Rings and modules - Problem set 6 solutions

Solved on Tuesday 21.11

Problem 1. (After Chapter 14.2.) Let R be a domain (i.e. a commutative unital integral domain) and
M an R-module. Show that the set

Tor M = {m € M | there exists nonzero r € R with rm = 0}
is a submodule of M.

Solution. Since 1-0 = 0 we have that 0 € Tor M and so Tor M # @. Let m,n € Tor M and r € R. Since
m,n € Tor M, there exist nonzero r1,r2 € R such that rym = 0 and ron = 0. Since R is an integral domain,
we have r1ry # 0. Then, since R is commutative, we have

rire(m —mn) = (rirg)m — (rire)n = ra(rim) — ri(rem) = r20 — r;0 = 0,
and so m —n € Tor M, and we also have that
ri(rm) =r(rim) =r0 =0,
and so rm € Tor M. This shows that Tor M is a submodule of M.

Problem 2. (After Chapter 21.4.) Let K be a field and A € M,,«,,(K) be an n x n matrix with coefficients
in K. Show that there exists a unique monic polynomial m4(X) € K[X] which generates the ideal I, =
{p(X) € K[X] | p(A) = 0}.

Solution. The set {I, A, A% ..., A"Q} has n% + 1 elements. Since the dimension of M,,,,(K) is n?, it follows
that the above set is linearly dependent and so there exist g, ..., A,2 € K, not all equal to zero, such that

Mol £ MA+ -+ A2 A = 0.

Setting p(X) = Ao + M X 4 -+ + A2 X" € K[X] we obtain that p(A) = 0 and so I is not the zero ideal.
Since K[X] is a PID, we have that I can be generated by a single nonzero element ¢(X) € K[X]. Let
¢(X)=ao+ a1 X +---+ar X" and set ma(X) = a;'q(X). Then m(X) is monic and

(ma(X)) = (a5 (X)) = (a(X)) = La.

Assume now that b(X) is another monic polynomial such that (b(X)) = I4. Then b(X) € 14 = (ma(X))
implies that b(X) = ma(X)r(X) for some r(X) € K[X]. Similarly, ma(X) € In = (b(X)) implies that
ma(X)=0b(X)s(X). Then

ma(X) =0b(X)s(X) =ma(X)r(X)s(X)

implies that r(X)s(X) is a nonzero constant polynomial, since the degree of the two polynomials m 4(X) and
mA(X)r(X)s(X) must be the same. Moreover, since the coefficient of the highest degree term of m4(X) =
maA(X)r(X)s(X) is 1, it follows that r(X)s(X) = 1. Hence r(X) = r € K. Then b(X) = ma(z)r implies
that r = 1 since both b(X) and m(X) are monic. We conclude that m4(X) = b(X), showing uniqueness of
ma (X) .

Problem 3. (After Chapter 20.3.) (Exam August 2013, Problem 1.) Find the Smith normal form over
4 2 74

the integers Z for the matrix ( 12 -6 6 )
—16 10 —4



Solution. We observe that the greatest common divisor of all the elements in the matrix is 2. Hence we
proceed by obtaining a 2 at the top left corner of the matrix and then obtaining zeros in its row and column:

42 4N 2 4 4N (2 0 0N (20 0
12 -6 6 |26 12 6 | PP 6 24 18 | TP o g 18
~16 10 -4 10 —16 —4) @702 \10 —36 —24) fe7fs=5B \g _36 _o4

Now we observe that the greatest common divisor of all the elements in the 2 x 2 matrix block ( 2 _134) is 6.

Hence we proceed by obtaining a 6 at the top left corner of this matrix block and then obtaining zeros in its
row and column:

2 0 0 Co—Co—C. 2 0 0 C3—C3—-3C 2 0 R3—R3+2R 2.0 0
0 24 18 A o 6 18 o 6 TR0 600,
0 —36 —24 0 —12 —-24 0 —12 12 0 0 12

which is the Smith normal form of A since 2 ! 6 ‘ 12.

Problem 4. (After Chapter 21.4.) (Exercise 21.4.1 in the book.) Find rational canonical forms of the
following matrices over Q:

W (150)
v (i)
Solution.

(a) Let the matrix be A. We start with the Smith normal form of A — XI5:

1-X 5 7 O o0 5 1-X 7 Ci1c 1 1-X 7 Cy—Ca—(1-X)C
0 4-X 3 =P l4-X 0 3 R X 3 T
1 0 0 Ros R A=X p 1 0 0

4—X  (A=X)(X-1) —1347X RN R 0 WU=X(X-1) —1347X Ra23ks
5 5 5 5 5
0 0 1-X 0 0 1-X

1 0 0 Ro—Ro+TR 1 0 0 Ca+>C!

