
Rings and modules - Problem set 4 solutions

Solved on Tuesday 31.10

Problem 1. (After Chapter 14.5.) Show that {2, 3} generates Z as a Z-module, but no subset of {2, 3} is
a Z-basis of Z.

Solution. Let n ∈ Z be an integer. If n is even, then n = 2m for some m ∈ Z. If n is odd, then
n = 2k + 1 = 2(k − 1) + 3 for some k ∈ Z. Hence n ∈ (2, 3) and so {2, 3} generates Z.

The subsets of {2, 3} are ∅, {2}, {3}, {2, 3}. Clearly (∅) = 0 ̸= Z, (2) = {2m | m ∈ Z} ̸= Z, (3) = {3m |
m ∈ Z} ≠ Z and so none of the sets ∅, {2}, {3} generate Z. Hence none of the sets ∅, {2} and {3} is a basis.
On the other hand, the set {2, 3} is not linearly independent since

3 · 2 + (−2) · 3 = 0

and (3,−2) ̸= (0, 0). Hence {2, 3} is not a basis either and so no subset of {2, 3} is a basis.

Problem 2. (After Chapter 14.4.) Let D be a division ring and n > 0 a positive integer. Let R = Mn(D)
and let ekk ∈ R be the matrix with 1 in position (k, k) and 0 everywhere else.

(a) Show that Dop is a division ring.

(b) Show that RR = Re11 ⊕ · · · ⊕Rekk and so R is a left semisimple ring.

Solution.

(a) Let us write ·Dop for the multiplication in Dop, and let us write ·D for the multiplication in D. Since D
is a division ring, we have that 1 ∈ D = Dop. Then for any a ∈ D we have

a ·Dop 1 = 1 ·D a = a = a ·D 1 = 1 ·Dop a,

which shows that 1 acts as the multiplicative identity in Dop as well. Hence Dop is unital. Then let
a ∈ Dop \ {0}. We have that a−1 ∈ D and

a ·Dop a−1 = a−1 ·D a = 1 = a ·D a−1 = a−1 ·Dop a,

which shows that a−1 is the multiplicative inverse of a in Dop as well. This shows that Dop is a division
ring.

(b) We have that

Rekk =


0 · · · 0 r1k 0 · · · 0
...

...
...

...
...

0 · · · 0 rnk 0 · · · 0

 r1k, . . . , rnk ∈ R

 .

Then if A =

(
a11 ··· a1n

...
...

an1 ··· ann

)
∈ Mn(R), we have that

A =

a11 0 · · · 0
...

...
...

an1 0 · · · 0


︸ ︷︷ ︸

∈Re11

+ · · ·+

0 · · · 0 a1k 0 · · · 0
...

...
...

...
...

0 · · · 0 ank 0 · · · 0


︸ ︷︷ ︸

∈Rekk

+ · · ·+

0 · · · 0 a1n
...

...
...

0 · · · 0 ann


︸ ︷︷ ︸

∈Renn

∈ Re11+· · ·+Renn,
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which shows that RR = Re11 + · · · + Renn. To show that the sum is direct, let 0 =

(
0 ··· 0
...

...
0 ··· 0

)
∈

Re11 + · · ·+Renn. Then
0 = A1 + · · ·An

for some Ak =

(
0 ··· 0 r1k 0 ··· 0

...
...

...
...

...
0 ··· 0 rnk 0 ··· 0

)
∈ Rekk. Hence

0 · · · 0
...

...
0 · · · 0

 =

r11 0 · · · 0
...

...
...

rn1 0 · · · 0

+ · · ·+

0 · · · 0 r1k 0 · · · 0
...

...
...

...
...

0 · · · 0 rnk 0 · · · 0

+ · · ·+

0 · · · 0 r1n
...

...
...

0 · · · 0 rnn


=

r11 · · · r1n
...

...
rn1 · · · rnn

 ,

which gives that rij = 0 for all 1 ≤ i, j ≤ n. Thus Ak = 0 for all k = 1, . . . , n which shows that the sum
is direct by Theorem 9.12(2).

Problem 3. (After Chapter 19.2.) (Exercise 19.2.3 in the book.) Show that every principal left ideal
unital ring is left noetherian.

Solution. Let R be a principal left ideal unital ring. Hence every left ideal of R is generated by a single
element. In particular, every left ideal of R is finitely generated. By Corollary 13.6 we obtain that R is a left
noetherian ring.

