mk. Let g(x) = 2* —a € F[z] and h(z) = 2™ — b™ € F(b™)[x]. Then b™ is a root of g(x) and b is
a root of h(z). Hence

[F(b™): F] < deg(g) =k and [F(b) : F(b™)] < deg(h) = m.

Using Theorem 4.3 we obtain

mk =n=[F(b): F] = [F(b) : FG™)][F(b™) : F] < mk

which implies that [F'(b™) : '] = k. Hence the degree of the minimal polynomial of 6™ over F"is J*.



Chapter 15.4

Problem 6. (Exam June 2014, Problem 3.) Let f(x) € F[z] be a nonzero polynomial over the field F' with
various properties as described below. Let o € F', where F' denotes the algebraic closure of F.

(a) Let f(a) = 0. Assume that whenever g(a) = 0 for some nonzero g(x) € F[z], then deg(f) < deg(g).
Show that f(z) is irreducible over F'.

(b) Show the converse of (a), that is: Assume f(z) is irreducible over F' and f(a) = 0. Let g(a) = 0 for
some nonzero g(z) € F[z]. Show that deg(f) < deg(g).

Solution.

(a) Assume to a contradiction that f(z) is reducible over F'. Then f(z) = g(z)h(z) with deg(g) > 1 and
deg(h) > 1. Since f(a) = 0, we have that g(o) = 0 or h(a) = 0. Without loss of generality assume
that g(a) = 0. Then by assumption we have deg(f) < deg(g). But

deg(g) = deg(f) — deg(h) < deg(f) — 1,

gives a contradiction. Hence f(z) is irreducible over F'.

(b) Let p(z) be the minimal polynomial of o over F. Then deg(p) < deg(f) and so by division algorithm
there exist polynomials ¢(x),r(z) € Flx] with f(z) = ¢(x)p(z) + r(z) and deg(r) < deg(p). Since

0= f(a) = g(@)p(@) + () = g(a) - 0+ r(a) = r(a),

we conclude that « is a root of r(z). Since deg(r) < deg(p) and p(z) is the minimal polynomial of «
over F', we conclude that r(z) = 0. Then f(z) = ¢(x)p(x) and f(z) irreducible implies that ¢(x) € F
or p(z) € F. Since p(x) is irreducible, we conclude that g(z) € F. Hence deg(f) = deg(p). Now let
g(a) = 0 for some nonzero g(z) € Fx]. Then deg(p) < deg(g) since p(z) is the minimal polynomial of
a over F. Since deg(f) = deg(p), the claim follows.

Problem 7. (Exam August 2013, Problem 4.) Let f(x) € F[z] be an irreducible polynomial of prime
degree p over the field F, with char(F) = 0 (Warning: I don’t think the characteristic of F' plays a
role.). Let K = F(«), where « is a root of an irreducible polynomial g(x) € F[z] of prime degree ¢ over the
field F. Assume f(z) is reducible in K[z]. Show that p = q.

Solution. Let 3 be a root of f(z) in the algebraic closure F of F. Consider the field extension F' C F(a, 3).
Using
F C F(a) C Fla, B),

we first have that [F(«) : F] = deg(g) = ¢ since g(z) is irreducible over F and has « as a root, and we also
have that [F(«, 8) : F(a)] = d < p since f(z) is reducible in F(a)[x] = K[z], and so the minimal polynomial
of 8 over F(«) has degree strictly less than deg(f) = p. Hence

[F(a,) : F] = [F(a, 8) : F(@)][F(a) : F] = dg.

Using
FCF(@)C F(a, ),

we first have that [F(8) : F] = deg(f) = p, since f(x) is irreducible over F' and has § as a root, and we also
have that [F(«, ) : F(B8)] = d' < ¢ since g(x) € F(8)[x] has « as a root and deg(g) = ¢. Hence

[F(v, 8) : F] = [F(e, B) : F(B)|[F(B) : F] = d'p.

We conclude that dg = d’p. Then p | (dg) and so p | dorp ‘ q since p is prime. But d < p and so we have
that p | q. Since p and ¢ are both prime numbers, we conclude that p = q.



Chapter 16.1

Problem 8. (Exercise 16.1.1 in the book.) Construct splitting fields K over Q for the polynomial f(x) and
find the degree [K : Q] where f(z) is

(a) 23 — 1.
(b) z* + 1.
(c) 28— 1.
(d) (2 —2)(2® - 3).

Solution.

