Norwegian University of Science and Technology
Department of Mathematical Sciences

Contact during the exam:
Christian Skau, phone 91755

Continuation Exam in MA3202 Galoisteori

English
Thursday, Aug. 8, 2013
Time: 09.00-13.00
Permitted aids: None
Results: Aug. 25, 2013

Problem 1

a) Is 1+ irreducible in Z[i] = {m + ni|m,n € Z}? Give reasons.
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b) Let a = 3+ 2i and b = 4 — 6i be two elements in Z[;]. Find ¢q and r in Z[i] such that

a=bg+r, and N(r) < N(b), where N(z + iy) = 2% + 3>

Problem 2

a) Let p be a prime and let n be a natural number. Show that there exists an irreducible
polynomial f(z) over Z, (= GF(p)) of degree n, using the fact that F* = F'\ {0} is a

cyclic group for every finite field F'.

b) Determine the number of irreducible polynomials of degree 2 over F' = GF(3?).

c) Let F = GF(5"), and let ¢ : F — F be the Frobenius automorphism ¢(z) = z°. Let

K = {z € F| ¢*(z) = z}. Describe the Galois field K.



Page 2 of 2

Problem 3
Let f(z) € Q[z] be an irreducible polynomial of degree four with roots oy, s, a3, . Let
E = Q(ay, 09, a3,a4) be the splitting field of f(z) over Q. Assume that the Galois group
G = G(E|Q) is isomorphic to S4, the symmetric group on four symbols.

a) Show that Q(a, as) G Q(a1, a2, a3).

b) Show that Q(ajan + czay) C Q(a + @) by using the Fundamental Theorem of Galois
Theory.

c) Is Q(ay + a2) = Q(a12)? Give reasons.

Problem 4
Let f(z) € F[z] be an irreducible polynomial of prime degree p over the field F', with char(F') =

0. Let K = F(a), where « is a root of an irreducible polynomial g(z) € F[z] of prime degree
q over the field F. Assume f(z) is reducible in K[z]. Show that p = g.

Problem 5

Determine the Galois group of f(z) = z* — 25 over Q.
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Problem 1

a) Let E be the splitting field of f(z) = z'* — 1 over Q. Show that the Galois group
G = G(F|Q) is abelian.

b) Let E be the splitting field of g(z) = z” + 1 over Q. Show that the Galois group
G = G(E|Q) is abelian.

Problem 2

a) List all fields K such that Q C K C Q(w, ¥/2), where V2 € R,w = 5. How many of
these are normal extensions of Q? Give explanation.

b) Which of the following fields are isomorphic? Give reasons by referring to theorems.
(i) Q(V2) and Q(iv/2)

(i) Q(V1++3)and Q(V1-V3)
(i) Q(v2) and Q(V3).

Problem 3

a) Let a be an algebraic number over the field F such that [F(a) : F] is an odd number.
Show that this implies that F(a?) = F(a).

b) Give an example to show that the converse implication is not true.
(Hint: Cyclotomic extensions.)
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Problem 4
a) Show that Z[+/—10] is not a euclidean domain.

b) Show that Z[v/2] is a unique factorization domain.

Problem 5
a) Let F = GF(2)(a), where o + a + 1 = 0. Determine a, b, c,d € GF(2) such that
1 = a + ba + co® + do?
a

b) Let f(z) be an irreducible polynomial over GF(p), where p is a prime. Show that f(z)
divides the polynomial g(z) = 2" — z in GF(p)[z] if and only if deg(f(z)) divides n.
Problem 6

Let L be a Galois extension of F such that G(L|F') is abelian. Let f(z) € F[z] be the minimal
polynomial of o € L. Show that all the roots of f(z) lie in F/().

Problem 7

Let [E : F] < oo, where E is an extension of the field F. If M;(C E) and M,(C E) are two
normal extensions of F' show that M; M, is a normal extension of F. (Here M; M, denotes the
subfield of F generated by M; and M,.)
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Problem 1

a) Show that 2 + 17 is irreducible in Z{i] = {m + nijm,n € Z}, and that 5 is reducible in
Z[i).

b) Which of the numbers 11,13 and 19 are irreducible in Z[i]? Give reasons.

Problem 2
Let w € C be a primitive 13th root of unity, and let E = Q(w).

a) Sliow that E is a normal extension of Q, and determine the cyclic Galois group G =

G(EIQ).

b) How many proper intermediate fields i, Q g K E E, are there? Give reasons.

