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Problem 1

a) LetK be a field andG a finite subgroup ofK∗ = K\{0} under multiplication.
Prove that G is a cyclic group.

b) Find a generator for the cyclic group Z∗
31.

c) Let K be a Galois field of odd characteristic.
Prove that exactly half of the polynomials {x2 − b | b ∈ K\{0}} are irre-
ducible.

d) Let K be a Galois field with q elements. Prove that there are for each natural
number n ≥ 2 at least Φ(qn−1)

n
monic irreducible polynomials of degree n over

K, where Φ is the Euler Φ-function.

Problem 2 Let p1, p2, . . . , pn be prime numbers with pi 6= pj for i 6= j.

a) Prove that for any two pi, pj with i 6= j that [Q(√−pi,
√−pj) : Q] = 4, and

that Q ⊆ Q(√−pi,
√−pj) is a Galois extension with Galois group isomorphic

to Z2 × Z2.

b) Let K = Q(√−p1,
√
−p2, . . . ,

√
−pn). Considering K as a subfield of C, we

observe that complex conjugation is an automorphism of K of order 2.
Find the fix point field of K under complex conjugation. (Hint: Try with
n = 2 first.)

c) Find the Galois group of K over Q and conclude that [K : Q] = 2n.

Problem 3 Let K = Q(x), the field of rational functions in one variable over
Q.

a) For a, b, c, d ∈ Z with ac− bd = 1 define µ(a,b,c,d) : Q(x)→ Q(x) by

µ(a,b,c,d)(f) = f(ax+ b

cx+ d
).

Prove that µ(a,b,c,d) is a field automorphism.
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b) Consider the special cases (a, b, c, d) = (0,−1, 1, 0) and (a, b, c, d) = (0, 1,−1, 1)
and prove that µ(0,−1,1,0) is of order two and that µ(0,1,−1,1) is of order three
and find the fix point fields of µ(0,−1,1,0) and µ(0,1,−1,1).

c) Show that µ(0,−1,1,0) ◦ µ(0,1,−1,1) has infinite order.