2mi
(a) Let w = e 3 be a primitive third root of unity. Then the roots of 23 — 1 are w, w? and w?® and so

K = Q(w). We have 22 — 1 = (z — 1)(2? + 2 + 1), and 22 + x + 1 is irreducible over Q since its roots
are w,w? ¢ Q. Hence the splitting field of 2 — 1 over Q is K = Q(w). Since 22 + x + 1 is irreducible
and monic, it is the minimal polynomial of w over Q and so [K : Q] = deg(z? +z + 1) = 2.

2

(b) To find the roots of #* + 1 in C we may write
et l=at 4222 +1-22% = (22 +1)% - (V22)? = (2? + 1+ V22)(2® + 1 — V22)
and so finding the roots of each second degree polynomial we obtain the roots

1+72 142 —1—1 1—1
Ty = ——, Tog = , I3 = , Tg = .

We claim that z* + 1 is irreducible. Here are three ways to see this.

(i) Since all roots of z* + 1 are complex, there is only one possible factorization of z* + 1 into a
product of polynomials, namely

zt +1 = (ax® + bz + ¢)(dz® + ex + f)
for some a,b,c,d, e, f € Q. By computing the right hand side and equating the same degree terms

we obtain an impossible system of equations.

(ii) Since all roots of x* 4+ 1 are complex, there is only one possible factorization of z* + 1 into a
product of polynomials, namely

' +1 = (ax® + bz + ¢)(dz® + ex + f)
for some a,b,c,d,e, f € Q. We have shown that
1= 22+ V24 1)(2? — V2 + 1)

over R. Moreover, the polynomials 22 +22 + 1 and 22 — 2z + 1 are irreducible over R since
they have no roots in R. Therefore, any possible factorization of x% + 1 in Q[z] as a product of
two irreducible polynomials of degree 2 would differ up to a unit at most from the factorization
in R. This is impossible since v/2 ¢ Q.

(iii) Let p(z) = 2*+1 and compute p(x+1) = 2* + 423+ 622 +4x+2. This is irreducible by Eisenstein
criterion for p = 2 and so p(z) is irreducible as well.

Therefore 2* + 1 is irreducible over Q. Moreover, notice that o3 = x5, that 23 = 23, and that 27 = ws.
Hence the splitting field of 2* 4 1 over Q is K = Q(z1). Since x* + 1 is irreducible and monic, it is the
minimal polynomial of x; over Q and so [K : Q] = 4.



(c) We have 25 — 1 = (z — 1)(2° + 2* + 2® + 22 + 2 + 1) and —1 is a root of the second factor. So we
factorize further to obtain 2% — 1 = (z — 1)(z + 1)(2? + 22 + 1). We have

st l=at 22 1 - = (A1) - = (P e+ D) (@ 2+ 1)
and so finding the roots of each second degree polynomial we obtain that the roots of 25 — 1 are

1+iv3 —144i/3  —1-iV3 1—iV3

2 2 2 =T

xr, = 71, ro = 1, Tr3 = Tq Is

Hence the splitting field of 26 — 1 over Q is K = Q(Z\/g) Since 22 + 3 is irreducible, monic, and has
iv/3 as a root, it is the minimal polynomial of iv/3 over Q and so [K : Q] = 2.

(d) The roots of (? — 2)(x® — 3) are
T = \/5,1:2 = —V2, a3 :wf/g,u = w2{3/§,x5 = \3/?7),

where w is a primitive third root of unity. Hence the splitting field of (22 — 2)(z% — 3) over Q is
K = Q(v/2, V/3,w). Consider the field extensions

Q € Q(v2) CQ(V2,V3) C Q(V2, V3,w) = K. (1)

We have
[Q(V2) : Q] = deg(a® — 2) = 2. (2)

We claim that the polynomial 2° — 3 € Q(v/2)[z] is irreducible over Q(v/2). By Lemma 3.4(3) it is
enough to show that 2 — 3 has no roots in Q(\/ﬁ) The roots of 23 — 3 are x3, x4 and z5. Since x3
and x4 are not real, it is enough to show that x4 = 3 ¢ Q(\/ﬁ) Assume to a contradiction that
V3 € Q(+v?2). Since [Q(v/2) : Q] = 2, there exist a,b € Q such that

V3 =a+bV/2.
Raising both sides to the third power we obtain
3 =a® + 3a*bv/2 + 6ab? + 20°V/2,

which we can rearrange to
(a® + 6ab® — 3) + (3a2b + 2b°)V2 = 0.

Since 1,+/2 is a Q-basis of Q(v/2), we have that

a® +6ab®> —3 =0,
3a%b + 203 = 0.