Problem 4. (After Chapter 14.3.) Let R be a ring that is not unital. Let R̃ = R×Z. For (r, n), (s, k) ∈ R̃
define

(r, n) + (s, k) := (r + s, n+ k), (r, n)(s, k) := (rs+ kr + ns, nk).

(a) Show that R̃ is a unital ring with 1R̃ = (0, 1).

(b) Let M be a left R-module. For m ∈ M and for (r, n) ∈ R̃ define

(r, n)m := rm+ nm.

Show that this makes M a left R̃-module. Also show that if f : RM → RN is an homomorphism of left
R-modules, then f : R̃M → R̃N is also a homomorphism of left R̃-modules.

(c) Let M̃ be a left R̃-module. For m̃ ∈ M̃ and for r ∈ R define

rm̃ := (r, 0)m̃.

Show that this makes M̃ a left R-module. Also show that if f̃ : R̃M̃ → R̃Ñ is a homomorphism of left

R̃-modules, then f̃ : RM → RN is a homomorphism of left R-modules.

(d) Show that the two constructions in (b) and (c) are inverse to each other.

Thus this problem shows that studying left R-modules and homomorphisms of left R-modules is the same as
studying R̃-modules and homomorphisms of left R̃-modules, motivating the fact that we focus on unital rings.

Solution.

(a) Let (r, n), (s, k), (t, l) ∈ R̃. We have that

((r, n) + (s, k)) + (t, l) = (r + s, k + n) + (t, l) = ((r + s) + t, (k + n) + l) = (r + (s+ t), k + (n+ l))

= (r, k) + (s+ t, n+ l) = (r, k) + ((s, n) + (t, l)),

(r, n) + (s, k) = (r + s, n+ k) = (s+ r, k + n) = (s, k) + (r, n),

(0, 0) + (r, n) = (0 + r, 0 + n) = (r, n),

(r, n) + (−r,−n) = (r + (−r), n+ (−n)) = (0, 0),
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which shows that (R̃,+) is an abelian group. Next, we have

((r, n)(s, k))(t, l) = (rs+ kr + ns, nk)(t, l)

= ((rs+ kr + ns)t+ l(rs+ kr + ns) + (nk)t, (nk)l)

= (rst+ krt+ nst+ lrs+ lkr + lns+ nkt, nkl)

= ((rst+ lrs+ krt) + lkr + (nst+ lns+ nkt), nkl)

= (r(st+ ls+ kt) + (kl)r + n(st+ ls+ kt), n(kl))

= (r, n)(st+ ls+ kt, kl)

= (r, n)((s, k)(t, l)),

which shows that (R̃, ·) is a semigroup. Next, we have

(r, n)((s, k) + (t, l)) = (r, n)(s+ t, k + l)

= (r(s+ t) + (k + l)r + n(s+ t), n(k + l))

= (rs+ rt+ kr + lr + ns+ nt, nk + nl)

= ((rs+ kr + ns) + (rt+ lr + nt), nk + nl)

= (rs+ kr + ns, nk) + (rt+ lr + nt, nl)

= (r, n)(s, k) + (r, n)(t, l),

which shows that (r, n)((s, k) + (t, l)) = (r, n)(s, k) + (r, n)(t, l). Similarly we can show that ((r, n) +
(s, k))(t, l) = (r, n)(t, l) + (s, k)(t, l). This shows that R̃ is a ring. To see that it is unital, we have

(r, n)(0, 1) = (r0 + 1r + 0n, n1) = (0 + r + 0, n) = (r, n)

(0, 1)(r, n) = (0r + n0 + 1r, 1n) = (0 + 0 + r, n) = (r, n)

and so 1R̃ = (0, 1).

(b) M is an additive group by definition. Let (r1, n1), (r2, n2), (r, n) ∈ R̃ and m1,m2,m ∈ M . Then

(r, n)(m1 +m2) = r(m1 +m2) + n(m1 +m2) = rm1 + rm2 + nm1 + nm2

= rm1 + nm1 + rm2 + nm2 = (r, n)m1 + (r, n)m2

((r1, n1) + (r2, n2))m = (r1 + r2, n1 + n2)m = (r1 + r2)m+ (n1 + n2)m = r1m+ r2m+ n1m+ n2m

= r1m+ n1m+ r2m+ n2m = (r1, n1)m+ (r2, n2)m

((r1, n1)(r2, n2))m = (r1r2 + n2r1 + n1r2, n1n2)m = (r1r2 + n2r1 + n1r2)m+ (n1n2)m

= (r1r2m+ r1n2m) + (n1r2m+ n1n2m) = r1(r2m+ n2m) + n1(r2m+ n2m)

