
Rings and modules - Problem set 5 solutions

Solved on Friday 10.11

Problem 1. (After Chapter 11.3.) Let R be a PID. Let r, s ∈ R and let d = gcd(r, s). Show that
(r) + (s) = (d).

Solution. We have that (r) + (s) is an ideal (as it is the sum of two ideals). Since R is a PID, we have that
(r) + (s) = (t) for some t ∈ R and it is enough to show that t is a greatest common divisor of r and s. First
we have that

r = 1r + 0s ∈ (r) + (s) = (t),

and so r ∈ (t). Then r = tx for some x ∈ R and so t
∣∣ r. Similarly we show that t

∣∣ s. Now let t′ ∈ R be such

that t′
∣∣ r and t′

∣∣ s and we need to show that t′
∣∣ t. First, since t′

∣∣ r, there exists a ∈ R such that r = t′a.

Moreover, since t′
∣∣ s, there exists b ∈ R such that s = t′b. Since

t ∈ (t) = (r) + (s),

there exist y, z ∈ R such that t = yr + zs. Then

t = yr + zs = y(t′a) + z(t′b) = t′(ya+ zb),

and so t′
∣∣ t, as required.

Problem 2. (After Chapter 20.3) (Exercise 20.3.1 in the book.) Obtain the Smith normal form and rank
for the following matrices over a PID R:

(a)
(

0 2 −1
−3 8 3
2 −4 −1

)
, where R = Z.

(b)
(−X−3 2 0

1 −X 1
1 −3 −X−2

)
, where R = Q[X].

Solution.

(a)  0 2 −1
−3 8 3
2 −4 −1

 C1↔C3−→

−1 2 0
3 8 −3
−1 −4 2

 R2→R2+3R1−→
R3→R3−R1

−1 2 0
0 14 −3
0 −6 2

 C2→C2+2C1−→

−1 0 0
0 14 −3
0 −6 2

 R2→R2+R3−→

−1 0 0
0 8 −1
0 −6 2

 C2↔C3−→

−1 0 0
0 −1 8
0 2 −6

 R3→R3+2R1−→

−1 0 0
0 −1 8
0 0 10

 C3→C3+8C2−→

−1 0 0
0 −1 0
0 0 10

 R1→−R1−→
R2→−R21 0 0

0 1 0
0 0 10

 .
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(b) −X − 3 2 0
1 −X 1
1 −3 −X − 2

 R1↔R2−→

 1 −X 1
−X − 3 2 0

1 −3 −X − 2

 C2→C2+XC1−→
C3→C3−C1

 1 0 0
−X − 3 −X2 − 3X + 2 X + 3

1 X − 3 −X − 3


R2→R2+(X+3)R1−→

R3→R3−R1

1 0 0
0 −X2 − 3X + 2 X + 3
0 X − 3 −X − 3

 C2→C2+XC3−→

1 0 0
0 2 X + 3
0 −X2 − 2X − 3 −X − 3

 C3→C3−
X+3
2 C2

−→

1 0 0
0 2 0
0 −X2 − 2X − 3 1

2 (X
3 + 5X2 + 7X + 3)

 R2→
1
2R2

−→

1 0 0
0 1 0
0 −X2 − 2X − 3 1

2 (X
3 + 5X2 + 7X + 3)

 R3→R3+(X2+2X+3)R2−→

1 0 0
0 1 0
0 0 1

2 (X
3 + 5X2 + 7X + 3)

 R3→2R3−→

1 0 0
0 1 0
0 0 X3 + 5X2 + 7X + 3

 =

1 0 0
0 1 0
0 0 (X + 1)2(X + 3)

 .

Problem 3. (After Chapter 20.3) (Exercise 20.3.3 in the book.) Find the rank of the subgroup of Z4

generated by each of the following lists of elements.

(a) (3, 6, 9, 0), (−4,−8,−12, 0).

(b) (2, 3, 1, 4), (1, 2, 3, 0), (1, 1, 1, 4).

(c) (−1, 2, 0, 0), (2,−3, 1, 0), (1, 1, 1, 1).

Solution. Z4 is a Z-module and the rank of each subgroup is just the rank of the submodule of Z4 generated
by these elements. Hence the rank of each subgroup is equal to the rank of the matrix with these vectors as
row vectors.

(a) We have(
3 6 9 0
−4 −8 −12 0

)
R2→R2+R1−→

(
3 6 9 0
−1 −2 −3 0

)
R1↔R2−→

(
−1 −2 −3 0
3 6 9 0

)
R1→−R1−→(

1 2 3 0
3 6 9 0

)
R2→R3−3R1−→

(
1 2 3 0
0 0 0 0

)
C2→C2−2C1−→
C3→C3−3C1

(
1 0 0 0
0 0 0 0

)
,

and so the rank in this case is 1.

(b) We have2 3 1 4
1 2 3 0
1 1 1 4

 R1↔R2−→

1 2 3 0
2 3 1 4
1 1 1 4

 R2→R2−2R1−→
R3→R3−R1

1 2 3 0
0 −1 −5 4
0 −1 −2 4

 R2→−R2−→

1 2 3 0
0 1 5 −4
0 −1 −2 4

 C2→C2−2C1−→
C3→C3−3C11 0 0 0

0 1 5 −4
0 −1 −2 4

 R3→R3+R2−→

1 0 0 0
0 1 5 −4
0 0 3 0

 C3→C3−5C2−→
C4→C4+4C2

1 0 0 0
0 1 0 0
0 0 3 0

 ,

and so the rank in this case is 3.

(c) We have−1 2 0 0
2 −3 1 0
1 1 1 1

 R1→−R1−→

1 −2 0 0
2 −3 1 0
1 1 1 1

 C2→C2+2C1−→

1 0 0 0
2 1 1 0
1 3 1 1

 R2→R2−2R1−→
R3→R3−R1

1 0 0 0
0 1 1 0
0 3 1 1

 C3→C3−C2−→

1 0 0 0
0 1 0 0
0 3 −2 1

 C2→C2−3C4−→
C3→C3+2C4

1 0 0 0
0 1 0 0
0 0 0 1

 C3↔C4−→

1 0 0 0
0 1 0 0
0 0 1 0

 ,

and so the rank in this case is 3.
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Problem 4. (After Chapter 20.3) (Exercise 20.3.2 in the book.) Find the invariant factors of the following

matrix over Q[X]:

( 5−X 1 −2 4
0 5−X 2 2
0 0 5−X 3
0 0 0 4

)
.