0 U-—X)(X—-1) —-1B3+7X| 7 =710 d-X)(X-1) -6 R

0 0 1-X 0 0 1-X

1 0 0 1 1 0 0

Cy——%C —(4— -

0 6 (4 B X)(X _ 1) 2—>_>6 2 0 1 (4 B X)(X _ 1) C3—Cs (u()(X 1)C2

0 1-X 0 0 X+ 0

1 0 0 x—1 10 0 10 0

O 1 0 RS*}R?;TRQ O 1 O R316)R3 0 1 0

0 X1 LG(X*@ 0 0 W 0 0 (X—1)%(X—4)

Hence the invariant factors of A — XI5 are 1, 1 and (X — 1)%(X —4) = -4+ 9X — 6X2 + X3. The only
non-unit is —4 + 9X — 6X2 + X3 and so the rational canonical form of A is

0 0 4
C_yyox—6x24x3 =1 0 -9
01 6



(b) Let the matrix be B. We start with the Smith normal form of B — X1Is:

2-X 4 0\ ... e S T W 1 0 0
1 4-X 1 rof 2—X 4 0 20 g v 46X X2 X -2
3 8§ 3-X Cs=Cs—Ch 3 443X _X
R R 2—X)R 1 0 R Ro+R 1 0 C. C
RGO/ g g4 6x - X2 2ofatfs [ gygx - x2 o | 5
Rs=Ra=3h | 443X 0 —44+3X _X
1 0 0 /10 0 x. /10 0
C —=C R Rs—F5 R
0 —2 —849x—x2| 1227 1 —8+9x—x2| 73T g 4 849X — X2
0 —X  —44+3X 0 X 443X 0 0 —44+7X-9x24X°
10 0 10 0
ComrCa—(8+9X-X")C2 [ 5 0 C‘*ﬁcg 0 1 0
0 0 —8+14X —9X2+ X3

00 —4+7X-9x24+X

Hence the invariant factors of B — XI5 are 1, 1 and —8 + 14X — 9X2 4+ X3. The only non-unit is

—8+ 14X —9X2 4+ X3 and so the rational canonical form of B is

0 0 8
C_giiax—ox24xs= (1 0 —14
0 1 9



(¢) Let the matrix be C. We start with the Smith normal form of C' — X I4:
1-X 1 —2 4 1 1-X -2 4 CasCr(1-X)C
0 1-X 2 2 Cﬁ?Q 1-X 0 2 2 cgagzcl
0 0 1-X 3 0 0 1-X 3 Cy—Cy—4C
0 0 0 -X 0 0 0 -X
1 0 0 0 1 0 0 0
1-X —(1-X)2 4-2X -2+4X FamRa—(1=X)Rs [ 0 —(1-X)? 4-2X -2+44X 20
0 0 1-X 3 0 0 1-X 3
0 0 0 -X 0 0 0 -X
1 0 0 0 1 0 0 0 )
0 —2+4X 4-2X —(1-X)?2 R2_<—>1>%3 0 3 1-X 0 szRz
0 3 1-X 0 0 —2+4X 4-2X —(1-X)?2
0 -X 0 0 0 -X 0 0
1 0 0 0 1 0 0 0
0 1 % 0 Cz—)Cz;%Cﬁ 0 1 0 . 0 R3HR37(_7$+4)()R2
0 —2+44X 4-2X —(1-X)? 0 —2+44Xx M12X0 (] X)? Ri—Rat-XR:
0 -X 0 0 0 _X X%Xz 0
1 0 0 0 1 0 0 0
0 1 0 . 0 cs—305 |0 1 0 0 Ry Ra 4R
0 0 M=2XHX —(1-X)?|[cole, [0 0 14-12X +4X2 (1-X)?
00 XX 0 0 0 X - X? 0
1 0 0 0 1 0 0 0
0 1 0 0 Cs—8Cy |0 1 0 0 Cy—Cy+XCs
0 0 14—-8X 1-2X+X? 0 0 14—8X 8—16X +8X?
0 0 X-—X? 0 0 0 X-—Xx2 0
10 0 0 1 0 0 0 )
0 1 0 0 C3—C3—4C, |0 1 0 0 Rs—sz
0 0 14—-8X 8-2X 0 0 —18 8 —2X
00 X—-X2 X2_-Xx3 0 0 X-5X2+4+4Xx% X?-X3
1 0 0 0 1 0 0 0
0 1 0 0 Rys—Ry—(X—-5x2+4Xx%)Rs |0 1 0 0 C4—>C4—X9_4Cs
X—4 — X—4
0 0 1 S5 0 0 1 5
0 0 X—5X2+4X3 X2_ x3 00 0 4X—12X2412X3—4x*
9
1 00 0 1 0 0 0
010 0 a--1c [0 1 0 0
00 1 0 — o 01 0
X—12X%412X3—4x4 2 3 4
0 0 o 2X=lzxalaX—d 0 00 —X+3X"-3X"+X

Hence the invariant factors of C — XIz are 1, 1, 1 and —X + 3X? — 3X3 + X*. The only non-unit is
—X +3X2%2-3X3+ X* and so the rational canonical form of C is

0 00 O

1 0 0 1
C—X+3X2—3X3+X4 = 01 0 -3

001 3

Problem 5. (After Chapter 21.5) (Exercise 21.5.1 in the book.) Find the Jordan canonical form of the
following matrices:

(2) (_23 :és E’z)



55 —24
O {gs )
0 0 4

SouUN|—

Solution.
(a) Let the matrix be A. We start with the Smith normal form of A — X I3:
-X 4 2 oo 4 -X 2 oo 1 -X 2 s xC
-3 8-X 3 == 8-X -3 3 -1ix -3 3 e
4 -8 -2 X -8 4 —92_X _9 4 _9_ X C3—C3—2C4
1 0 0 1 1 0 0
Ry—Ry—(2— 3 X)R

2-1x —3qox—ix? iglx | VISV g gpox - lx? 4 ly | e

—2 4-2X 2-X R s 20 0 4-2X 2-X
! 0 0 CaC 1 0 0 C3—C3—2C
0 4-2X 2-X 223 9_X 49X 3= Ca =202
0 —3+2X—1X? —1+3X 0 143X —-3+2X-1X?
1 0 0 1. /10 0

Rs—R3—=R -~

0 2-X 0 TR g 9 x 0 i
0 —1+iX -1+X-1x2 0 0 —14+X-1x2) femrifh
1 0 0 1 0 0
0 X—-2 0 =0 x-2 0
0 0 4—4X+X? 0 0 (X-2)7?