If b = 0, the first equation gives a® —3 = 0 which is impossible since a € Q. Hence b # 0 and the second
equation gives 3a? + 2b% = 0, which is impossible in Q (since b # 0). Hence we reach a contradiction.
We conclude that 2° — 3 € Q(v/2)[x] is irreducible over Q(v/2) and so

[Q(V2, V/3) : Q(V2)] = deg(z® — 3) = 3. (3)

Finally, recall from part (a) that the polynomial 2% +z 4+ 1 € Q(v/2, ¥/3)[x] has only the nonreal roots
w,w?, and so none of them is in Q(v/2, ¥/3). Hence 22 4 z + 1 is irreducible over Q(v/2, ¥/3) and so

[Q(V2,V3,0) : Q(V2, V3) = 2. (4)
Using (1), (2), (3), (4) we conclude that [K : Q] =2-3-2=12.

Problem 9. (Exercise 16.1.2 in the book.) Construct a splitting field for 23 + z + 1 € Zy[z] and list all its
elements.



Solution. By evaluating the polynomial 22 +z 4+ 1 at 0 and 1, we see that it has no roots in Z, and hence
it is irreducible (since its degree is 3). Let Zy() be a field extension of Zy where « is a root of 3 + x + 1,
that is a® + a + 1 = 0. Then [Zy(«) : Zo] = deg(x® + x + 1) = 3, and {1, a, o} is a Za-basis of Zy(a). By
checking we see that a? is also a root of 23 4+ 2 + 1 since

(@P+a’+1=a’+a®+1=(1+a*)+a*+1=0

where, using o + a +1 = 0, we computed o® = —1 —a =1+« and so a® = 1 + o?. Therefore 23 + x + 1
has two roots in Za(a) and hence it has all its roots in Zs(«) since its degree is 3. We conclude that
Zo(a) ={0,1,,1 + a, 0,1+ a?, a + a2, 1 + a + a?} is the splitting field of 2® + x + 1 over Zo.

Problem 10. (Exercise 16.1.5 in the book.) Let E be the spliting field of a polynomial of degree n over a
field F. Show that [E : F] < nl.

Solution. We use induction on n > 1. For the base case n = 1 we have that E = F andso [E: F] =1 < 1L
Assume now that the claim is true for all polynomials of degree at most n — 1 and we show that the claim
holds for polynomials of degree n. Let f(z) € F[z] be a polynomial of degree n and F its splitting field.
Let aq,...,a, be the roots of f in E (possibly with duplicates). Then E = F(aq,...,ay). Since z —ay €

F(aq)[x] divides f(z), the polynomial g(z) = % is a well-defined polynomial in F(aq)[z]. Moreover, its
degree is n — 1 and its roots are ag, ..., a, and so its splitting field over F(a;) is F(a1)(aa,...,a,) = E.

Hence by induction hypothesis we have [E : F(a1)] < (n—1)!. On the other hand, «; is a root of f(x) € F[z]
and so [F(ay) : F] < deg(f) = n. Then from the field extensions F' C F(«;) C E we obtain

[E:F|=[E: F()][F(ag): F]<n(n—-1)!=n!

as required.

Chapter 16.2
Problem 11. (Exercise 16.2.2 in the book.) Is R C R(y/—5) a normal field extension?

Solution. We have that /=5 is the root of 2% + 5 € R[z] and that 2% + 5 = (z — v/=5)(z + v/=5) in R[z].
Hence R(y/=5) is the splitting field of 22 + 5 and so R C R(y/=5) is normal.

Problem 12. (Exercise 16.2.3 in the book.) Let E be a normal extension of F' and let K be a subfield of
E containing F'. Show that E is a normal extension over K. Give an example to show that K need not be
a normal extension of F.

Solution. We have field extensions FF C K C F with F' C E being normal. Therefore, E is the splitting
field of a collection of polynomials {f;(x) € F[z] | i € I}. But the polynomials f;(z) belong to K[z] as well
and so E is also the splitting field of {f;(z) € K[z] | ¢ € I}. Hence K C E is normal.

Now consider the field extensions Q C R C C, that is F = Q, K = R and F = C. The field extensions
Q C C and R C C are normal by Theorem 8.5. On the other hand, Q C R is not normal by Example 8.6(2).

Problem 13. (Exercise 16.2.4 in the book.) Let F = Q(v/2) and E = Q(+v/2). Show that E is a normal
extension of F', F' is a normal extension of Q, but F is not a normal extension of Q.