= (r1, n1)(r2m+ n2m) = (r1, n1)((r2, n2)m)

(0, 1)m = 0m+ 1m = 0 +m = m,

and so M is a left R̃-module. Now let f : RM → RN be a homomorphism of left R-modules. Let
m1,m2,m ∈ M and (r, n) ∈ R̃. Then clearly

f(m1 +m2) = f(m1) + f(m2),

since f is a homomorphism of left R-modules. Moreover, using the fact that f is a homomorphism of
left R-modules and using Proposition 10.2 we obtain

f((r, n)m) = f(rm+ nm) = f(rm) + f(nm) = rf(m) + nf(m) = (r, n)f(m),

showing that f is a homomorphism of left R̃-modules.

(c) M̃ is an additive group by definition. Let r1, r2, r ∈ R and m̃1, m̃2, m̃ ∈ M . Then

r(m̃1 + m̃2) = (r, 0)(m̃1 + m̃2) = (r, 0)m̃1 + (r, 0)m̃2 = rm̃1 + rm̃2

(r1 + r2)m̃ = (r1 + r2, 0)m̃ = ((r1, 0) + (r2, 0))m̃ = (r1, 0)m̃+ (r2, 0)m̃ = r1m̃+ r2m̃

(r1r2)m̃ = (r1r2, 0)m̃ = ((r1, 0)(r2, 0))m̃ = (r1, 0)((r2, 0)m̃) = (r1, 0)(r2m̃) = r1(r2m̃),
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and so M̃ is a left R-module. Now let f : R̃M → R̃N be a homomorphism of left R̃-modules. Let
m̃1, m̃2, m̃ ∈ M and r ∈ R. Then clearly

f(m̃1 + m̃2) = f(m̃1) + f(m̃2),

since f is a homomorphism of left R̃-modules. Moreover, using the fact that f is a homomorphism of
left R̃-modules we obtain

f(rm̃) = f((r, 0)m̃) = (r, 0)f(m̃) = rf(m̃),

showing that f is a homomorphism of left R-modules.

(d) Let r ∈ R and (r, n) ∈ R̃. First let M be a left R-module and let m ∈ M . Write r ·R m for the left
R-scalar multiplication of M and write (r, n) ·R̃ m for the left R̃-scalar multiplication of M . We have

(r, 0) ·R̃ m = r ·R m+ 0 ·R m = r ·R m,

and so (r, 0) ·R̃ m = r ·R m.

Now let M̃ be a left R̃-module and let m̃ ∈ M̃ . Write (r, n) ·R̃ m̃ for the left R̃-scalar multiplication of M̃

and write r·Rm̃ for the left R-scalar multiplication of M̃ . Since 1R̃ = (0, 1), we have that nm̃ = (0, n)·R̃m̃.
Then we have

r ·R m̃+ nm̃ = (r, 0) ·R̃ m̃+ (0, n) ·R̃ m̃ = ((r, 0) + (0, n)) ·R̃ m̃ = (r, n) ·R̃ m̃,

and so r ·R m̃+ nm̃ = (r, n) ·R̃ m̃.

Problem 5. (After Chapter 10.2.) Let R and S be rings and n ≥ 1 a positive integer.

(a) Show that the rings (R× S)op and Rop × Sop are isomorphicm.

(b) Show that the rings (Mn(R))op and Mn(R
op) are isomorphic.

Solution.

(a) Since R and Rop are the same as sets and S and Sop are also the same as sets, we obtain that (R×S)op

and Rop × Sop are the same as sets (and equal to R × S). We define a map g : (R × S)op → Rop × Sop

by setting g to be the identity. Then g is clearly bijective as the identity map is bijective. It is enough
to show that g is a ring homomorphism. Let (r1, s1), (r2, s2) ∈ (R× S)op. Then

g((r1, s1)+(r2, s2)) = g((r1+r2, s1+s2)) = (r1+r2, s1+s2) = (r1, s1)+(r2, s2) = g((r1, s1))+g((r2, s2)),

and

g((r1, s1) ·(R×S)op (r2, s2)) = g((r2, s2) ·R×S (r1, s1)) = g((r2 ·R r1, s2 ·S s1))

= (r2 ·R r1, s2 ·S s1) = (r1 ·Rop r2, s1 ·Sop s2) = (r1, s1) ·Rop×Sop (r2, s2)

= g((r1, s2)) ·Rop×Sop g((r2, s2)),

which shows that g is a ring homomorphism, as required.