Hence the elementary divisors are X — 2 and (X — 2)2. It follows that the Jordan canonical form of A is

[Jix2]0 0\ /2]0 0\
o bt TG S

(b) Let the matrix be B. We start with the Smith normal form of B — X1,:

5—-X 3 -2 4 3 5-X -2 4
0 5—X 4 4 ci>c2 5—X 0 4 4 cll%cl
0 0 5-X 3 0 0 5-X 3
0 0 0 4-X 0 0 0 4-X
1 5-X =2 4 1 5-X -2 4
10-2X 0 4 4 e R —(10-2X) R | 0 —2(X — 52 4(6 - X) 4(2X —9)
0 0 5-X 3 0 0 5-X 3
0 0 0 4-X 0 0 0 4-X
Cy—Co—(5—X)C1 1 0 0 0
CamCar2cr [0 —2(X — 52 46— X) 4(2X —9) | RaoRs
Cy—Cy—4C 0 0 5—-X 3
0 0 0 4—-X
1 0 0 0 1 0 0 0 )
0 0 5-X 3 CaesCs [ O 5-X 0 Ra g e
0 —2(X—-5)2 46—-X) 42X -9) 0 42X —9) 4(6—-X) —2(X —5)?
0 0 0 4-X 0 4-X 0 0
1 0 0 0 1 0 0 0
0 1 15— X) 0 C3=C5-5(5-X)C [ 0 1 0 0
0 402X —9) 4(6—X) —2(X —5)? - 0 42X —9) 2(2X?-22X+63) —2(X —5)?
0 4-X 0 0 0 4-X —3(6-X)4-X) 0
10 0 0
Rs—R3—42X-9)R. [0 1 0 0
RisRi—(—x)R: |0 0 3(2X2 - 22X +63) —2(X —5)2
00 —3(5-X)4-X) 0



Let us now focus on the 2 x 2 matrix on the lower right hand-side. The polynomial 2(X — 5)? has only
5 as a root. By evaluating 2X? — 22X + 63 on 5 we see that 5 is not a root and hence (X —5) does not
divide this polynomial. We conclude that the greatest common divisor of the two polynomials in row 3
is 1. Hence by theory we know that we can obtain a 1 in position (3, 3) in this matrix. Moreover, after
using this 1 to eliminate the polynomials in positions (3,4) and (4, 3), we obtain that the polynomial in
the position (4,4) has to be the characteristic polynomial of B by Theorem 19.7. We may compute the
characteristic polynomial of B immediately to be

5-x 1 —2 4
0 5-X 4 4
cp(X)=det(B-XI,)=| 0 s5-x 3 =4-X)5-X)*=(X—-4)(X —-5)%
0 0 0 4-X

Otherwise, we could also proceed from where we stopped our computation of the Smith normal form as
follows

10 0 0 10 0 0
0 1 0 0 cg—:gcs 0 1 0 0
4
0 0 g(%)(2‘—22)(+63) —2(X — 5)? Cin-le, 00 —8X22+88X—252 (X —5)2
00 —i6-X)4-X) 0 0 0 X?2-9X+20 0
10 0 0 . 10 0 0
RSHR_;g;rSRz; 0 1 0 0 R3ER3 0 1 0 0
0 0 16X-92 (X-5)? 0 0 xX- 75(X —5)?
0 0 X2-9X+20 0 0 0 X%2-9X+20 0
10 0 0 10 0 0
R4~>Ri;XRg 0 1 0 0 04;1604 0 1 0 0
00 Xx-% %(){—5)2 o0 XxX-% (X —5)2
0 0 1(80—13X) —7:X(X—5)2 0 0 +(80—13X) —X(X-5)?
10 0 0 10 0 0
R4;4R4 0 ]. 0 0 R4—>R4+13R3 0 1 0 0
00 Xx-2 (X —5)2 00 x-2% (X —5)2
0 0 80—13X —4X(X —5)2 00 Z (X-5)%(13-4X)
10 0 0 , 10 0 0
RyorRy (01 0 0 Famarfia 101 0 0
00 2 (X —5)2(13 — 4X) 00 1 (X —5)%(13 — 4X)
00 x-2 (X —5)2 00 x-2% (X —5)2
1 00 0
Ri»Ra-(X-2)R:s [0 1 0 0 Ci—Catar (X—5)2(4X ~13)Cs
— 4 2 —
0 0 1 —%—%(X—5) (4X —13)
000 F(X-53X-4)
1 00 0 o 1 00 0
01 0 0 Fazighs |01 0 0
001 0 0 0 1 0
0 0 0 25X —4)(X-5)* 0 0 0 (X—4)(X-5)3

and we obtain the same matrix as before. Hence the elementary divisors are (X —4) and (X — 5)3. It



follows that the Jordan canonical form of B is

[Tix-a |0 0 0\ /4]0 0 0\
0 0[5 0 0
0 | JBsxs | lolt 5 0
0 0olo 1 5

Problem 6. (After Chapter 21.4.) (Exam August 2013, Problem 2.) Let A be a 4 x 4 matrix over R with
minimal polynomial ma(X) = (X — 3)2. What are the possible forms that the rational canonical form of A
can have?