Solution. The field extension Q C Q(+/2) is normal, as it is the splitting field of 22 — 2 € Q[z] (the roots
of 22 — 2 are V2, —v/2 € Q(v/2).)

The field extension Q(v/2) € Q(+/2) is normal, as it is the splitting field of 22 — v/2 € Q(v/2)[z] (the
roots of 22 — /2 are v/2, —v/2 € Q(+/2).)

Regarding the field extension Q C Q(+/2), note that the irreducible polynomial 2* — 2 € Q[z] (Eisenstein
criterion for p = 2) has two root in Q(+v/2), namely v/2 and —+v/2, but it does not have all of its roots in
@(\4/5) since its other two roots, iv2 and —iV/2 are not real. By Theorem 8.5 we conclude that the extension
Q C Q(+/2) is not normal.



Problem 14. (Exercise 16.2.6 in the book.) Let E;, i € A be a family of normal extensions of a field F in

some extension K of F. Show that E = (., E; is also a normal extension of F.

Solution. Let f(z) € F[z] be an irreducible polynomial that has a root «; € E. By Theorem 8.5 we need
to show that it has all of its roots in E. Since oy € E = (,c5 £;, we have that oy € E; for all i € A. Hence
f(x) has a root in E;. Since F' C E; is normal for all i € A, we have that f(x) has all of its roots in E; for
all i € A by Theorem 8.5. Hence for every ¢ € A, the roots of f(x), say a1, aq,...,a,, belong to F;. We
conclude that ai,as,..., o, € (,cp B = E, as required.

Problem 15. (Exam June 2014, Problem 5.)
(a) Let a = v/2+ /2 € Rt. Find the minimal polynomial of o over Q.
(b) Show that Q(«) is a normal extension of Q. (Hint: Consider av/2 —1/2.)

Solution.

(a) We have

A?=24V2 = a?-2=V2
— (0 —2)* = (v2)?
— o' —4a®+4=2
= o*—4a®+2=0.

Hence « is a root of f(z) = x? — 422 + 2 € Q[z]. This is irreducible over Q by Eisenstein criterion for
p =2 and is a monic polynomial. Hence f(x) is the minimal polynomial of « over Q.

(b) It is enough to show that Q(«) is the splitting field of f(x) = z* — 42 4+ 2 over Q. To show this we
need to show that all the roots of f(x) are in Q(«). To find the roots of f(z) in C we have

f@)=a—4a? +2=0 —d2?+4-2=(22 -2 —2=(22 -2 - V2)(2® — 2+ V2).

Hence the roots of f in C are

a=1\24+V2, —a=—-\2+V2, B:=1/2-V72, —ﬁ:—\/m.

Hence it is enough to show that 8 = /2 — /2 € Q(ar). We compute

aB=\2+ V22— V2= 2+ VD)2 - v2) =\/1- (V2 =VI—2= V3.

Hence 5 = % and it is enough to show that V2 e Q(a). We have a?2=2++v2andsovV2=0a?-2¢
Q(a), which completes the proof.

Extra problems

Problem 16. (Chapter 16.1) Let f(z) = 2 + ax + b € Q[z]. Let E be the splitting field of f(z). Let
aq, g, as € C be the roots of f(x) (not necessarily distinct).

(a) Define D = (g — a1)?(a3 — a1)?(as — az)?. Show that D = —(4a® + 27b?).

(b) Show that if f(z) is reducible, then [E: Q] =1 or [F: Q] = 2.

(c)

(d) (Exercise 16.1.4 in the book.) Show that if f(x) is irreducible and vD ¢ Q, then [E : Q] = 6.

(Exercise 16.1.3 in the book.) Show that if f(z) is irreducible and /D € Q, then [E : Q] = 3.



()

(Exercise 16.1.8 in the book.) Show that over any field K 2O Q the polynomial 22 — 3z + 1 is either
irreducible or splits into linear factors.

Solution.

(a)

We have f(x) = (z — a1)(x — a2)(z — a3). Then

3
¥ t+ar+b=(x—o)(r— )z —a3)
=% - a3x2 — a2x2 — a1x2 + a1ex + 13T + 3T — (a3

=2% — (1 + ag + a3)z? + (a1as + s + azasz)r — ajasas,

from which we get

0[1+OZ2+O&3:0, (5)
g + araz + aaz = a, (6)
—(102003 = b. (7)

Using (5) we may eliminate a3 from (6) and (7) to obtain

—(0f + araz + 03) = a, (8)

a
041042(&1 + 012) =b. (9)

Now we compute D:

(g — )2 (g — )% (a3 — ag)? & (g — 1) (p + 2071)% (a1 + 200)?