Problem 3

Let f(r) = 2" — 2 € Q[z], and let E be the splitting field of f(z) over Q.
a) Determine the order of the Galois group G = G(E|Q).
b) Show that there exists a non-normal subgroup H of G.

c) Show that there exists a normal subgroup N of G such that G/N is abelian.
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Problem 4
Let E = Q(v2 - 3V3).
a) Show that E is a norinal extension of Q, and determine G = G(E|Q).

b) List all the intermediate fields K,Q € K C E.

Problem 5
We denote by GF(p") the finite field with p" elements, where p is a prime.

a) Let f(z) be an irreducible polynomial of degree 36 over GF'(5). By referring to relevant
theorems show that f(z) divides the polynomial

ki
25 _ g

in GF(5)[z], and that f(z) has distinct roots.

b) Let E be the splitting field of f(z) over GF(5). Exhibit by a diagram the inclusion of
the intermediate fields K,GF(5) C K C E.
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Problem 1

Show that Z{y/—13] is not a unique factorization domain (U F D) by showing that r = 64+ +/—13
is a divisor of 49 = 7- 7, but 7 is not a divisor of 7.

Problem 2

a) Let N = GF(5%) be a field extension of F = GF(5%). Determine the number of
intermediate fields K, i.e. fields K such that F C K C N.

b) Determine the number of monic irreducible polynomials of degree 2 over F = GF(5?).

Problem 3

Let f(z) =%+ L+ + &+ 1=Y4 % € Q] Let E be the splitting field of f(z) over
Q.

One can show that the Galois groups G(E|Q) is isomorphic to Ag, the a((‘erna.tc'n% group on 8
symbols. Use this to show that f(z) is irreducible over Q.

Problem 4

Let E be the splitting field over Q of f(z) = x'3—2, and let G = G(E|Q) be the Galois group.

a) Determine the order |G| of G.

b) Show that G is non-abelian.
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c) Show that there exists an intermediate field K,Q C K C E, such that K corresponds

by the Galois correspondence to a normal subgroup H of G such that the order |H| of
H is 13.

d) Show that there exists an intermediate field N such that [N : Q] = 39.

Problem 5

Let Qo denote the subset of Q consisting og all rational numbers 3 such that a,b € Z and b
an odd number.

a) Show that Q, is a sub-integral domain of Q, and find the units of Q;
b) Show that the irreducible elements in Q, consist of 2 and elements associated to 2.

c) Is Q. a unique factorization domain? Give reasons.
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Oppgave 1

La w veere en primitiv n’te enhetsrot, og la F* veere en kropp slik at p 4 n, der p = char (F).
Vis at F'(w) er rotkroppen over F til 2" — 1 € F[z], og at Galoisgruppen G(F(w)|F') er abelsk.

Oppgave 2

La f(z) = 2° + 9z — 2 € Q|z], og la E veere rotkroppen til f(z) over Q. Vis at det finnes
K

ngyaktig tre mellomkropper K, Q G K G E, slikat | ikke er en normal utvidelse.
Q

Oppgave 3

Ved veltemperert stemming av et piano trenger man & bestemme forholdet o = ¥2 € R,.
Begrunn hvorfor o ikke kan konstrueres fra Q med passer og linjal.
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Oppgave 4

La F vazre en kropp av karakteristikk 0. La f(z) € F|[z] vere et polynom av grad n med n
distinkte rgtter oy, o, -+, a,. La

B=o0a;+2a+3a3+ -+ na,

Anta at man far n! forskjellige verdier dersom man permuterer 1,--- ,n, dvs. mengden

{kiay + kaorg + « - - + knan|kiko - - - ks er en permutasjon av 12---n}

bestar av n! distinkte tall.

Vis at F(f) er rotkroppen til f(z) over F. [Hint: Benytt hovedteoremet i Galoisteorien.]

Oppgave 5

a) La E = GF(3'?) vare en kroppsutvidelse av F = GF(3*). Hvor mange mellomkropper
finnes det mellom F og E7?

b) Bestem antall irredusible moniske polynomer av grad 2 over GF(7).

Oppgave 6

Laa=v5+V5€R,, ogla E=Q(a)

a) Vis at v/5—v5 € E.