Solution. Let p;(X),p2(X), p3(X),ps(X) be the monic invariant factors of A — X1,. Then

p1(X) | p2(X) | p3(X) | pa(X) (1)

Then we know that ps(X) = ma(X) = (X — 3)? by Theorem 19.7(4). We also now that the characteristic
polynomial c4(X) of A satisfies c4(X) = p1(X)p2(X)p3(X)ps(X) by Theorem 19.7(3) and that it is of degree
4 by Theorem 19.7(1). Since ps(X) = (X — 3)2, we conclude that p3(X) is of degree 1 or 2 (it cannot be
constant since otherwise py(X) and p2(X) must also be constant by (1)). Since ps(X) | pa(X) = (X — 3)%,
we conclude that p3(X) = (X — 3)% or p3(X) = (X —3). If p3(X) = (X — 3)2, then po(X) and p;(X) are
units because the degree of ¢4 (X) is 4. Therefore, in this case we obtain that the non-unit invariant factors of
A — X4 are (X —3)2, (X — 3)? and so the rational canonical form of A is

cx-s2 (0 0 -9 0 0
{1 6 0 o0
“lo 0o o0 -9
0 a2 0 0 1 6

If p3(X) = (X — 3), then py(X) must be of degree 1 so that the degree of c4(X) is 4. Since p2(X) | p3(X) =
(X — 3) and both are monic, we conclude that pa(X) = (X — 3). Thus in this case the non-unit invariant
factors of A — X1, are (X —3), (X — 3) and (X — 3)? and so the rational canonical form of A is

Cx_3| 0 0 0 300 0
0 |[Cxs]| 0 0 o 3 0 o0
0 0 o “lo 0 0 -9
0 0 (X-3) 00 1 6

Problem 7. (After Chapter 21.4.) (Exam December 2013, Problem 1.)

2-X 1 2
(a) Find the Smith normal form of the matrix ( 01X 2X> over Zs[X].

(b) Find the rational canonical form of the matrix A = (§ i %) over Zs.

(c) Let M3y3(Zs) be the 3 x 3 matrix ring over Zz and define ® 4 : Zs[X] — M3x3(Z3) by letting ® 4 (P(X)) =
P(A) for each polynomial P(X) in Z3[X]. The image of ® 4 is then the subring of M3y3(Zs3) generated
by the matrix A. Prove that this subring is a field.

Solution.



(a)

(b)

We have
2-X 1 2 o 1 0 1— s Ca (130 1 0 0
0 1-X 2 R 0 1-X 2 ST ! 0 1-X 2
1 0 1-X 2-X 1 2 2-X 1 —X2
R3—R3—(2—X)R 1 0 0 Roe R, 1 0 0 C3—C3+X32C! 1 0 0
aTRI "lo 1-X 2 =2 o 1 —X2 | PTTELRT 2 o 1 0
0 1 —X? 0 1-X 2 0 1-X 24X2-X3
Rs—R3—(1—X)R; 10 0 Rs——R 1.0 0
FTRI o 1 0 ’ o 1 0 =5,
0 0 24+X2-Xx3 0 0 —2—X2+X3

and S is the Smith normal form of A (note that 3 = 0 since we work over Zs[X]).

By part (a) we have that the only non-unit monic invariant factor of A is —2 — X2 + X3. Hence the
rational canonical form of A is the companion matrix C'_5_ x2, xs, or

o = O
_ o O
— O N

We first show that ® 4 is indeed a ring homomorphism. For polynomials p(X), ¢(X) € Z3[X] we have

PA(p(X) +q(X)) = Pa((p+ q)(X)) = (p+ @)(A) = p(A) + q(A) = @a(p(X)) + Pa(q(X)),

and

D 4(p(X)q(X)) = 2a((pg)(X)) = (pg)(A) = p(A)q(A) = Pa(p(X))Pa(q(X)),
and so indeed ® 4 is a ring homomorphism. By the first isomorphism theorem for ring homomorphisms
we have

Im®y =2 7Zs[X]/ker D 4.

We want to show that Im @ 4 is a field, so it is enough to show that Z3[X]/ker ® 4 is a field. Let m4(X)
be the minimal polynomial of A. Then by its definition we have that

ker @4 = {p(X) € Z3[X] [ p(4) = 0} = (ma(X)).

We know that m4(X) is the last monic invariant factor of A — X I3 by Theorem 19.7(4), and so by part
(a) we have that ma(X) = —2 — X2 — X3. We claim that m4(X) is an irreducible polynomial. Assume
to a contradiction that m 4 (X) is not irreducible. Then there is a factorization

with p(X), ¢(X) € Z3[X] and where neither p(X) nor ¢(X) are units. Since Zj is a field, it follows that
p(X) and ¢(X) have degree at least 1. Since

3 =deg(ma(X)) = deg(p(X)q(X)) = deg(p(X)) + deg(q(X)),

we conclude that one of the two polynomials p(X) and ¢(X) is of degree 1 and one is of degree 2. Then
the polynomial of degree 1 is of the form aX + b with a # 0 and so it has a~!b as a root. It follows that
a~'b is a root of m4(X) as well. But

mA(O) = —2, mA(l) = —2, mA(2) =1

and so m4(X) has no root in Z3[X]|. We conclude that m4(X) is indeed irreducible.