Solution. We have
5−X 1 −2 4

0 5−X 2 2
0 0 5−X 3
0 0 0 4

 C1↔C2−→


1 5−X −2 4

5−X 0 2 2
0 0 5−X 3
0 0 0 4

 R2→R2−(5−X)R1−→


1 5−X −2 4
0 −(5−X)2 12−X 4X − 18
0 0 5−X 3
0 0 0 4


C2→C2−(5−X)C1

C3→C3+2C1−→
C4→C4−4C1


1 0 0 0
0 −(5−X)2 12−X 4X − 18
0 0 5−X 3
0 0 0 4

 C2↔C4−→


1 0 0 0
0 4X − 18 12−X −(5−X)2

0 3 5−X 0
0 4 0 0

 R2↔R4−→


1 0 0 0
0 4 0 0
0 4X − 18 12−X −(5−X)2

0 3 5−X 0

 R2→
1
4R2

−→


1 0 0 0
0 1 0 0
0 4X − 18 12−X −(5−X)2

0 3 5−X 0

 R3→R3−(RX−18)R2−→
R4→R4−3R4

1 0 0 0
0 1 0 0
0 0 12−X −(5−X)2

0 0 5−X 0

 R2→R2−R3−→


1 0 0 0
0 1 0 0
0 0 7 −(5−X)2

0 0 5−X 0

 R3→
1
7R3

−→


1 0 0 0
0 1 0 0
0 0 1 − 1

7 (5−X)2

0 0 5−X 0


R4→R4−(5−X)R3−→


1 0 0 0
0 1 0 0
0 0 1 − 1

7 (5−X)2

0 0 0 1
7 (5−X)3

 C4→C4+
1
7 (5−X)2C3

−→


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

7 (5−X)3

 R4→7R4−→


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 (5−X)3

 ,

and so the invariant factors of this matrix are (1, 1, 1, (5−X)3).

Problem 5. (After Chapter 14.3.) (Exam November 2005, Problem 1.) Let q be a fixed non-zero element
in C, the set of complex numbers. Define the subset Rq of the ring of 4× 4-matrices over C by

Rq =



a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

 | a, b, c, d ∈ C

 .

(a) Show that Rq is a unital ring.

(b) For which q in C is Rq a commutative ring?

(c) For a given element α in C define the subset

Iα =




0 0 0 0
x 0 0 0
αx 0 0 0
y αx −qx 0

 | x, y ∈ C


of Rq. Show that Iα is a left ideal in Rq for all α ∈ C.

(d) Show that each of the left ideals Iα is generated by one element as a left ideal. Show that Iα ∼= Rq/Iαq
as left Rq-modules.

Solution.
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(a) Since the identity matrix I4 ∈ M4(C) is in Rq, it is enough to show that Rq is a subring of M4(C). Let(
a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

)
and

(
a′ 0 0 0
b′ a′ 0 0
c′ 0 a′ 0
d′ c′ −qb′ a′

)
be elements of Rq. Then we have


a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

+


a′ 0 0 0
b′ a′ 0 0
c′ 0 a′ 0
d′ c′ −qb′ a′

 =


a+ a′ 0 0 0
b+ b′ a+ a′ 0 0
c+ c′ 0 a+ a′ 0
d+ d′ c+ c′ −q(b+ b′) a+ a′

 ∈ Rq,

and
a 0 0 0
b a 0 0
c 0 a 0
d c −qb a



a′ 0 0 0
b′ a′ 0 0
c′ 0 a′ 0
d′ c′ −qb′ a′

 =


aa′ 0 0 0

ba′ + ab′ aa′ 0 0
ca′ + ac′ 0 aa′ 0

da′ + cb′ − qbc′ + ad′ ca′ + ac′ −q(ba′ + ab′) aa′

 ∈ Rq,

and so Rq is indeed a subring of M4(C).

(b) Let A =

(
a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

)
and A′ =

(
a′ 0 0 0
b′ a′ 0 0
c′ 0 a′ 0
d′ c′ −qb′ a′

)
be elements of Rq. Then we compute

AA′ =


a 0 0 0
b a 0 0
c 0 a 0
d c −qb a



a′ 0 0 0
b′ a′ 0 0
c′ 0 a′ 0
d′ c′ −qb′ a′

 =


aa′ 0 0 0

ba′ + ab′ aa′ 0 0
ca′ + ac′ 0 aa′ 0

da′ + cb′ − qbc′ + ad′ ca′ + ac′ −q(ba′ + ab′) aa′

 ,

and

A′A =


a′ 0 0 0
b′ a′ 0 0
c′ 0 a′ 0
d′ c′ −qb′ a′



a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

 =


a′a 0 0 0

b′a+ a′b a′a 0 0
c′a+ a′c 0 a′a 0

d′a+ c′b− qb′c+ a′d c′a+ a′c −q(b′a+ a′b) a′a

 .

We observe that all the coefficients of the matrices AA′ and A′A agree, except for row 4 column 1. Hence
AA′ = A′A if and only if

da′ + cb′ − qbc′ + ad′ = d′a+ c′b− qb′c+ a′d ⇐⇒ cb′ − qbc′ = c′b− qb′c

⇐⇒ cb′ − c′b = qbc′ − qb′c

⇐⇒ cb′ − c′b = q(bc′ − b′c) ⇐⇒ cb′ − c′b = −q(cb′ − c′b)

and this last equality must hold for all b, b′, c, c′ ∈ C. We conclude that this is true if and only if q = −1
and since the matrices A and A′ were arbitrary, we obtain that Rq is commutative if and only if q = −1.

(c) First of all the zero matrix is clearly in Iα. Hence Iα ̸= 0. Next, let

(
0 0 0 0
x 0 0 0
αx 0 0 0
y αx −qx 0

)
,

(
0 0 0 0
x′ 0 0 0
αx′ 0 0 0
y′ αx′ −qx′ 0

)
∈ Iα

and

(
a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

)
∈ Rq. We have

0 0 0 0
x 0 0 0
αx 0 0 0
y αx −qx 0

+


0 0 0 0
x′ 0 0 0
αx′ 0 0 0
y′ αx′ −qx′ 0

 =


0 0 0 0

x+ x′ 0 0 0
α(x+ x′) 0 0 0
y + y′ α(x+ x′) −q(x+ x′) 0

 ∈ Iα,

and 
a 0 0 0
b a 0 0
c 0 a 0
d c −qb a




0 0 0 0
x 0 0 0
αx 0 0 0
y αx −qx 0

 =


0 0 0 0
ax 0 0 0

α(ax) 0 0 0
cx− qαbx+ ay α(ax) −q(ax) 0

 ∈ Iα.

Hence Iα is a left ideal in Rq.
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(d) We claim that that Iα is generated as a left ideal by the matrix Mα =

(
0 0 0 0
1 0 0 0
α 0 0 0
0 α −q 0

)
. Clearly Mα ∈ Iα and

so RqMα ⊆ Iα. For the other inclusion, let X =

(
0 0 0 0
x 0 0 0
αx 0 0 0
y αx −qx 0

)
∈ Iα. Then for A =

( x 0 0 0
0 x 0 0
y 0 x 0
0 y 0 x

)
∈ Rq we

have

AMα =


x 0 0 0
0 x 0 0
y 0 x 0
0 y 0 x



0 0 0 0
1 0 0 0
α 0 0 0
0 α −q 0

 =


0 0 0 0
x 0 0 0
αx 0 0 0
y αx −qx 0

 = X.

Since X = AMα ∈ RqMα, we conclude that Iα ⊆ RqMα and so Iα is generated as a left ideal by Mα.