= (af —2a1a9 + a%)(élaf + 4oy + a%)(a% + 4o o + 40[%)

® (=3ara; — a)(3ai + 3araz — a)(303 + 3arag — a)

—
=

(—9a3as — 90302 + 3aaias — 3aa? — 3aaias + a?) (303 + 3z — a)
= (=9a%az(aq + az) — 3aa? + a?)(3a3 + 3a s — a)

© (—9ba; — 3aa? + a?)(3a3 + 3a1az — a)

—27baga — 27batas + 9abay — 9aaiai — dacias + 3a’a? + 3a*aj + 3a’aran — a®
3

= —2Tbayas(ay + asg) + 9abay — 9aa%a2(a1 +ag) + 3a2(a% + aran + ag) —a

& 27 + 9abay — 9abay + 3a%(3 + aras + a3) — a®

® _o7p2 343 _ g3

= —(4a® + 27b%)

=

as required.
If f(z) is reducible, then it has a root in Q, say a;. Then f(x) = (z — aq)g(x) where g(x) has degree
2 and has a9, a3 as roots. We consider the cases g(x) reducible and g(z) irreducible separately.

If g(x) is reducible, it has a root in Q, say as. Then g(z) = (z — az)h(z) where h(z) has degree 1 and
has a3 as a root. It follows that as € Q and so in this case E=Q and [E: Q] =[Q: Q] = 1.

If g(z) is irreducible, then as and a3 are not in Q. Then as € Q(ae) and so g(z) = (x—az)h(z) in Q(ag)
where h(z) has degree 1 and has a3 as aroot. It follows that az € Q(az) and so E = Q(az, a3) = Q(az).
Since g(z) is irreducible and as ¢ Q is a root of g, it follows that [E : Q] = [Q(aze) : Q] = deg(g) = 2.

By part (a) we have that VD = (ag — a;)(az — a1)(az — az) € Q. Now consider Q(a;). By (5) we
have ag + a3 = —ay € Q(aq). By (7) we have asas = —bo{1 € Q(ay). Hence

(g — )3 — 1) = asas —aq (g + az) +a? € Q(aq).
~~—~ ~——

€Q(a1) €Q(a1)



Then
Qa3 — Qg = (042 — Oél)(ag, - al)(ag - 042) [(042 - Oél)(ag - Ozl)}_l € Q(Oél).

€Q €Q(a)

Then 1
az = (a2 +az+az —az) € Q(ay),
2 "— ——
€Q(ay) €Q(a1)

and 80 g = ag + as —az € Q(a). Hence all roots of f(x) are in Q(ay) and so E = Q(ay). Since f(x)
is irreducible and «; is a root of f(x), we conclude that

[E: Q] = [Q(n) : Q] = deg(f) = 3.

If VD ¢ Q, then the minimal polynomial of v/D over Q is 22— D and so [Q(+v/D) : Q] = deg(z?>—D) = 2.
Assume to a contradiction that a; € Q(v/D) for some i € {1,2,3}. Then Q C Q(«a;) € Q(v/D). But
[Q(a) : Q] = deg(f) = 3, since f(z) is irreducible and «; is a root of f(x). Hence

2=[Q(vVD):Q] = [Q(VD) : Q(a1)][Q(c1) : Q] = [Q(VD) : Q(e1)] - 3,

which is a contradiction. Following the proof of the case VD € Q, we can show that ag,as €
Q(VD,a1). Hence Q(ay, az,as) € Q(v/D,ay). On the other hand, we have

VD = (as — a1)(az — ar)(az — as) € Q(ar, as, a3)
and so Q(v/D, a1) € Q(a1, g, az). Tt follows that
E= @(ala O[Q,Olg) = Q(\/Ba al)~

Hence [E : Q] = [Q(v'D, ) : Q]. Since none of the roots of f(x) are in Q(v/D), and since f(x) has
degree 3, it follows that f(z) is irreducible over Q(v/D). Hence

[Q(VD, ay) : Q(VD)] = deg(f) = 3.

Therefore, we have

as required.

