Exam June 2015 sample solution

Problem 1. Let K be a field and R the subring of KJ[z]| consisting of the polynomials for which the
coefficient of z is zero, i.e. the polynomials of the form

(a)
(b)

ag + agx® + -+ apz™ (n=0o0rn>2).
What are the units in R? Show that 22 and z® are irreducible elements in R.

Is R a UFD? (Hint: consider )

Solution.

(a)

Let p(x) = ag + azz? + -+ + a,2™ € R be a unit. Let g(z) be its inverse and assume that deg(q) = k.
Then p(x)q(x) =1 and so

0 = deg(1) = deg(pq) = deg(p) + deg(q) =n+k

implies that n = k = 0. Hence p(z) = ag is a constant polynomial. Clearly p(z) # 0 since it is a unit.
Therefore p(xz) € K \ {0}. On the other hand, every element p(z) = a € K \ {0} is clearly a unit with
inverse given by ¢(x) = a~! and so the units of R are all the nonzero constant polynomials.

Clearly both 22 and 23 are not units. Assume that 2% = f(x)g(z) for some f(x),g(z) € R and that
g(z) is not a unit and we need to show that f(x) is a unit. Since g(z) is not a unit, and since clearly
g(x) # 0 as f(x)g(x) = 22 # 0, we conclude that deg(g) > 1. Since no polynomial in R can have
degree 1, we conclude that deg(g) > 2. Then

2 = deg(z?) = deg(fg) = deg(f) + deg(g) > deg(f) +2
implies that deg(f) = 0. Hence f(z) = a € K. Clearly f(z) # 0 since f(x)g(r) = 2% # 0 and so
f(z) =a € K\ {0} is a unit.
Finally assume that 23 = f(x)g(z) for some f(z),g(x) € R and that g(z) is not a unit and we need to
show that f(z) is a unit. As in the previous case we conclude that deg(g) > 2. Then

3 = deg(2”) = deg(fg) = deg(f) + deg(g) > deg(f) + 2

implies that deg(f) < 1. Since no polynomial in R can have degree 1, we obtain that deg(f) = 0. As
in the previous case we conclude that f(x) is a unit.

We have

R J g - 3

and both sides are a factorization of 2° as a product of irreducible elements by part (a). Since the two
factorizations have a different number of factors, we conclude that R is not a UFD.

Problem 2. Let f(z) =123 —2 € Q[z].

(a)
(b)

Find the splitting field F of f(x) over Q. What is the degree [E : Q]?
Describe the Galois group G(E/Q).

Solution.

(a)

27

The roots of f(z) in C are 21/3, w2!/3 and w?2'/3 where w = e . So

E — Q(21/3’w21/37w221/3) — Q(21/37w>

We compute

[Q(2'%,w) : Q] = [Q(2'%,w) : Q2'/?)][Q(2"?) : Q.
By Eisenstein’s criterion for p = 2 we have that f(z) is irreducible over Q. Since f(z) is also monic,
we conclude that f(x) is the minimal polynomial of 2!/3 over Q. Then [Q(2'/3) : Q] = 3.
Next, w is a root of 23 — 1 = (z — 1)(2? + 2 + 1). Let g(x) = 22 + 2 + 1. Since the roots of 3 — 1 are
1, w and w?, we conclude that w and w? are the roots of g(x) € Q(2'/3)[z]. Since g(z) has no roots in

Q(2Y%)[z] (as w and w? are not real numbers), and since g(x) is monic, we conclude that g(z) is the
minimal polynomial of w over Q(2'/3). Then [Q(2/3,w) : Q(2'/3)] = 2. We conclude that

[Q(2"%,w) : Q] = [Q(2"%,w) : Q(2"/*)][Q(2"/%): Q] =2-3 =6.
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(b) By part (a) we have that [Q(2/3) : Q] = 3 and so a Q-basis of Q(2'/3) over Q is given by {1,2'/3,22/3}.
By part (a) we also have that [Q(2'/3,w) : Q(2'/3)] = 2 and so a Q(2'/?3)-basis of Q(2'/3,w) is given
by {1,w}. Putting these two bases together, we obtain that a Q-basis of E = Q(2'/%,w) is given by
{1,21/3,22/3 ), w2t/3 w22/3},

Since E is the splitting field of 2% — 2, we have that Q C E is a normal extension. Moreover it is a
finite extension by part (a) and so it is a separable extension since Q is a perfect field. We conclude
that Q C F is a Galois extension. Let G = G(E/Q). Since the extension is Galois we have

Gl =[E:Q] =6,

and so G is a group with 6 elements. Let § € E = Q(2'/3,w). Using the Q-basis of E that we found,
we have that
B =ag+ a121/3 + a222/3 + agw + a4w21/3 + a5w22/3

for some ag, a1, a2, as, aq,as € Q. Hence if 0 € G = G(E/Q), we have

o(B) =o(ap + a123 + 42223 + azw + aqw2'/® + a5w22/3)
= o(ag) + o(a1)o(2'/%) + o(a2)0(2%/%) + o(as)o(w) + o(as)o(w)o(2'/3) + o(as)o(w)o (2*/?)
= ag + a10(2Y%) 4+ a20(2'/3)? + ago(w) + as0 (W) (2'3) + aso(w)o(2'/°)?,
since o acts as the identity on Q. We conclude that o is completely determined by o(2!/3) and o(w).