Now consider the map ϕ : R → Iα given by left multiplication with Mα, that is for A ∈ Rq we set
ϕ(A) = AMα. Then ϕ is a homomorphism of left Rq-modules since for any A,B ∈ Rq we have

ϕ(A+B) = (A+B)Mα = AMα +BMα = ϕ(A) + ϕ(B),

and
ϕ(AB) = (AB)Mα = A(BMα) = Aϕ(B).

Moreover, since
Iα = RqMα = {AMα | A ∈ Rq},

it follows that ϕ is surjective. Now let A =

(
a 0 0 0
b a 0 0
c 0 a 0
d c −qb a

)
∈ ker(ϕ). Then ϕ(A) = 0 or AMα = 0, that is,


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 =


a 0 0 0
b a 0 0
c 0 a 0
d c −qb a



0 0 0 0
1 0 0 0
α 0 0 0
0 α −q 0

 =


0 0 0 0
a 0 0 0
αa 0 0 0

c− qαb aα −qα 0


from which we obtain that a = 0 and c = qαb. Then

A =


0 0 0 0
b 0 0 0

(αq)b 0 0 0
d (αq)b −qb 0

 ∈ Iαq.

Hence ker(ϕ) ⊆ Iαq. For the other inclusion, let X ′ =

(
0 0 0 0
x 0 0 0

(αq)x 0 0 0
y (αq)x −qx 0

)
∈ Iαq. Then

ϕ(X ′) = X ′Mα =


0 0 0 0
x 0 0 0

(αq)x 0 0 0
y (αq)x −qx 0



0 0 0 0
1 0 0 0
α 0 0 0
0 α −q 0

 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

which shows that ker(ϕ) ⊆ Iαq. Therefore Iαq = ker(ϕ). Then by the first isomorphism theorem for
modules we obtain that

Rq/Iαq = Rq/ ker(ϕ) ∼= Im(ϕ) = Iα,

as required.

Problem 6. (After Chapter 10.2.)

(a) Let R be a unital ring. An idempotent e of R is called central if e ∈ Z(R). We say that R is connected if
there exist no nonzero unital rings T1, T2 such that R ∼= T1 × T2. Show that the following are equivalent

(i) R is connected.

(ii) the only central idempotents of R are 0 and 1.
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(Hint: to show that (i) implies (ii), assume instead that there exists a central idempotent e ∈ R with
e ̸∈ {0, 1} and consider the ring eR× (1− e)R.)

(b) Let R1, . . . , Rp be unital rings. Show that the following are equivalent.

(i) The ring R1 × · · · ×Rp has exactly 2p central idempotents.

(ii) R1, . . . , Rp are all connected rings.

(Hint: show first that R1 × · · · × Rp has at least 2p idempotents irrespectively of R1, . . . , Rp being con-
nected.)

(c) Let R1, . . . , Rp and S1, . . . , Sq be connected unital rings. Show that if there is a ring isomorphism

R1 × · · · ×Rp
∼= S1 × · · · × Sq,

then p = q.

(d) Let D be a division ring and n > 0 a positive integer. Show that the ring Mn(D) is connected. (Hint:
use Problem 8 from Problem Set 1 to describe the center of Mn(R), using the obvious generalization from
the case 2 to the case n.)

(e) Let D1, . . . , Dp and D′
1, . . . , D

′
q be division rings and let n1, . . . , np and k1, . . . , kq be positive integers.

Show that if there is a ring isomorphism

Mn1(D1)× · · · ×Mnp(Dp) ∼= Mk1(D
′
1)× · · · ×Mkq (D

′
q),

then p = q.

Solution.

(a) Assume first that (i) holds. Assume to a contradiction that there exists an idempotent e ∈ Z(R) with
e ̸∈ {0, 1}. Then (1− e)2 = 1− e− e+ e2 = 1− 2e+ e = 1− e is also an idempotent and, since e ̸∈ {0, 1},
we also have that 1− e ̸∈ {0, 1}. Moreover, for any r ∈ R we have

(1− e)r = r − er = r − re = r(1− e),

and so (1 − e) is central as well. Consider the ideals eR and (1 − e)R of R. Clearly eR ̸= 0 since
0 ̸= e = e2 ∈ eR and similarly (1 − e)R ̸= 0 since 0 ̸= (1 − e) = (1 − e)2 ∈ (1 − e)R. We define
f : R → eR× (1− e)R via f(r) = (er, (1− e)r). We claim that f is a ring homomorphism. Let r, s ∈ R.
Then

f(r + s) = (e(r + s), (1− e)(r + s)) = (er, (1− e)r) + (es, (1− e)s) = f(r) + f(s),

and, using that e, (1− e) ∈ Z(R), we have

f(rs) = (ers, (1−e)rs) = (e2rs, (1−e)2rs) = ((er)(es), (1−e)r(1−e)s) = (er, (1−e)r)(es, (1−e)s) = f(r)f(s).

We now claim that f is a ring isomorphism. Assume that f(r) = (0, 0). Then (0, 0) = f(r) = (er, (1−e)r)
gives that er = 0 and (1− e)r = 0. Hence

r = 1r = (1− e+ e)r = (1− e)r + er = 0 + 0 = 0,

and so ker f = {0}. This shows that f is injective. Now let (es, (1− e)t) ∈ eR× (1− e)R. Then

f(es+(1−e)t) = (e(es+(1−e)t), (1−e)(es+(1−e)t)) = (e2s+(e−e2)t, (e−e2)s+(1−e)2t) = (es, (1−e)t),

showing that f is surjective. Hence f is indeed a ring isomorphism. But then R ∼= eR × (1 − e)R
contradicts (i). Hence such a central idempotent e does not exist and so (ii) holds.

Now assume that (ii) holds. Assume to a contradiction that R is not connected and so there exist nonzero
rings T1, T2 such that R ∼= T1 × T2. Consider the element (1, 0) ∈ T1 × T2. We have (1, 0)2 = (1, 0) and
so (1, 0) is an idempotent with (1, 0) ̸= (0, 0) and (1, 0) ̸= (1, 1). Moreover, for every (t1, t2) ∈ T1 × T2

we have
(1, 0)(t1, t2) = (1t1, 0t2) = (t1, 0) = (t11, t20) = (t1, t2)(1, 0),

and so (1, 0) ∈ Z(R). But this contradicts (ii). Hence such rings T1 and T2 do not exist and so R is
connected
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(b) For i ∈ {1, . . . , p} let ei ∈ Ri be a central idempotent. Then

(e1, . . . , ep)
2 = (e21, . . . , e

2
p) = (e1, . . . , ep)

which shows that (e1, . . . , ep) is an idempotent. Moreover for all (r1, . . . , rp) ∈ R1 × · · · ×Rp we have

(e1, . . . , ep)(r1, . . . , rp) = (e1r1, . . . , eprp) = (r1e1, . . . , rpep) = (r1, . . . , rp)(e1, . . . , ep),

and so (e1, . . . , ep) ∈ Z(R1 × · · · × Rp). Since 0 and 1 are both central idempotents of Ri, we conclude
that there are at least 2p idempotents in R1 × · · · ×Rp.