We now claim that (m4(X)) is a maximal ideal. Assume that there exists an ideal I with (m (X)) C
I C Z3[X] and we show that I = (m4(X)). Since Z3[X] is a PID, we have that I = (p(X)) for some
polynomial p(X) € Z3[X]. Then ma(X) € (ma(X)) C (p(X)) implies that m4(X) = p(X)g(X) for



some ¢(X) € Zs3[X]. Since m4(X) is irreducible, we conclude that p(X) is a unit or ¢(X) is a unit.
Since (p(X)) # Z3[X], we have that p(X) cannot be a unit and so ¢(X) = u € Z3[X] is a unit. Then
p(X) =u"tma(X) and so p(X) € (ma(X)) as well. We thus obtain that

I'=(p(X)) € (ma(X)) €1,
and so I = (ma(X)) as claimed. Therefore (m4(X)) is a maximal ideal. Hence the quotient
Im Py =2 Zs[X]/ ker &4 = Z3[X]/(ma(X))
is a field.

Problem 8. (After Chapter 21.2.) Let R be a PID and A, B € M,xm(R) be n X m matrices with
coefficients in R. Let C(A) respectively C'(B) be the column module of A respectively B, that is the submodule
of R™ generated by the columns of A respectively B.

(a) Show that
1

CA)=¢A] : T1yeesTm € R
Tm
(b) Let @ € My, xm(R) be an invertible m x m matrix. Show that if A = BQ, then C(A) = C(B).
(¢) Let @ € M, «xn(R) be an invertible n x n-matrix. Let Tp : R™ — R™ be the R-module homomorphism

T1 T1
given by Tp ( > = P( ) . Show that if A = PB, then Tp gives an isomorphism from C(B) to C(4).

Tn Tn

(d) Show that if A is equivalent to B then % is isomorphic to %.

(e) Use the Smith normal form to show that the converse of part (d) also holds, that is if % is isomorphic

to %, then A is equivalent to B.

Solution.
(a) Let
air - Aim
A =
anl ot Qpm
Then
a11 A1m ary v aimT1
C(A) = I FSTE SRR Tm|71,...,Tm ER } = : : ,...,7Tm € R
an1 Anm An1Tm o GpmTm
ailr - Aim 1
= Tl,...,TmGR =< A le"armGR )
an1  *° Gum T'm
as required.
(b) Using part (a) we have
™ ™
CA)=4A]| : T, Tm €ER P = BQ| Tiyeooys™m €R
T'm T'm



()

m

T T
Since Q( : ) = | : | for some r{,...,7r, € R, we have that

BQ| : r,...,tm €ERY C B r1,...,7m € R 3 = C(B).

T'm Tm

Hence we have showed that C(A) C C(B). Now notice that A = BQ implies that B = AQ~! where
Q € My, xm(R) is again invertible. We thus also obtain that C(B) C C(A) and so C(A) = C(B) as
required.

Using part (a) we have

C(A)={ A : r,...,tm € Ry and C(B) =< B | : T, sTm € R

T X1 T1
Te | B : =PB| : | =4 : | ec).

Tim Tm Tom
Hence Tp(C(B)) C C(A). In particular, Tp defines an R-module homomorphism from C(B) to C(A).

Y1 Y1
Let A< ) € C(A). Since A = PB and P is invertible, we have that P~!B = A. Hence P_1A< ) =

Ym Ym
Y1

Bl : ) €C(B)and

Y1 n Y1
Tp | B =PB =A
Ym Ym Ym

Therefore Tp : C(B) — C(A) is surjective. Moreover, for any v € R™ we have that if Tp(v) = 0 then
Pv =0 and so v = P7'0 = 0. Hence Tp is injective. We conclude that Tp : C(B) — C(A) is an
isomorphism of R-modules.

Since A is equivalent to B, there exist invertible matrices P € M, «,(R) and Q € M,,xm(R) such that
A = PBQ. Then by part (b) we obtain that C((PB)Q) = C(PB), while by part (d) we obtain that
C(PB) 2 C(B). Then

R™ R™ _R™ ~ R™

C(A) ~ C(PBQ) C(PB) _ C(BY

as required.

Let D4 be the Smith normal form of A and Dy be the Smith normal form of B, that is

di -+ 0 0 .- 0 fi - 0 0 -+ 0
o dp 0 B £ 0 0
Da=1, 0 0 o adDPe=1 0 0 0
0 0 0 0 0 0 0 0

10



where dy, ..., dk, f1,-.., fi € R are nonzero, d; ’ | dy, and fy | ’ fi. Then by part (d) we have that

R™ _ R™ _ R™ _ Rm™

C(Da)  C(4)  C(B) C(Dp)

R

Therefore we obtain an isomorphism of R-modules

R R R™ R R
@ o ORER"O(DA) Y -~ = o DD 5 O R
@ ® @ D= e0n = 7 W
By the uniqueness of finitely generated modules over a PID, we conclude that k£ = [ and that (d;) = (/f;)
for 1 <4 < k. In particular the matrices D4 and Dp are the same up to multiplication of the diagonal
elements by units. By the uniqueness of the Smith normal form, we conclude that A is equivalent to Dpg
and so A is equivalent to B as required.

