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2025
&Problem 1
-

(a) to obtain SNF :

Per
-

10000
2-

1000-100
Na -

where we have 112/6
,
such that

this is the Smith normal form of A,

(b) By (a) we know there exist two invertible3x3-matrices Pand Q such that

PAQ =

100
020 = D[0067.

From the theory we have that

/Infa =/ Imfe



②

= 7/m/000=20
= 7/28712787/67

/61.

roblem theory it is enough to show thaa
(i) r, S = R = r-SER

,E
US - R .

Ei) IM(k)
= Iz ER .

Let
r

=Landsbefg
Clearly, a -a b -b

~ s =[ (x)

and

rs=j to

By definition of R theseSonlyref-es are ze

[Milk) =[0
Hence R is a subring of Mz(k) ,



③
&(b) : Define p

: R-K O [E] by letting

e) =(a)
By (*) above, we see that g(r +s) =e(r) +q(s),
(substituting - with +)

,
and

e(rs) =g)
A
& AX

=g)(a) =CaA

= (a , A)(a ,
A) = g(r)g(s)

Furthermore
,

g(0)) = (1 , (i)) =

1)
Hence

, o is a homomorphism of rings. We
see from the definition ofa that o is onto;
since (**) Is an arbitrary element in [E].
Also

Verg =[( +R)y() = (a
, (i)) = (0

,
[08])3

= [R/b,=

By the theory Ver o =I is an ideal in R
,
and



⑪
R/I = R/Very = Imp = ko[].

The ring R/I is a finite direct sum of full matrix

rings over division rings, hence by Wedderburn-Artin&

theorem R/I is a semismple ring,

( We have that e[0,
and e is an idempotent.
Let [e

,
==100 ande

Then Re
,

=( ,Reand Re
and it follows that

R = Re
,
+ Rez + Res. (8)

Since Re
,

n (Rez + Res) =(0)Rean (Re, + Rez) = Ol , and
Regn (Re ,

+ Ren) = (0),
by the theory (4) is a direct sum and

R = Re① RezoRes .

Problem 3
-

(a) We need to show that
(i) r

,
r -Annp(M) = r-rtAnup(M) .

(i) reAnnp(M) , seR = rs , sreAnnm(M) ,

(i) Let v, r'tAnnp(M). For mEM ,
the

(u-r)m = rm - r'm =0
"

,
sincer -Anup(M)



⑤

Hence
,
his holds .

Let rEAnup(M) and -R,
then for

m + M
, (sr) · m = s(r .m) = 5.0 = 0

, since reAnnp(M)

and (rs)m = r(sm) = 0
in
-M

·

S
w

Hence (ii) holds
,
and Annp(M) is an ideal inR.

(b)Font : Then for
any
ntN

,
there exists meM such

that f(m) = n
.

Let - > Annp(M) . The
rn = rf(m) = f(rm) = 0

~-o
,
since

X↑ since f is an R-homomorphism
Hence un = 0 for all nEN

,
and Annr(M)=Annp(N) .

#1 : Then Verf = (0)
·
Let meM and reAnnp(N),

Then firm) = rf(m) = 0
,
since veAnup(N) and f(m) +N.

Hence
,

rm = Ver(f) = 10) and reAnnp(M) .

It follows
that Anna (N) =Anne (MI ,

It follows from the above that if f is an isomorphism,
then Anna (M) = Anne (N). The contrapositive statement
is Ance :

Anna(M)+ Annp(N) => f is not an isomorphism.
Problem4 definition of the k[x)-action-

(a) By definition -
Mpx = [m +M/p(x) m

=0) =Sm +M/pth)"(m)= 03

=Ver(p(h)") .



⑯

Since End(M) is a ring , any polynomial in an

endomorphism g of M (interpreting go = 1 m) is
again an endomorphism of M in End(M) .
Since the Kernel of any tendomorphism of M
is a -submodule of M

,
it follows that Ver(p(h)-

13 a 1-submodule of M,

(b)(i) Let p : M- X be an isomorphism of left kixf1

modules. Claim : Plma : Ma-Xa is an isomorphism,-

For meMa
,

we have ag(m) = y(am) =c(0) = 0
,
since meMa

.

Hence
, glmItXa .

Let x Xa
.
Then Im + M such that

q(ml = - .

Since O=az = ag(m) =glam) and & is

1-1
,

we infor that me Ma .
It follows that glma is

onto and a h[x]-homomorphism and 1-1 ,
since

C is . Hence
, CIMMa-Xa is an isomorphism of k[x]modules

(i)Given that
M = x(x)/(p,

(x)m)0 - - - qk[x]/(p+
(x)+)

it follows from (1) in the problem text ,
(b)(i) and

the formula for Xp in (b) til that

Mp k[x]/(pi(x)) ,

Si(pi(x) =p, (x)

since non; for all i ,

(ii) By using (ii) it follows that

M= MpiPy(x) =pexik(x]/(py(x)v:)) ,

as lefth(x)-modules.



⑦

(C) Let he Endi(M) be such that the characteristic
polynomial Chkx) of h has at least two-

different monic irreducible factors. Recall from the

theory that in (2) in the problem
t

I, pi(x)
ni = = (q(x) .

S

Hence In the decomposition M= Mpicx)" there are
at least two non-zero terms.

i= 1

By (a) each
Mpics" is a -submodule of M

,
and we infor

that M = M
,
&M

,
with Mit10).

If M = M
, DM2 for two non-zero submodules M

,
and

Mc
,
define h :M-M by letting
h((m

, ,
mz)) = (m

,,
0).

Then htEnd(M) and as a linear transforma
tion h can be represented as

-

=[int 7
Then Cn(x) = (x-1)dinM, dimMa

.

Since both
M

,
and Mc are non-zero, Calx) has two

different monic ireducible factors. This

completes the proof.