Assume now that (i) holds. Assume to a contradiction that the ring Ri is not connected for some
i ∈ {1, . . . , p}. Then by part (a) there exists a central idempotent e ∈ Ri with e ̸= {0, 1}. But then

(0, . . . , 0, e, 0, . . . , 0)

is a central idempotent of R1 × · · · × Rp in addition to the ones from the previous paragraph. Then
R1 × · · · ×Rp has at least 2p + 1 central idempotents, which is a contradiction. Hence (ii) holds.

Assume now that (ii) holds. Assume to a contradiction that (i) fails, that is, there exist at lest 2p + 1
central idempotents in R1 × · · · × Rp (since we know that there exist at least 2p). Then there exists a
central idempotent (e1, . . . , ep) ∈ R1 × · · · ×Rp different from with some ei ̸∈ {0, 1}. Then

(e1, . . . , ei, . . . , ep) = (e1, . . . , ei, . . . , ep)
2 = (e21, . . . , e

2
i , . . . , e

2
p)

gives ei = e2i and so ei is an idempotent of Ri different than 0 or 1. Moreover, for any r ∈ Ri we have

(0, . . . , rei, . . . , 0) = (0, . . . , r, . . . , 0)(e1, . . . , ei, . . . , ep) = (e1, . . . , ei, . . . , ep)(0, . . . , r, . . . , 0) = (0, . . . , eir, . . . , 0)

and so rei = eir. Hence ei ∈ Z(Ri). But by part (a) we conclude that Ri is not connected, which
contradicts (ii). Hence (i) holds.

(c) By part (b) we know that there exist 2p central idempotents in R1 × · · · × Rp and that there exist 2q

central idempotents in S1 × · · · × Sq. Since the two rings are isomorphic we conclude that 2p = 2q and
so p = q.

(d) By Problem 8 in Problem Set 1 (generalizing from 2 to n) we know that

Z(Mn(R)) =



a 0 · · · 0
0 a · · · 0
...

...
. . .

...
0 0 · · · a

 a ∈ Z(R)

 .

Now let A =

( a 0 ··· 0
0 a ··· 0
...
...
. . .

...
0 0 ··· a

)
∈ Z(Mn(R)) be an idempotent. We have


a 0 · · · 0
0 a · · · 0
...

...
. . .

...
0 0 · · · a

 = A = A2 =


a 0 · · · 0
0 a · · · 0
...

...
. . .

...
0 0 · · · a


2

=


a2 0 · · · 0
0 a2 · · · 0
...

...
. . .

...
0 0 · · · a2


and so a = a2. It follows that a(1 − a) = 0. Since D is an integral domain, we obtain that a = 0 or
a = 1. Hence A = 0 or A = In are the only central idempotents of Mn(R). By part (a) we obtain that
Mn(R) is connected.

(e) Each of the rings Mn1
(D1), . . . ,Mnp

(Dp),Mk1
(D′

1), . . . ,Mkq
(D′

q) is a connected unital ring by part (d).
We conclude by part (c) that p = q as required.
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Problem 7. (After Chapter 19.2.) (Exam November 2005, Problem 4.) Let R be a unital ring and let
M be a noetherian left R-module. Show that any surjective homomorphism of R-modules f : M → M is an
isomorphism. (Hint: Consider the chain ker(f) ⊆ ker(f2) ⊆ ker(f3) ⊆ · · · of submodules of M).

Solution. Since f is a surjective homomorphism of R-modules, it is enough to show that f is injective. Let
m ∈ ker f such that f(m) = 0. Since M is a noetherian left R-module, the sequence

ker(f) ⊆ ker(f2) ⊆ ker(f3) ⊆ · · ·

stabilizes. That is, there exists n such that

ker(fn) = ker(fn+1) = ker(fn+2) = · · · .

Since f is surjective, there exists m1 ∈ M such that

f(m1) = m.

Furthermore, there exists m2 ∈ M such that f(m2) = m1 and so

f2(m2) = f(f(m2)) = f(m1) = m.

Continuing this way, we conclude that there exists mn ∈ M such that fn(mn) = m. Then

fn+1(mn) = f(fn(mn)) = f(m) = 0

and so mn ∈ ker(fn+1) = ker(fn). Since m ∈ ker(fn) we obtain

m = fn(mn) = 0.

Therefore m = 0. Since m ∈ ker(f) was arbitrary, we conclude that ker(f) = {0} and so f is injective.

Problem 8. (After Chapter 19.3.) (Exam November 2005, Problem 3.) Let C be the field of complex
numbers and C[X] the polynomial ring over C in one variable X. Let α ∈ C be a complex number.

(a) Show that the map ϕα : C[X] → C defined by ϕα(f(X)) = f(α) is a surjective ring homomorphism, and
use this to show that the ideal generated by X − α is a maximal ideal in C[X].

(b) For which n ≥ 1 is the ring ( C[X]
((X−α)n)

C[X]
((X−α)n)

C[X]
((X−α)n)

C[X]
((X−α)n)

)
semisimple?

Solution.

(a) First let us show that ϕα is a ring homomorphism. For any f(X), g(X) ∈ C[X] we have

ϕα(f(X) + g(X)) = ϕα((f + g)(X)) = (f + g)(α) = f(α) + g(α) = ϕα(f(X)) + ϕα(g(X)),

and
ϕα(f(X)g(X)) = ϕα((fg)(X)) = (fg)(α) = f(α)g(α) = ϕα(f(X))ϕα(g(X)),

and so ϕα is indeed a ring homomorphism.

Now we show that ϕα is surjective. Let z ∈ C. Set fz(X) = X − (α− z) ∈ C[X]. Then

ϕα(fz(X)) = fz(α) = α− (α− z) = z,

and so ϕα(fz(X)) = z, which shows that ϕα is surjective. In other words we have that Imϕα = C.
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Now we claim that kerϕα = (X − α), that is the kernel of ϕα is the ideal of C[X] generated by X − α.
First let f(X) ∈ (X − α). Then f(X) = g(X)(X − α) for some g(X) ∈ C[X] and so

ϕα(f(X)) = ϕα(g(X)(X − α)) = g(α)(α− α) = 0,

and so f(X) ∈ kerϕα. This shows that (X − α) ⊆ kerϕα. For the other inclusion let h(X) ∈ kerϕα.
Then

ϕα(h(X)) = 0 =⇒ h(α) = 0.

It follows that X−α
∣∣ h(X) and so h(X) = g(X)(X−α) for some h(X) ∈ C[X], and so h(X) ∈ (X−α).

This shows that kerϕα ⊆ (X − α) and so kerϕα = (X − α). By the first isomorphism theorem for rings,
we obtain that

C[X]
(X−α) =

C[X]
kerϕα

∼= Imϕα = C,

and so C[X]
(X−α) is a field. By Theorem 6.3 we conclude that (X − α) is a maximal ideal in C[X].

(b) Set Un = C[X]
((X−α)n) and Rn = M2(Un) so that the question becomes for which n ≥ 1 is the ring Rn

semisimple.

Let n = 1. Then by part (a) we have that U1
∼= C and so R1 = M2(C). Since C is a field, it follows that

R1 is semisimple by the Wedderburn–Artin theorem.