Problem 9. (After Chapter 21.4.) Let K be a field and let A € M, «,(K) be an n x n matrix with
v1
coefficients in K. Consider the K[X]-module M4 where My = K™ and for p(X) € K[X] and ( : ) € K"

Un
the multiplication is given by

p(X) -4 =p(4)
Define a map ¢ : K[X]™ — M4 by
1 0
P((pr(X), ... p(X))) =p1(A) | . |+ +PulA)
0 1

(a) Show that ¢ is a homomorphism of K[X]-modules.
(b) Show that Im¢ = May4.

(c) Show that ker¢ = C(A — X1I,,), where C(A — X1I,,) is the column module of the matrix A — XTI, €
Myxn(K[X]). (Hint: Show first that C(A — XI,) C ker¢. Then for (p1(X),...,pn(X)) € kerg,
show that (p1(X),...,pn(X)) € C(A — X1I,) by setting p;(X) = w and using induction on
d = max{deg(p1(X),...,pn(X))}. This may be a bit challenging.)

(d) Conclude that % > My.

Solution.

(a) Let (p1(X),....pn(X)), (@1(X),...,qn(X)) € K[X]™ and f(X) € K[X]. We have

P((P1(X), -+ P (X)) + (@1(X), -+ gn (X)) = ¢((p1(X) + 1(X), -, pn(X) + gn (X))

1 0
0
= (1A + @) | .|+ + @alA) + a1(4))
0 1
1 0 1
0 0



and

— FX) e | ) | |+ )
0 1
:f(X)A¢((p1(X)77pn(X)))

Hence ¢ is indeed a K[X]-module homomorphism.

vy

(b) For any < ) € M4 = K™ we have that v; € K[X] (the constant polynomial v;). Then

Un

1 0 U1 0 v

0 : 0 : !
¢((U17-"avn>):v1[n . ++vnln 0 = . + -+ 0 = ’

0 1 0 Un Un

showing that ¢ is a surjective map and so Im ¢ = M 4.

aii Aa1n
(c¢) Next we claim that ker¢ = C(A — X1,). Let A= ( : ) and set

a';zl ot Gmn
A1(X) = (au — X, as1,... 7an1)7 cee 7An(X) = (alnv <o Q(n—1)n) Gnn — X)a

that is A;(X) is the j-th column of the matrix A — XI,, (written in row form). Then

0 —alj
1 . 0 aij h ) 0
0 0 : 0 —a(j —1)j :
(b(AJ (X)) = a'len N ek '+(ajjIn_A) 1 +andn = . +- -+ 0 +-e i =
: 0 0 : —a(j+1)j 0
0 1 0 . Qpj
0 —anj

Hence A1 (X),..., A (X) € ker ¢ and so
C(A—XI,) = (A1 (X),..., A (X)) C ker ¢.
For 1 < j < n let e; be the unit vector in K[X]". Then we have
Xe; =(0,...,0,X,0,...,0) = (a1, ..., anj) — 4;(X).
Now let (p1(X),...,pn(X)) € ker¢ and we show that (p1(X),...,pn(X)) € C(A — XI,). For this
we use induction on d = max{deg(pi(X)),...,deg(p,(X))} (where the degree of the zero polynomial
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is defined to be —o0.) If d = —oo then we obtain that p;(X) = -+ = p,(X) = 0 and so clearly
(0,...,0) € C(A— X1I,). If d =0, then all polynomials p;(X),...,p,(X) are constant. For 1 < j <n
let bjo be the constant term of p;(X). Then

1 0

0 . blO
0=0o(p1(X),...,pn(X)) = bioln . + o+ bpoly 0 = :

0 1 bno

and so (p1(X),...,pn(X)) =(0,...,0) € C(A— X1I,). Now assume that d > 1. For any 1 < j < n set

pi(X) — bjo.

pi(X) = e

Then we have

(P1(X), s pn(X)) = (1o + p1(X) X, ... b + Pn(X)X)

bno) + P1(X)(X,0,...,0) + - + p,(X)(0,...,0,X)

b0y - -+, bno) + P1(X)((a11, - -y an1) — A1( X))+ + (X)) ((@1ns - - -, Gnn) — An (X))
bno) + P1(X) (@11, -y an1) + - + 9 (X)(@1n, - - -, ann)

) )+ P (X)An (X))

Since p1(X)A1(X) + -+ + 9 (X)An(X) € C(A — X1,,), we obtain that
(blo, . ,bno) +ﬁ1(X)((l11, . ,anl) —+ - +]5n(X)(a1n, . ,ann) € C(A — XIn) Q ker¢.
Setting ¢;(X) = bjo + p1(X)aj1 + - - + Pn(X)ajn, we have shown that

(pl(X)v' . 7pn(X)) = (QI(X)’ . -7Qn(X)) - (ﬁl(X)A1<X) +ee +ﬁn(X)An<X)) :
€ker ¢ eC(A-XI,)

Moreover, by construction we have

max{deg(g: (X)), ... deg(a(X))} < max{deg(p (X)),..., deg(p, (X))} = d — 1,

since by construction we have that

deg(p; (X)) — 1, if deg(p;(X)) = 1,
—0Q0, lfpj(X) = 0j0-

deg(p; (X)) {
By induction hypothesis we also obtain that (¢1(X),...,q.(X)) € C(A — XI,,). We conclude that
(p1(X),...,pn(X)) € C(A— X1I,), which shows that ker¢ = C(A — X1I,).
(d) By the first isomorphism theorem for modules we have that

KxX]" KX
C(A—-XI,) kero

=Im¢ = Ma,

as required.