Let f(x) = 2% — 32 + 1. By Theorem 3.7 we have that any root of f(z) is an integer dividing 1. Since
f(1) = =1 and f(—1) = 3, we conclude that f(x) has no roots in Q. Since deg(f) = 3 we conclude
that f(x) is irreducible over Q. Let a1, as, a3 € C be the roots of f(x) and let E be the splitting field
of f(x) over Q. Using part (a), we compute

D = —(4(—3) +27) = —(4(—27) + 27) = 81,

and we have that vD = /81 = 9 € Q. Hence by part (c) we have that [E : Q] = 3. Moreover, for
every i € {1,2,3} we have [Q(a;) : Q] = deg(f) = 3 since f(z) is irreducible with «; as a root. Hence

3=1[E:Q]=[E:Q(ay)][Q(ex) : Q] = [E: Q(ai)] - 3,
and so Q(a;) = E.

Now assume that f(z) is not irreducible over a field K O Q and we show that f(z) splits into linear
factors in K. Since f(z) is not irreducible over K and since deg(f) = 3, it follows that K contains a
root a; of f(x). Hence F = Q(a;) C K. Since K contains the splitting field of f(x), we conclude that
f(x) splits into linear factors in K, as required.
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Problem 17. (Chapter 16.1) Let E be the splitting field of a polynomial f(x) of degree n over a field F.
Show that [E : F| divides nl.

Solution. We use induction on [E : F]. If [E : F] = 1 then we trivially have [E : F] =1 | nl. Now assume
that [E : F] > 1 and that for all k < [E : F] we have that k | n! and we show that [E : F] | n! as well.

First assume that f(z) is irreducible. In particular, we have that n > 1. Indeed, assume instead that
n=1. Then F = F and [E : F] = 1, which contradicts our assumption [E : F] > 1. Let a be a root of f(z)
in E. Then [F(a) : F] = deg(f) = n by Theorem 4.6. Since both f(z) and (z — «) are in F(«)[z] and F(«)
is a field, we may divide f(z) by (z — @) to obtain that

f(x)

(r—a)

g(x) = € F(a).

Clearly g(z) splits in E since f(x) does. Assume that g(z) splits in some intermediate field F(a) C L C E.
Then f(x) splits in that field as well and since FF C L C E, we conclude that L = E. Therefore F is the
splitting field of g(x) over F(«). Since

[E:F|=[E: F(a)|[F(a): F] = kn,

and since n > 1, we obtain that [E : F(a)] < [E : F]. Hence by induction hypothesis we obtain that
[E : F(o)] divides deg(g)! = (n — 1)I. Write (n —1)! =s- [E : F(a)]. Then

nl=(n—-1)-n=s-[E: F(a)] [Fla): F]=s-[E: F),

and so [E : F| divides n! as required.
Now assume that f(x) is not irreducible. We claim that f(z) has an irreducible factor of degree at least
2. Indeed, assume instead that all irreducible factors of f(x) are of degree 1. Then f(x) is of the form

flx) = Blx —ar)---(z - an)

for some B3, a1,...,a, € F. Then f(z) splits in F[z] and so E = F, giving [E : F| = 1, which contradicts our
assumption [E : F] > 1. Therefore there exists an irreducible factor h(z) € Flx] of f(x) with deg(h) > 2.
Hence there exists a polynomial g(z) € F[z] such that

f(x) = h(z)g(x).

Since we have assumed that f(x) is not irreducible, it follows that g(x) cannot be a constant polynomial,
and so deg(g) > 1. Let d = deg(h). Since

n = deg(f) = deg(h) +deg(g) > d+1,

we have that d < n. Now if E is the splitting field of h(x) over F, then by the previous case we have that
[E : F)] divides d!. Since d! < nl, it follows that in this case [E : F] divides n! as well. Hence we may assume
that F is not the splitting field of h(x) over F'. Let K be the splitting field of h(x) over F'. Then F C K C FE
and so [F : K| > 1. We claim that we also have that [K : F|] > 1. Indeed, assume instead that [K : F] =1
so that K = F. Then h(z) splits in F' and in particular it has a root in F'. Since deg(h) > 2, Lemma 3.4(2)
gives that h(x) is reducible, which contradicts our assumption. Therefore we also have that [K : F] > 1.
Now in Klz| we still have that f(z) = h(z)g(z), and so E is the splitting field of g(x) over K. Then

[E:F]=[E:K]K:F]

where both [E : K] and [K : F] are greater than 1. It follows that both [E : K] and [K : F] are strictly
smaller than [E : F]. By induction hypothesis we obtain that [K : F] divides deg(h)! = d! and that [E : K]
divides deg(g)! = (n — d)!. Then [E : F| = [E : K|[K : F] divides d!(n — d)! which itself divides n! since

(6) = nan =
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