Now let n > 1. We claim that Rn is not semisimple. By Proposition 14.5 we have that Rn is semisimple
if and only if Rn is left artinian and there exist no nonzero nilpotent ideals in Rn. Hence it is enough to
construct a nonzero nilpotent ideal in Rn. Let

I =

((
X − α X − α
X − α X − α

))
,

that is I is the two-sided ideal generated by the matrix M =
(

X−α X−α

X−α X−α

)
∈ Rn. We claim that M ̸= 0.

It is enough to show that X − α ∈ Un = C[X]
((X−α)n) is nonzero. Assume to a contradiction that X − α = 0.

Then X − α ∈ (X − α)n and so
X − α = f(X)(X − α)n

for some f(X) ∈ C[X]. Clearly f(X) ̸= 0, and so the degree of the left hand-side is 1 while the degree
of the right hand side is at least n ≥ 2, which is a contradiction. Hence X − α ̸= 0. Now we claim that
In = 0. An element of In is a sum of elements of the form

M1M2 · · ·Mn

where Mi ∈ I. Since Mi ∈ I = RnM , we have that

Mi =

(
pi(X) qi(X)

ri(X) si(X)

)(
X − α X − α
X − α X − α

)
=

(
(pi(X) + qi(X))(X − α) (pi(X) + qi(X))(X − α)

(ri(X) + si(X))(X − α) (ri(X) + si(X))(X − α)

)
=

(
fi(X)(X − α) fi(X)(X − α)

gi(X)(X − α) gi(X)(X − α)

)
,

Where fi(X) = pi(X) + gi(X) and gi(X) = ri(X) + si(X). Then

M1M2 =

(
f1(X)(X − α) f1(X)(X − α)

g1(X)(X − α) g1(X)(X − α)

)(
f2(X)(X − α) f2(X)(X − α)

g2(X)(X − α) g2(X)(X − α)

)
=

(
(f1(X)f2(X) + f1(X)g2(X))(X − α)2 (f1(X)f2(X) + f1(X)g2(X))(X − α)2

(g1(X)f2(X) + g1(X)g2(X))(X − α)2 (g1(X)f2(X) + g1(X)g2(X))(X − α)2

)
.

Continuing this way, we see that

M1M2 · · ·Mn =

(
h1(X)((X − α)n h2(X)((X − α)n

h3(X)((X − α)n h4(X)((X − α)n

)
=

(
0 0
0 0

)
,
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where the last equality follows since hi(X)(X − α)n ∈ C[X]
((X−α)n) . Therefore M1M2 · · ·Mn = 0 and so

every element of In is equal to zero as it is the sum of elements of this form. We conclude that I is a
nilpotent nonzero ideal and hence Rn is not a semisimple ring.

Problem 9. (After Chapter 19.3.) (Exam December 2015, Problem 2.) Let Λ =
{(

a b c
c a b
b c a

)
| a, b, c ∈ Z6

}
⊆

M3(Z6) be the ring of 3× 3 matrices over Z6.

(a) Prove that Λ is a commutative subring of M3(Z6), the ring of 3× 3-matrices over Z6.

(b) Define Ψ : Λ → Z6 by Ψ
((

a b c
c a b
b c a

))
= a + b + c. Prove that Ψ is a surjective ring homomorphism and

find a set of generators for the kernel of Ψ.

(c) How many maximal ideals in Λ contain the kernel of Ψ? You have to give an argument for your answer.

(d) Is Λ a semisimple ring? You have to give an argument for your answer. (Hint: find how many idempotents
Λ has.)

Solution.

(a) Clearly Λ ̸= ∅ since 0 ∈ Λ. Now let
(

a b c
c a b
b c a

)
,

(
a′ b′ c′

c′ a′ b′

b′ c′ a′

)
∈ Λ. We havea b c

c a b
b c a

+

a′ b′ c′

c′ a′ b′

b′ c′ a′

 =

a+ a′ b+ b′ c+ c′

c+ c′ a+ a′ b+ b′

b+ b′ c+ c′ a+ a′

 ∈ Λ,

and a b c
c a b
b c a

a′ b′ c′

c′ a′ b′

b′ c′ a′

 =

aa′ + bc′ + cb′ ab′ + a′b+ cc′ ac′ + bb′ + ca′

ca′ + c′a+ bb′ cb′ + aa′ + bc′ cc′ + ab′ + ba′

ba′ + cc′ + ab′ bb′ + ca′ + ac′ bc′ + cb′ + aa′

 ∈ Λ,

which show that Λ is a subring of M3(Z6). Moreover, we also havea b c
c a b
b c a

a′ b′ c′

c′ a′ b′

b′ c′ a′

 =

aa′ + bc′ + cb′ ab′ + a′b+ cc′ ac′ + bb′ + ca′

ca′ + c′a+ bb′ cb′ + aa′ + bc′ cc′ + ab′ + ba′

ba′ + cc′ + ab′ bb′ + ca′ + ac′ bc′ + cb′ + aa′

 =

a′ b′ c′

c′ a′ b′

b′ c′ a′

a b c
c a b
b c a

 ,

which shows that Λ is a commutative ring.

(b) We first show that Ψ is a ring homomorphism. Let
(

a b c
c a b
b c a

)
,

(
a′ b′ c′

c′ a′ b′

b′ c′ a′

)
∈ Λ. We have

Ψ

a b c
c a b
b c a

+

a′ b′ c′

c′ a′ b′

b′ c′ a′

 = Ψ

a+ a′ b+ b′ c+ c′

c+ c′ a+ a′ b+ b′

b+ b′ c+ c′ a+ a′


= (a+ a′) + (b+ b′) + (c+ c′)

= (a+ b+ c) + (a′ + b′ + c′)

= Ψ

a b c
c a b
b c a

+Ψ

a′ b′ c′

c′ a′ b′

b′ c′ a′

 ,

and

Ψ

a b c
c a b
b c a

a′ b′ c′

c′ a′ b′

b′ c′ a′

 = Ψ

aa′ + bc′ + cb′ ab′ + a′b+ cc′ ac′ + bb′ + ca′

ca′ + c′a+ bb′ cb′ + aa′ + bc′ cc′ + ab′ + ba′

ba′ + cc′ + ab′ bb′ + ca′ + ac′ bc′ + cb′ + aa′


= (aa′ + bc′ + cb′) + (ab′ + a′b+ cc′) + (ac′ + bb′ + ca′)

= (a+ b+ c)(a′ + b′ + c′)

= Ψ

a b c
c a b
b c a

Ψ

a′ b′ c′

c′ a′ b′

b′ c′ a′

 ,
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which show that Ψ is a ring homomorphism. Now for a ∈ Z we have that
(

a 0
0 a 0
0 0 a

)
∈ Λ and

Ψ

a 0 0
0 a 0
0 0 a

 = a+ 0 + 0 = a,

and so Ψ is surjective. Finally, assume that
(

a b c
c a b
b c a

)
∈ kerΨ, so that

Ψ

a b c
c a b
b c a

 = 0.