Problem 10. (After Chapter 14.3.) Let R be a PID and let Iy C I, C --- C I, € R be ideals in R.
Assume that N is an R-module such that

NX=R/I; x---x R/I,.

Show that the following hold.
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(a) There exists a generating set of N with n elements and every generating set of N has at least n elements.
(Hint: to show that every generating set of N has at least n elements, let M be a mazimal ideal in R
containing I,, and show that every generating set of N gives a generating set of (R/M)™. Then, use the
fact that R/M s a field to conclude that any generating set of (R/M)™ has at least n elements.)

(b) Let r € R and let ¢, : R — R be the map ¢, (x) = rz. Show that
rN = R/¢: (1) x - x B¢ (L),
(¢) For 1 <i < n we have that
I; = {r € R | rN can be generated by fewer than i elements}.

(Hint: apply part (a) to part (b).)
Solution.

(a) Clearly the set
{(1+411,0,...,0),...,(0,...,0,1+ I,,)}

is a generating set of N with n elements. Now assume to a contradiction that there exists a generating
set of N with k elements where £k < n. By Theorem 7.4 we have that there exists a maximal ideal
M in R such that I, € M. Then I; C I, C M for all 1 < i < n and so by the third isomorphism
theorem for modules (Problem 10 in Problem Set 3) we obtain a surjective homomorphism of R-modules
7« R/I; = R/M with ker(m) = M/I;, given by n(r + I;) = r + M. It follows that the map

7 R/I X - x R/I, — R/M x -+ x R/M

given by w(ry + I1,...,rn + I,) = (11 + M,...,r, + M) is a surjective homomorphism of R-modules.
By Lemma 12.3(2) it follows that there is a generating set of R/M x --- x R/M as an R-module with &k
elements. Let {b1,...,b;} be that generating set, so that for 1 < i < k we have

biz(bu—FM,...,bm—FM)

with b1, ...,bn; € R. Since {by,...,b;} is an R-generating set for R/M X --- x R/M, we have that for
any (r1 +M,...,rn+ M) € R/M x --- x R/M there exist s1,...,s; € R such that

k
(ri+M,....rp, + M) :Zsibi
i=1

k
:Zsi(b1i+M;-~-7bni+M)
=1
k
= (si(bri + M), ..., si(bp; + M))
=1
k
= Z(Sib1i+M,-~-73ibni+M>
=1
k
= Z((si + M)(by; + M), ..., (s;i + M)(bn; + M))
=1
k
= Z(si—l—M)(bli—l—M,...,bm—i-M)
i=1
k
= (si + M)b;.

i=1

It follows that {by,...,b;} generate R/M x --- x R/M as an R/M-module as well. But M is a maximal
ideal, and so R/M is a field. Then R/M x ---x R/M = (R/M)™ has a generating set of k elements with
k < n, which is a contradiction. This shows part (a).
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(b)

Since
Nl Ry B X R
Il In Il X oo X In
there exists an isomorphism of R-modules : (R x --- x R)/(I; x - x I,) = N. Let

Rx-- xR

T: R :RXXR%m

be the canonical projection. Composing with 1 we obtain a surjective homomorphism of R-modules
1 =nomw: R" = N with kernel equal to I} x --- x I,,.

Now let r € R and define a map ¢ : R* — rN by ((z) = r(x). For x1,22 € R™ and s € R we have that
C(@1 4 32) = rp(@1 + @2) = r(Y(21) + ¢(22)) = r(z1) + r(22) = ((21) + ((22),

and

((sz) = r(P(sz)) = r(sy(x)) = s(ri(z)) = s¢(x),
and so ¢ is a homomorphism of R-modules. We know compute the kernel and image of (.
Assume first that {(x) = 0 for some z € R". Then

0=((x) =ry(x) =(rz),

and so rx € kery) = I X -+ x I,. Writing = (z1,...,x,), we obtain that rx; € I; for 1 <i <n. But
then x; € ¢ 1(I;) for 1 < i < n. Hence ker¢ C ¢ '(I1) x --- x ¢ (I,). The other inclusion follows
immediately, since if (ay,...,a,) € ¢ (1) X --- X ¢ Y(I,,), then ra; = v, (a;) € I; and so

C(a,...,an) =1¥(a1,...,a,) =¥(ra;...,ra,) =0,

since (ras,...,ra,) € Iy x -+ x I,, = ker+. This shows that ker (I x --- x I,.

Now let ry € »N. Since 1) is surjective, there exists € R™ with ¢(x) = y. Then {(x) = r(z) = ry and
so ( is surjective too. We obtain that Im{ = rN.

Using the first isomorphism theorem for modules, we obtain an isomorphism

Rx---xR

= R"/ ki >~ T =rN
T x x I R"/ker( ZIm( =1rN,

as required.

Let 1 <i<nand r € R. We claim that r € I; if and only if ¢, !(I;) = R. Indeed, if ¢,"*(I;) = R, then
1 € R = ¢, '(I;) implies that r = ¢,.(1) € I;. For the other direction, assume that r € I; and let = € R.
Since I; is an ideal, we have that ¢,.(x) = rz € I;. But then z € ¢, }(I;) showing that R C ¢ 1(I;). We
conclude that ¢, 1(I;) = R.