(Hint: Betrakt +.)
b) Vis at E er rotkroppen til et polynom f(z) € Q[z].

c) Bestem Galoisgruppen G = G(E|Q) (som abstrakt gruppe), ved fgrst & bestemme orde-
nen til G.
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Problem 1

Show that v/—5|(a + bv/=5) in Z[y/=5] if and only if 5|a, and use this to show that vV—5isa
prime in Z./-5.

Problem 2

Let F be a finite field such that char(F) = 7. Show that every element a € F ha a unique 7th
root v/a, i.e. b’ = a, where b = V/a.

Problem 3

a) Let f(z) = z°+272+6 € Q[z] and let E be the splitting field of f(z) over Q. Determine
G(E|Q).

(Hint: Investigate the real roots of f(z).

b) Show that there exists one and only one field K such that Q g K S Eand Kisa
normal extension of Q.
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Problem 4
K
K | K
a) Let | bea Galois extension and let L be an intermediate field L . Show that | is
| L
F
a Galois extension.
L
b) Give an example that shows that | does not have to be a Galois extension.
F
Problem 5
K
Let | be a Galois extension such that G(K|F) is cyclic of order n and let o be a generator
F

for G(K|F). Assume that F' contains a primitive n’th root w of unity. Let o € K\F, and let
(w, @) # 0 be the Lagrange resolvent defined by

(w,a) =a+ws(a) + - +w " Ya)
a) Show that a = a4+ o(a)+ -+ + o™ }(a) is an element in F.
b) Show that K = F((w, @)).

c) Let b= (w,a)". Show that b € F and that K is the splitting field of 2* — b € Flz] over
F.

d) Give an argument why z" — b is an irreducible polynomial over F.
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Oppgave 1

La f(z) € F[z] vare et irredusibelt polynom over kroppen F, der F' har karakteristikk 0. La
E veere rotkroppen til f(z) over F, og anta at Galoisgruppen G = G(E|F) er abelsk.

Vis at hver rot a til f(z) er et primitivt element, dvs. E = F(a).

Oppgave 2

Vis at den diofantiske ligningen
y2 +2 =z

ikke har noen lgsninger i Z.

[Hint: Z[\/-2] er et entydig faktoriseringsomrade.|
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Oppgave 3

La F vaere en kropp av karakteristikk p, der p er et primtall. La f(z) € F[z] veere et irredusibelt
polynom med multiple rgtter. Vis at det finnes s € {1,2,3,...} og et irredusibelt og separabelt
polynom g(z) € F[z], slik at f(z) = g(z*").

Oppgave 4

a) La I veere en Galoisk utvidelse av F. La g(z) € K|[z] veere irredusibel over K, og la
g € G(K|F).

Vis at o(g(z)) € K|z] er irredusibel over K.

b) La f(z) € F[z] veere et (mnonisk) irredusibelt polynom over F' av primtallsgrad p.
Vis at dersom f(z) er redusibel i K{z], s& vil alle rgttene til f(z) ligge i K.

|F og K er som i a).]

Oppgave 5

La f(z) = 2® — 21z + 6 € Q[z], og la E vare rotkroppen til f(z) over Q. Man kan vise at
E C R. Vis at F ikke er et radikaltirn over Q.
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Problem 1

a) Prove that if D is a domain that is not a field, then D[z] is not a Euclidean domain.

b) Show that 3 is irreducible, but not prime, in the integral domain Z[\/-5).

Problem 2

a) Determine the Galois group of z* — 7 € Q[z] over Q.

b) Let E denote the splitting field of 23 — 7 over Q. How many intermediate fields
F(QC F C E), such that [F : Q] = 2, are there? Give reasons.

Problem 3

Let p be a prime. Let E be the splitting field of 2* — 1 € Q|z] over Q.

a) Prove that G(E/Q) is abelian of order p—1.

b) Let w = e%'. Prove that there exists a subfield F of C such that [F(w) : F]=5.
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Problem 4

a) Let F be a field of characteristic p, where 0 < p # 3. Let @ be a root of f(z) =
2P — z 4 3 € F[z] that lies in F. Show that f(z) has p distinct roots in F.

[HINT: Show that o+ 1 is a root.]

b) Without actually computing, find the number of monic irreducible polynomials of degree
2 over the field Z; = GF(7).

Problem 5

Prove that v/2 + /3 is irrational.

[HINT: Consider @(v/2) and Q(¥/3)]