Then a+ b+ c = 0 and soa b c
c a b
b c a

 =

−b− c b c
c −b− c b
b c −b− c

 = b

−1 1 0
0 −1 1
1 0 −1

+ c

−1 0 1
1 −1 0
0 1 −1

 ,

and so
{(−1 1 0

0 −1 1
1 0 −1

)
,
(−1 0 1

1 −1 0
0 1 −1

)}
is a generating set for kerΨ.

(c) By the correspondence theorem (Theorem 4.5) we obtain that maximal ideals of Λ that contain kerΨ are
in bijection with maximal ideals of ImΨ = Z6. The ideals of Z6 which are generated by a single element
are

(0) = {0}, (1) = Z6 = (5), (2) = {0, 2, 4} = (4), (3) = {0, 3},
and we have that

(2, 3) = (4, 3) = Z6,

hence all and all the ideals of Z6 are

{0}, {0, 3}, {0, 2, 4},Z6.

It follows that there are exactly two maximal ideals of Z6 and so there are exactly two maximal ideals
of Λ containing kerΨ.

(d) We first compute the non-trivial idempotents of Λ. Let E =
(

a b c
c a b
b c a

)
∈ Λ be such that E2 = E and

E ̸∈ {0, I3}. Thena b c
c a b
b c a

 =

a b c
c a b
b c a

a b c
c a b
b c a

 =

a2 + 2bc c2 + 2ab b2 + 2ac
b2 + 2ac a2 + 2bc c2 + 2ab
c2 + 2ab b2 + 2ac a2 + 2bc


gives 

a = a2 + 2bc,

b = c2 + 2ab,

c = b2 + 2ac.

Assume first that a ∈ {0, 1, 3, 4}. Then a2 = a and so the first equation gives 2bc = 0. Hence either
b = 3 or c = 3. Assume that b = 3. Then the second equation gives c2 = 3 and so c = 3. Similarly, the
case c = 3 gives b = 3. Hence we obtain the nontrivial idempotent elements of Λ0 3 3

3 0 3
3 3 0

 ,

1 3 3
3 1 3
3 3 1

 ,

3 3 3
3 3 3
3 3 3

 ,

4 3 3
3 4 3
3 3 4

 .

Now assume that a ∈ {2, 5}. Then the system becomes
0 = 2 + 2bc,

0 = c2 + 3b,

0 = b2 + 3c.
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If b ∈ {0, 3}, then the first equation fails. If b ∈ {1, 5}, then the second equation gives c = 3 and the first
equation fails again. Finally, if b ∈ {2, 4}, then the second equation gives c = 0 and the first equation
fails again. So there are no idempotent elements of Λ in this case. We conclude that in total there are 4
nontrivial idempotents in Λ.

Now assume to a contradiction that Λ is semisimple. Then by the Wedderburn–Artin theorem we obtain
that

Λ ∼= Mn1
(D1)× · · · ×Mnk

(Dk)

, for some division rings D1, . . . , Dk and some positive integers n1, . . . , nk > 0. We claim that k ≥ 3.
Assume to a contradiction first that k = 1. Then Λ ∼= Mn1

(D1), and by Theorem 3.4(3), the only
two-sided ideals of Mn1

(D1) are 0 and Mn1
(D1). Since none of these are maximal while Λ has two

maximal ideals by part (c), we reach a contradiction. Now assume to a contradiction that k = 2. Then
Λ ∼= Mn1

(D1)×Mn2
(D2) and the only two-sided ideals in this case are

Mn1
(D1)×Mn2

(D2),Mn1
(D1)× 0, 0×Mn2

(D2), 0× 0.

Hence the maximal ideals are Mn1
(D1)×0 and 0×Mn2

(D2), and their intersection is 0×0. But this again
contradicts part (b) since there exist two maximal ideals of Λ with 0 ̸= kerΨ included in their intersection.
We conclude that indeed k ≥ 3. Hence there exist at least 8 idempotents in Mn1

(D1) × · · ·Mnk
(Dk),

given by all possible combinations of 0’s and 1’s. On the other hand, we have shown that Λ has exactly
6 idempotents. This contradicts Λ being semisimple and hence Λ is not semisimple.

Extra problems

The following problems may be a bit more challenging, in case you feel like you need something more.

Problem 10. (After Chapter 19.3.) Let K be a field. A K-algebra Λ is called a division algebra if Λ is a
division ring as a ring, that is Λ ̸= 0 is a unital ring and for every nonzero r ∈ Λ there exists a multiplicative
inverse r−1 ∈ Λ.

(a) Show that if Λ is a semisimple finite-dimensional unital algebra overK, then there exist finite-dimensional
division algebras D1, . . . , Dk over K and positive integers n1, . . . , nk such that

Λ ∼= Mn1
(D1)× · · · ×Mnk

(Dk).

(b) Show that if Λ is a semisimple finite-dimensional algebra over C, then there exist positive integers
n1, . . . , nk such that

Λ ∼= Mn1
(C)× · · · ×Mnk

(C).

(Hint: use the fundamental theorem of algebra.)

Solution.

(a) By the Wedderburn–Artin theorem we know that

Λ ∼= Mn1(D1)× · · · ×Mnk
(Dk),

where D1, . . . , Dk are division rings and n1, . . . , nk are positive integers. It is enough to show that Di is
also a K-algebra. Recall that by the proof of the Wedderburn–Artin theorem we have that

Di
∼= EndΛ(S)

op,

for some simple left Λ-module S, which is a submodule of Λ. Hence it is enough to show that EndΛ(S) is
a finite-dimensional K-algebra, since then clearly EndΛ(S)

op is a finite-dimensional K-algebra too. First
notice that S is a K-submodule of Λ since for every k ∈ K and s ∈ S we have

ks = (k1Λ)s ∈ S.
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Since Λ is a finite-dimensional K-module, it follows that S is a finite-dimensional K-module.

Now let f ∈ EndΛ(S). Then we claim that f ∈ EndK(S). Indeed, additivity of f holds by definition and
for k ∈ K and s ∈ S we have

f(ks) = f((k1Λ)s) = (k1Λ)f(s) = kf(s),

where we use the fact that f is a homomorphism of left Λ-modules. Therefore EndΛ(S) ⊆ EndK(S).
Since a composition of homomorphisms of left Λ-modules is still a homomorphism of left Λ-modules, we
conclude that EndΛ(S) is a subring of EndK(S). On the other hand we have that EndK(S) is also a
K-vector space via

λg(s) = g(λs)

for λ ∈ K and g ∈ EndK(S). Moreover, EndK(S) is finite-dimensional since S is finite-dimensional. We
claim that EndΛ(S) is a subspace of EndK(S). That is, for f ∈ EndΛ(S) and λ ∈ K we claim that
λf ∈ EndΛ(S). Indeed, if s, t ∈ S and r ∈ Λ, then using the fact that f is a homomorphism of left
Λ-modules and that Λ is a K-algebra we obtain that

(λf)(s+ t) = f(λ(s+ t)) = f(λs+ λt) = f((λ1Λ)s+ (λ1Λ)t) = f((λ1Λ)s) + f((λ1Λ)t),

and
(λf)(rs) = f(λ(rs)) = f((λ1Λr)s) = f(r(λ1Λ)s) = rf(λs) = r(λf)(s).