By part (a) we have that f(x) = 2 —2 is the minimal polynomial of 2!/3 over Q and g(z) = 22 +2 +1
is the minimal polynomial of w over Q(2'/3). Then, since U|Q = idg, we have

0=0(0) = o(f(2?)) = f(a(2'/?)) = o(2'/?) € {21/3,w2l/3 w?2!/3}
and
0=0(0) = 0o(9(w)) = g(o(w)) = o(w) € {w,w*}.

Hence there are at most 3 -2 = 6 possible choices for o. Since |G| = 6, we conclude that all possible
choices give elements of G. Hence G = {011, 012,021, 022,031,032} where

0:(21%) = w1213 and oy5(w) = W

Since the only groups with 6 elements are S5 and Zg, we conclude that G is isomorphic to one of these
two groups. Notice that
2 3 2 3 2
011 = 012 = 031 = 032 = 031 = O3,

and so every element of G has order at most 3. We conclude that G cannot be isomorphic to Zg and
so G = 53.

Problem 3. Let F' C E be a field extension of degree [E : F| = n.

(a) Show that if n is a prime number, then there is no proper intermediate field between E and F' (that is,
no field K with F C K C E and F # K # F). Deduce that if « € E'\ F, then the minimal polynomial
of @ in F[z] has degree n.

(b) Let E = F(«, ), where o has minimal polynomial in F[z] of degree d;, and 8 has minimal polynomial
in F[z] of degree da. Show that if dy and dy are coprime (i.e. ged(dy,d2) = 1), then [E : F| = dids.

(c) Give an example where a and § are as in (b), and such that a8 has minimal polynomial in F[z] of
degree d; or dy. (Hint: consider F' = Q with a = 2!/3 and $ a suitable root of unity.)

Solution.
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(a) Let K be a field with ' C K C E. Then
n=[FE:F|=[E:K|K:F|.

If n is a prime number, then either [E : K] =1 andso K = For [K : F] =1 and so K = F. Now
let « € E\ F. Since F C E is a finite extension, it is also algebraic and so « is algebraic over F.
Hence the minimal polynomial p(z) of « over F' exists. Then F' C F(«) C FE implies that F(a) = F
or F(a) = E. Since a ¢ F, we have F(«) = E. Then

deg(p) = [F(a) : F] = [E: F] = n,
as claimed.

(b) Let fo(x), fa(z) € Flz] be the minimal polynomials of o and S over F. Then deg(f,) = di and
deg(fs) = d2. Moreover, we have

[F(e) : F] = deg(fa) = di and [F(B) : F] = deg(f) = da.
Notice that fo(z) € F(8)[z] and fa(z) has a as a root. Let m = [F(a, 8) : F(B)]. Then
m = [F(a, ) : F(B)] < deg(fa) = di,
and similarly we obtain k := [F(a, ) : F(a)] < ds. Then we have
n=[E:F]=[F(o,p): F]=[F(a,8) : F(B)][F(B) : F] = md.

Similarly, we obtain n = kdy. Hence mdy = kd;. Since da | kd; and ged(dy,ds) = 1, we obtain dy | k.
Since k < dg, we obtain k = ds and so [E : F| = n = d1dy as required.

(¢) Let a =23 and let g = e%. Then the minimal polynomial of a over Q is 23 — 2 (is irreducible by
Eisenstein criterion for p = 2, is monic, and has 21/3 as a root), and the minimal polynomial of 5 over
Qis 2% +x +1 (is irreducible since its roots 3, 32 ¢ Q and has degree 2, is monic, and has 3 as a root).
The degree of 3 — 2 is 3 and the degree of 22 + x + 1 is 2 and ged(2,3) = 1. On the other hand the

21
minimal polynomial of a8 = e 3 2'/3 over Q is again x> — 2 (is irreducible and monic and has af as
a root).

Problem 4. Let f(z) = 2* +1 € Q[x], i.e. the cyclotomic polynomial ®g(x). Use the theory of cyclotomic
polynomials to describe its splitting field E and the Galois group G(E/Q).