Now let r € I; and we want to show that N is generated by fewer than ¢ elements. Since r € I; C I, C
--- C I, we obtain that

&, (L) = ¢y (Tigr) = -+ = ¢, (1) = R.
Then by part (b) we have that
rN 2= R/¢ (1) % -+ X RIG (Lima) X R/ (1) x - X R, (1) = RIGH (1) x -+ x R/6 (1),
0 0

and so by part (a) we obtain that rN can be generated by fewer than ¢ elements.

Finally, let r be such that N is generated by fewer than i elements and we want to show that r € I;.
Assume to a contradiction that r ¢ I;. Then

rN 2 R/¢ (1) x - X R/¢; (Tim) X R/¢y 1 (L) x -+ X R/§ (1),
#£0 0

and so by part (a) any set of generators of r N has at least ¢ elements. But this is a contradiction and so
re Il
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Extra problems
The following problems may be a bit more challenging, in case you feel like you need something more.

Problem 11. (After Chapter 21.4.) Let F be a field and assume that F is a subfield of another field
K. Let A,B € Myx,(F) be two n x n matrices with coefficients in F. Show that A and B are similar over
M, (F) if and only if they are similar over M, «,(K).

Solution. Assume first that A and B are similar over M,,x,(F). Then there exists an invertible matrix
P € M, x,(F) such that
A=PBP

Since P € My« (F) and F C K, we have that P € M, «,(K) as well. Since F' is a subfield of K, we still have
that A = PBP~ and so A and B are similar over M,,x,(K) as well.

Assume now that A and B are similar over M,,x,(K). Let R be the rational canonical form of A over F.
Then this rational canonical form has the companion matrices of the non-unit monic invariant factors of A as
a matrix in M, x,(F). These invariant factors of A are unique, and they still remain invariant factors of A as
matrix in M, «,(K) (as they only depend on the elements of A). It follows that R is the rational canonical
form of A as a matrix in M,,x,(K). But then the same is true of B and its rational canonical form R’. Since
A and B are similar over My, (K), we have that R = R’. But then, and since this common matrix is the
rational canonical form of both A and B as matrices in M, x,(F'), we conclude that A and B are similar over
Mysin(F).

Problem 12. (After Chapter 21.5.) For a matrix M € M,,«,(R), we define

exp(M)=eM =1, + M+ LM* + M + ...

y1(t)
(It can be shown that this is well-defined.) Let y1(¢),. .., yn(t) be functions from R to R and let y(¢) = ( : ) .

yn’(t)
Consider the initial value problem

y'(t) = Ay(t),
y(0) =yo,

i (1)
where A € My, «n(R), yo € R™ and y'(t) = : . It can be shown that this problem has a unique solution
0!
given by y(t) = e“'yy. Assume that the Jordan canonical form of A has only Jordan blocks corresponding to
polynomials of degree 1. Use this Jordan canonical form to compute e“*.

Solution. Let P € M,,»,(R) be such that

Ju| 0|0 |0
0|J2]1 010
PAP ' =J = 1 ,
0101 0 |Jk
is the canonical Jordan form of A, where
A 00 0
1 XN 0 0
J=10 1 Ai 0
0 0 O Ai

for some \; € R (and of varying size). We substitute z(t) = Py(t) (and so y(t) = P~'z(t) to obtain

7/ (t) = Py'(t) = PAy(t) = PAP '3(t) = Ja(t),
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and

z(0) = Py(0) = Pyo

Then we know by the statement in the problem that the general solution to the initial value problem

2() = Jalt),
z(0) = Pyo,

is given by

Therefore, we obtain that

z(t) = e’ Py.

y(t) = P7ta(t) = P~ e’ Py,

and so it is enough to compute e’t. Since J is a block diagonal matrix, we have that

Jlolo]o\" Jrl o o] o

oLl o0]o0 0 [0 0
Jm = . } = . ; .

ool o0 olo]olg”

for all m > 1. Since e” is just a linear combination of powers of J, it follows that

Jit| 0] 0|0 e 0 | 0] 0
0 | Jot ] O 0 0 [e2'] 0 0
et =exp } = ;
0100 |t 0 [ 0 |0 [el+t
Hence it is enough to compute e”i*. We may write
A 00 0 A 0 0O -+ 0 0 0 0 0
1 X 0 0 0O X O -+ 0 100 0
J; = 0 1 XN Oj=10 0 XA -+ 0|40 10 0
0 0 0 A 0 0 O A 0 0 0 0
=\il, =Vi
Then clearly we have that
eMit 0 0 0
0 eMt 0 0
Hitle, — [0 0 Mt 0
0 0 0 L. erit

Moreover, we have that each successive power of the V; moves the sub-diagonal with 1’s one step to the lower
left, until Visif1 = 0. Then a direct computation gives that

1 0 0 - 0

t 1 0 0

42

v ¢ 1 S0
i1 15i—2 ’t(si%i) 1

(SL72)' (3L73)l
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Finally, note also that A\;I;, and V; commute. Therefore we may use the binomial theorem and the Cauchy
product together with the above calculations to obtain

Jit _ Aitls. +tVi _ — (NitL, + V)] & (NtL)® (tVi)P ) [ = (Nitly,)® o (tV;)P
e D D Dl 1D Dl e Tl Il DD el A DDy

il
j=0 J: j=0 \a+b=j a=0 b=0
eXit 0 0 0 1 0 0 )
0 et 0 0 t 1 0 e 0
2
_ NtV | 00 0 M 0 o t 1 e 0

(si—1)! (5:—2)! =31

This is now the value of e”i* which we may replace in the computation of e”’?, letting us obtain the required
solution.
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