We conclude that EndΛ(S) is a K-subspace of EndK(S). Notice that for every f ∈ EndΛ(S), for every
λ ∈ K and for every s ∈ S we have

(λf)(s) = f(λs) = f((λ1Λ)s) = (λ1Λ)f(s) = λf(s).

Hence for every f, g ∈ EndΛ(S) and every λ ∈ K we have

((λf) ◦ g)(s) = (λf)(g(s)) = f(λg(s)) = f(g(λs)) = (f ◦ g)(λs) = (λ(f ◦ g))(s),

and so λf ◦ g = λ(f ◦ g). Similarly we show that f ◦ (λg) = λ(f ◦ g). This shows that EndΛ(S) is
a K-algebra. Since it is a subspace of a finite-dimensional vector space, it is also finite-dimensional as
required.

(b) By part (a) it is enough to show that every finite-dimensional division algebra over C is isomorphic to C.
Let D be a division algebra over C. Consider the map η : C → D given by η(λ) = λ1D for every λ ∈ C.
For every λ, µ ∈ C we have

η(λ+ µ) = (λ+ µ)1D = λ1Da + µ1D = η(λ) + η(µ),

and
η(λµ) = (λµ)1D = λ(µ1D) = (λ1D)(µ1D) = η(λ)η(µ),

showing that η is a ring homomorphism. Moreover, since C is a field and ker η is an ideal of C we have
that ker η = 0 or ker η = C. But η(1) = 11D = 1D ̸= 0 and so 1 ̸∈ ker η. We conclude that ker η = 0 and
so η is injective. It remains to show that η is surjective.

Let d ∈ D. Since D is a finite-dimensional C-vector space, there exists a positive integer n such that the
set {1, d, d2, . . . , dn} is linearly dependent over C. That is, there exist λ0, λ1, . . . , λn ∈ C such that

λ01D + λ1d+ · · ·+ λnd
n = 0.

Set p(X) = λ0 + λ1X + · · · + λnX
n ∈ C[X]. By the fundamental theorem of algebra, there exist

z0, z1, . . . , zn ∈ C such that
p(X) = (X − z0)(X − z1) · · · (X − zn).

Then
p(d) = (d− z01D)(d− z11D) · · · (d− zn1D) = λ01D + λ1d+ · · ·+ λnd

n = 0.

Since D is a division algebra, it is also an integral domain and so we conclude that d − zi1D = 0 for
some i ∈ {0, 1, . . . , n}. Then d = zi1D or η(zi) = d, showing that η is surjective. Hence we conclude that
D ∼= C as required.
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Problem 11. (After Chapter 19.3.) The aim of this problem is to prove Maschke’s theorem. Let F be a
field and G be a finite group such that the characteristic of F does not divide the order of G. Recall that

F [G] = {f : G → F | f(g) = 0 for all but finitely many g ∈ G}

with addition given by
(f + h)(g) = f(g) + h(g)

and multiplication given by

(fh)(g) =
∑

g=g1g2

f(g1)h(g2),

where f, h ∈ F [G] and g ∈ G. Let M be a finitely generated left F [G]-module where F [G] is the group algebra.

(a) Show that F [G] is isomorphic to the ring

FG =

∑
g∈G

λgg λg ∈ F

 ,

with addition given by ∑
g∈G

λgg

+

∑
g∈G

µgg

 =
∑
g∈G

(λg + µg)g

with 0FG =
∑

g∈G 0g and multiplication given by∑
g∈G

λgg

∑
g∈G

µgg

 =
∑
g∈G

 ∑
g1g2=g∈G

λg1µg2

 g,

with 1FG = e = eg. Conclude that F [G] is a finite-dimensional vector space over F . Use this description
of F [G] for the rest of the problem.

(b) Show that M is a finite-dimensional vector space over F .

(c) Show that M is a left artinian F [G]-module. Conclude that either M = 0 or M has a simple submodule.

(d) Let f ∈ EndF (M). Define f̃ : M → M via

f̃(m) =
1

|G|
∑
g∈G

gf(g−1m).

Show that f̃ ∈ EndF [G](M).

(e) Assume that there exists a simple submodule S ⊆ M . In particular, S is a subspace of M and so there
exists a subspace N ⊆ M such that M = S ⊕N (as vector spaces). Let π : M → S and ι : S → M be
the canonical projection and inclusion maps. Show that if f = ι ◦ π, then Im f̃ = S and f̃2 = f̃ .

(f) Show that there if there exists a simple submodule S ⊆ M , then there is an isomorphism of left F [G]-
modules

M ∼= Im f̃ ⊕ Im(1M − f̃).

Conclude that every finitely generated F [G]-module is semisimple.

Solution.
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(a) Since G is finite, we obtain that F [G] = {f : G → F}. For f ∈ F [G] and g ∈ G we set fg := f(g). Define
ϕ : F [G] → FG by

ϕ(f) =
∑
g∈G

fgg.

Then for f, h ∈ F [G] and g ∈ G we have

(f + h)g = (f + h)(g) = f(g) + h(g) = fg + hg,

and so
ϕ(f + g) =

∑
g∈G

(f + h)g =
∑
g∈G

(fg + hg)g =
∑
g∈G

fgg +
∑
g∈G

hg = ϕ(f) + ϕ(g).

Similarly we have

(fh)g =
∑

g1g2=g∈G

(f(g1)h(g2)) =
∑

g1g2=g∈G

(fg1hg2),

and so

ϕ(fh) =
∑
g∈G

(fh)g =
∑
g∈G

 ∑
g1g2=g∈G

(fg1hg2)g

 =

∑
g∈G

fgg

∑
g∈G

hgg

 = ϕ(f)ϕ(h).

This shows that ϕ is a ring homomorphism. If
∑

g∈G λgg ∈ FG, then define λ : G → F via λ(g) = λg.
It follows that ϕ(λ) =

∑
g∈G λgg and so ϕ is surjective. On the other hand, if ϕ(f) = 0, then we obtain

that fg = 0 for all g ∈ G and so f = 0F [G], showing that ϕ is injective. We conclude that ϕ is a ring
isomorphism.

FG is an abelian group by the definition of addition in FG. For λ ∈ F and
∑

g∈G λgg ∈ FG we define
a scalar multiplication by

λ

∑
g∈G

λgg

 =
∑
g∈G

(λλg)g,

which makes FG into a vector space over F . The whole group G generates FG as an F -vector space,
since an element

∑
g∈G λgg ∈ FG is just an F -linear combination with summands λgg for g ∈ G. Since

FG is a finitely generated vector space, it follows that it is finite-dimensional.

(b) Let m ∈ M and λ ∈ F . We define a scalar multiplication via

λm = (λe)m.

Since M is finitely generated, there exists a set {m1, . . . ,mn} ⊆ M that generates M as an FG-module.
Let m ∈ M . Then there exist f1, . . . , fn ∈ FG such that

m =

n∑
i=1

f imi.