Solution. Notice that ¢(8) = 4 since {1 < k < 8 | ged(k,8) = 1} = {1,3,5,7}. Hence the primitive 8-th
roots of unity are w, w3, w5 and w” where w = ¢*§". Since these are exactly the roots of f(z), we conclude
that £ = Q(w) is the splitting field of f(x). By the theory of cyclotomic polynomials we also know that
G(Q(w)/Q) 2 Zg ={1,3,5,7}. Hence the Galois group G(E/Q) has 4 elements. Since the only groups with
4 elements are Zy4 and Zg x Zs, we conclude that G(E/Q) is isomorphic to one of these two groups. Notice

that

TP=3=5"=7"=1 mod38

and so every element of G(E/Q) has order at most 2. We conclude that G(E/Q) cannot be isomorphic to
Z4 and so G(E/Q) = Zg X Zs.

Problem 5. Let £ = F(ay,a2) be a Galois extension of a field F, and let K1 = F(«a;) and Ko = F(a3).
Consider the subgroups Hy = G(E/K;) and Hy = G(E/K3) of the Galois group G(E/F).

(a) Show that Hy N Hy = {e}, that is, the intersection of Hy with Hy is the trivial subgroup of G(E/F).

(b) Suppose that each element g1 € H; maps Ks to Ks, and that each element go € Hy maps K to Kj.
Show that g1go = gog1 for all g1 € Hy, g2 € Ho.
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Solution.

(a)

Let g € Hy N Hy. Then g € G(E/K7) and so g’Kl = idg,. In particular, g(ay) = ;. Similarly, we
have g(as) = as. Moreover, g‘F = idp since F C K7 and so g(z) = z for every x € F. Consider the

field extensions
F g F(Oq) g F(al,ag).

Since F' C F(a1,a2) is a Galois extension, it is in particular a finite field extension. Hence a basis of
F(ay) over F is given by {1,a4,...,a{} for some d > 0 and a basis of F(ay,as) over F(ay) is given
by {1,aq,...,a5} for some s > 0. Hence a basis of F(a1, ) over F is given by

B={aia|0<i<d,0<j<s}

But g(a1) = a1 and g(as) = as implies that g’B = idp since ¢ is a ring homomorphism. It follows
that g : F(a1,a2) = F(aq,az) is the identity map. Since g € Hy N Hy was arbitrary, we conclude that
Hy N Hy = {idg}, as required.

Let a € E = F(ai,a3). It is enough to show that g1 g2(a) = g2g1 () for any o € E. Since gl’F =idp
and 92’F = idp, for every = € F we have

9192(2) = q1idp(z) = g1(z) =idp(z) =2
and similarly gog1(x) = z. Hence g192(x) = go2g1(x) for every x € F. Moreover, since g; Flon) =

idp(a,), we have
g291(01) = g2idp(a,) (1) = ga(aa).

On the other hand, since go(K1) C K1, we have that go(ay) € K3 = F(ay). Therefore
g192(c1) = idp(a,)g2(a1) = ga(a1).

Hence we have shown that gog1(a1) = g192(aq). Similarly we have gogi(as) = g192(az). Therefore,
and since g1g2 and gog; are ring homomorphisms, we see that ¢, g2| 5= 9201 | p Where

B={ala} |0<i<d0<j<s}

is an F-basis of E as in part (a). Since g1g2 and gag1 agree on both F' and an F-basis of E, it readily
follows that g1 g2(a) = g2g1 () for every a € E, as required.

Problem 6. Let F C E be a Galois extension of degree [E : F].

(a)

(b)

Is it possible that [E : F| = 4 and that there are precisely two proper intermediate fields between E
and F'?

Suppose that [E : F] = 6 and that F is the splitting field of a polynomial of degree 3 (and a Galois
extension of F.) How many proper intermediate fields are there between E and F?

Solution.

(a)

(b)

Assume [E : F] = 4. Since F' C FE is Galois, the Galois group G(E/F') has order 4. Hence either
G(E/F) =74 or G(E/F) = Zy X Zy. The group Z4 has precisely one proper subgroup, namely {0, 2}.
The group Zs x Zso has precisely three proper subgroups, namely {(0,0),(0,1)}, {(0,0),(1,0)} and
{(0,0),(1,1)}. By the FTGT it follows that there are either one or three proper intermediate fields
between /' and F' and so the answer is no.