By part (a) we have that FG is finite-dimensional as an F -vector space. Therefore there exists an F -basis
{b1, . . . , bu} ∈ FG. Hence for every i ∈ {1, . . . , n} there exist ci1, . . . , ciu ∈ F such that

f i =

u∑
j=1

cijbj .

Then we have that

m =

n∑
i=1

f imi =

n∑
i=1

 u∑
j=1

cijbj

mi =

n∑
i=1

u∑
j=1

cij(bjmi).

Hence the set {bjmi | 1 ≤ i ≤ n, 1 ≤ j ≤ u} generates M as an F -vector space. Since this set is finite, it
follows that M is a finite-dimensional F -vector space.
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(c) Let
M = M1 ⊇ M2 ⊇ M3 ⊇ · · · (1)

be a decreasing sequence of FG-submodules of M . Let i ∈ {2, 3, . . . , }. Then Mi is closed under
scalar multiplications by elements of FG. In particular, Mi is closed under scalar multiplication by the
elements {λe | λ ∈ F} ⊆ FG, and so Mi is closed under scalar multiplication with F . Hence Mi is an
F -subspace of Mi−1. Since M1 is a finite-dimensional vector space over F , it follows that each Mi is a
finite-dimensional vector space over F . Hence for the sequence (1) we have that there exists r ≥ 1 such
that Mr = Mr+1 = Mr+2 = · · · . Hence M is left artinian.

Now assume that M ̸= 0 and we show that M has a simple submodule. Let S be the collection of all
nonzero submodules of M . Clearly S ≠ 0 since 0 ̸= M ∈ S. By Theorem 13.5 we have that S has a
minimal element S. Then if L ⊆ S is a submodule, it follows that L ⊆ M is a submodule and so either
L ∈ S or L = 0. If L ∈ S, by minimality of S we obtain that L = S. Hence S is a simple module, as
required.

(d) Let m1,m2 ∈ M and λ ∈ F . Using the fact that f is additive we have that

f̃(m1 +m2) =
1

|G|
∑
g∈G

gf(g−1(m1 +m2)) =
1

|G|
∑
g∈G

gf(g−1m1) +
1

|G|
∑
g∈G

gf(g−1m2) = f̃(m1) + f̃(m2).

Now for λ ∈ F , g ∈ G and m ∈ M we have

λ(gm) = (λe)(gm) = (λeg)m = (gλe)m = g(λem) = g(λm)

and so using the fact that f is F -linear we obtain

f̃(λm) =
1

|G|
∑
g∈G

gf(g−1(λm)) =
1

|G|
∑
g∈G

gf(λ(g−1m)) =
λ

|G|
∑
g∈G

gf(g−1m) = λf̃(m).

Next let g ∈ G and m ∈ M and we show that f̃(gm) = gf̃(m). We have

f̃(gm) =
1

|G|
∑
x∈G

xf(x−1(gm)) =
1

|G|
∑
x∈G

xf((x−1g)m). (2)

Notice that G = {y = g−1x | x ∈ G}. Indeed, for any g′ ∈ G we have that there exists x = gg′ ∈ G such
that y = g−1gg′ = g′. Therefore, we may perform the change of variables y = g−1x. Then we obtain
that x = gy and so x−1 = y−1g−1. Replacing this in (2) we obtain

f̃(gm) =
1

|G|
∑
y∈G

gyf((y−1g−1g)m) = g
1

|G|
∑
y∈G

yf(y−1m) = gf̃(m),

as claimed. Now for λ ∈ F , g ∈ G and m ∈ M we have shown that

f̃((λg)m) = (λg)f̃(m).

Combining this with the fact that we have shown additivity of f̃ we obtain for every
∑

g∈G λgg ∈ FG
and every m ∈ M that

f̃

∑
g∈G

λgg

m

 = f̃

∑
g∈G

((λgg)m)

 =
∑
g∈G

f̃ ((λgg)m) =
∑
g∈G

(
λgg(f̃(m))

)
=

∑
g∈G

λgg

 f̃(m),

which shows that f̃ is a homomorphism of FG-modules.

(e) We first claim that Im f̃ ⊆ S. Let m ∈ M . Then π(g−1m) ∈ S for all g ∈ G, since π : M → S.
Then ι ◦ π(g−1m)) = π(g−1m) ∈ S since ι : S → M is just the inclusion of S into M . Since S is an
FG-submodule of M , we have that gf̃(g−1m) = gπ(g−1m) ∈ S for any g ∈ G. Then

f̃(m) =
1

|G|
∑
g∈G

gf̃(g−1m) ∈ S,
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showing that Im f̃ ⊆ S. Now let s ∈ S. Then for every g ∈ G we have g−1s ∈ S. Hence gι ◦ π(g−1s) =
gg−1s = s. We now compute

f̃(s) =
1

|G|
∑
g∈G

gι ◦ π(g−1s) =
1

|G|
∑
g∈G

s =
1

|G|
|G|s = s,

and so s ∈ Im f̃ . This shows that S ⊆ Im f̃ and so S = Im f̃ . Now notice that we have showed that for
s ∈ S we have f̃(s) = s. For any m ∈ M we have that f̃(m) ∈ Im f̃ = S and so

f̃2(m) = f̃(f̃(m)︸ ︷︷ ︸
∈S

) = f̃(m),

showing that f̃2 = f̃ .

(f) If M = 0, then M is semisimple. Assume that M ̸= 0. Then by part (c) there exists a simple submodule
S ⊆ M . By part (d) we have that f̃ is a homomorphism of left FG-modules. It follows that 1M − f̃ is
also a homomorphism of left FG-modules. Hence both Im f̃ and Im(1M − f̃) are FG-submodules of M .
Now let x ∈ Im f̃ ∩ Im(1M − f̃). Then there exists y ∈ M such that x = f̃(y) and there exists z ∈ M
such that x = (1M − f̃)(z) = z − f̃(z). Then by part (e) we have

f̃(x) = f̃(f̃(y)) = f̃2(y) = f̃(y) = x

and
f̃(x) = f̃((1M − f̃)(z)) = f̃(z − f̃(z)) = f̃(z)− f̃2(z) = f̃(z)− f̃(z) = 0,

and combining the too we obtain that f̃(x) = 0. We conclude that Im f̃ ∩ Im(1M − f̃) = {0}. Next, let
m ∈ M . We can write

m = f̃(m) +m− f̃(m) = f̃(m)︸ ︷︷ ︸
∈Im f̃

+(1M − f̃)(m)︸ ︷︷ ︸
∈Im(1M−f̃)

,

which shows that M = Im f̃ + Im(1M − f̃). This shows that M = Im f̃ ⊕ Im(1M − f̃).

Set S1 = S and U1 = Im(1M − f̃). By part (e) we have that Im f̃ = S = S1. If U1 = 0, then M = S is
semisimple. Otherwise, there exists a simple submodule S2 ⊆ U1 and another submodule U2 ⊆ U1 such
that U1 = S2 ⊕ U2 and so M = S1 ⊕ S2 ⊕ U2. We may continue this process, which has to terminate
since M is left artinian by part (c). We conclude that M is semisimple.
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