Let f(z) € F[z] be the polynomial of degree 3 for which E is a splitting field. By the FTGT we
have that G(E/F) has order [E : F| = 6. Let aj, as and a3 be the roots of f(x) in E so that
E = F(ay, a2, a3). We first claim that F(«;) # E. Indeed, we have

[Fle) : F] < deg(f(x)) =3 < 6= [E: F],
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and so F = F(«;) is impossible. On the other hand, notice that
F(al,OéQ) = F(Ozl,Oég) = F(OZQ,O&g) =F.
Indeed, let us show this for F(ay, a2). In F(ay,as) we have that (z — aq)(z — ag) divide f(x) and so

f()

(x—a1)(z — ag)

=1 —as € Floy,a)[z],

giving a3 € F(a1,az). Then F(ay, as) = Fay, az,a3) = E.
We now claim that F(a;) # F'(a;) for ¢ # j. Indeed, if F(a;) = F'(a;), then

F(a;) = F(o, 05) = E,

which we have shown to be impossible. Hence the fields F'(ay), F(az2) and F(as) are all distinct
subfields of E. We claim that F(a;) # F, that is «; € F. Indeed, say that oy € F, then f(z) =
(x — aq)p(z) where p(z) € Fx] has degree 2. In particular, E is the splitting field of p(x) and «as, ag
are the roots of p(z). Then p(x) is divisible by © — as in F(«s), implying that a3 € F(«sy) which we
have shown to not be true. Therefore oy ¢ F' and similarly as, a3 & F.

We conclude that F(ay), F(as) and F(as) are three different proper intermediate fields between E
and F. Since [G(E/F)] = 6, we have by the FTGT that G(E/F) = S3 or G(E/F) = Zg. Since Zg
has only 2 proper subgroups, we conclude that G(E/F) = S3. It remains to find how many proper
subgroups S3 has. Since S3 has order 6, any nontrivial proper subgroup of S3 has order 2 or 3 and so
its cyclic. Hence if S3 = {id, (12), (13), (23), (123), (132)}, then the subgroups are {id, (12)}, {id, (13)},
{id, (23)} and {id, (123), (132)}. Since there are four proper nontrivial subgroups of Ss, by the FTGT
it follows that there are four proper intermediate fields between F' and E.

Problem 7. Let f(z) = 2° — x — 1 € Zs[z] and E = Zs(j3), where 3 is a root of f(z).

(a)
(b)

Show that g+ 1, 8+ 2, §+ 3,  + 4 are also roots of f(z). Deduce that 8 & Zs.

Define 0 € G(E/Zs) by o(8) = 5 + 1. Find the order of ¢ in G(E/Zs), and describe the action of o
on the roots of f(x).

(¢) Use the above and the FTGT to deduce that f(z) is irreducible, and that [E : Zs] = 5.
Solution.
(a) Since char(E) = 5, we have that (a + b)® = a® + b® for all a,b € E. Moreover, by Fermat’s little

theorem we have k% = k for all k € Z5. Hence for k € {1,2,3,4} we have
FB+E)=B+k)°—B+k) —1=+k -B-k-1=(-8-1)+k —k=f(8)=0.

We conclude that 8+ k is a root of f for k € {1,2,3,4}. Assume to a contradiction that g € Zs. Since
f(0) = =1 # 0, we conclude that 8 € {1,2,3,4}. But then S+ k is a root of f(z) for all k € {1,2,3,4}
and since 8 + k = 0 for some k € {1,2,3,4} we obtain a contradiction (again, because 0 is not a root

of f(x).

We have o(k) = k for all k € Zs, since 0 € G(E/Zs). Since o is a ring homomorphism, we have
o(B+k)=0(B)+o(k)=p+1+k forall k € {1,2,3,4}. Then o acts on the roots of f(z) as

B B+l +2-5+3-5B4+4+B+5=0
and so the order of ¢ is at least 5. Notice then that
a° (') = (a°(8))" = B".

Since Z5(3) has a Zs-basis given by 1,8,..., 3¢ for some d, we conclude that o° acts as the identity
on this basis. Since o° acts as the identity on Zs, we conclude that 0° = idg and so o has order 5.
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(¢) The extension Zs C E = Zs() is finite since S is algebraic over Zs, is separable since Zs is a finite
field and is normal since it is the splitting field of f(z) over Zs. Hence Zs C F is a Galois extension.
Since f() = 0, we conclude that [E : Zs] < 5. On the other hand, since o € G(E/Zs) has order 5, we
conclude that 5 < |G(E/Zs)|. By FTGT(3) we have that |G(E/Zs)| = [E : Zs]. Hence we have

5 <|G(E/Zs)| = [E: Zs] <5,

from which we conclude that [E : Zs] = 5. We claim that f(z) is the minimal polynomial of 3 over Zs.
Indeed, if that is not the case, and since f(/5) = 0 and f(x) is monic, we conclude that there exists an
irreducible polynomial g(z) with deg(g) < 5 and ¢g(3) = 0. But then

5=[E:Zs] = [Z5(B) : Zs] = deg(g) =4,

and we obtain a contradiction.