(b) By definition, the elements of R and Rop are the same and the elements of Mn(R) and (Mn(R))op are
the same. It follows that the elements of (Mn(R))op and Mn(R

op) are the same. Set

A = Mn(R), B = Mn(R
op), C = (Mn(R))op.

Our aim is to show that the rings B and C are isomorphic. We define f : C → B to be the transpose

map, that is if X =

(
x11 ··· x1n

...
...

xn1 ··· xnn

)
∈ C, then

f(X) = XT =

x11 · · · xn1

...
...

x1n · · · xnn

 .
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We claim that f is a ring isomorphism. Clearly the identity map is bijective with inverse g : B → C the

map g(Y ) = Y T , and so it remains to show that it is a ring homomorphism. Let X =

(
x11 ··· x1n

...
...

xn1 ··· xnn

)
and

Y =

(
y11 ··· y1n

...
...

yn1 ··· ynn

)
be two elements of C = (Mn(R))

op
. Then

f(X + Y ) = f


x11 · · · x1n

...
...

xn1 · · · xnn

+

y11 · · · y1n
...

...
yn1 · · · ynn


 = f


x11 + y11 · · · x1n + y1n

...
...

xn1 + yn1 · · · xnn + ynn




=

x11 + y11 · · · xn1 + yn1
...

...
x1n + y1n · · · xnn + ynn

 =

x11 · · · xn1

...
...

x1n · · · xnn

+

y11 · · · yn1
...

...
y1n · · · ynn

 = f(X) + f(Y ),

and

f(X ·C Y ) = f


x11 · · · x1n

...
...

xn1 · · · xnn

 ·C

y11 · · · y1n
...

...
yn1 · · · ynn


 = f


y11 · · · y1n

...
...

yn1 · · · ynn

 ·A

x11 · · · x1n

...
...

xn1 · · · xnn




= f


y11 ·R x11 + · · ·+ y1n ·R xn1 · · · y11 ·R x1n + · · ·+ y1n ·R xnn

...
...

yn1 ·R x11 + · · ·+ ynn ·R xn1 · · · yn1 ·R x1n + · · · ynn ·R xnn




=

y11 ·R x11 + · · ·+ y1n ·R xn1 · · · yn1 ·R x11 + · · ·+ ynn ·R xn1

...
...

y11 ·R x1n + · · ·+ y1n ·R xnn · · · yn1 ·R x1n + · · · ynn ·R xnn


=

x11 ·Rop y11 + · · ·+ xn1 ·Rop y1n · · · x11 ·Rop yn1 + · · ·+ xn1 ·Rop ynn
...

...
x1n ·Rop y11 + · · ·+ xnn ·Rop y1n · · · x1n ·Rop yn1 + · · ·xnn ·Rop ynn


=

x11 · · · xn1

...
...

x1n · · · xnn

 ·B

y11 · · · yn1
...

...
y1n · · · ynn

 = f(X) ·B f(Y ),

which shows that f is indeed a ring homomorphism, as required.

Problem 6. (After Chapter 19.3.) (Exercise 19.3.1 in the book.) Let R be a left artinian unital ring with
no nonzero nilpotent ideals. Show that for each two-sided ideal I of R, R/I is also left artinian with no nonzero
nilpotent ideals. (Hint: use Proposition 14.5 and Wedderburn–Artin theorem.)

Solution. Let R be a left artinian ring with no nonzero nilpotent ideals. By Proposition 14.5 we have that
this is equivalent to R being a left semisimple ring. Hence by the Wedderburn–Artin theorem we have that

R ∼= Mn1(D1)× · · · ×Mnk
(Dk),

where n1, . . . , nk are positive integers and D1, . . . , Dk are division rings. By Theorem 3.4(3) in the notes, the
only two-sided ideals of Mni

(Di) are the trivial ideals. Hence an ideal I of R is isomorphic to an ideal of
Mn1

(D1)× · · · ×Mnk
(Dk) of the form I1 × · · · × Ik, where Ii is either 0 or Mni

(Di). Then

R/I ∼= Mn1
(D1)× · · · ×Mnk

(Dk)/(I1 × · · · × Ik) ∼= (Mn1
(D1)/I1)× · · · × (Mnk

(Dk)/Ik)

and Mni
(Di)/Ii is isomorphic to either 0 or Mni

(Di). Hence R/I is isomorphic to a product of matrix rings
over division rings. By the Wedderburn-Artin theorem, R/I is a left semisimple ring. By Proposition 14.5, we
conclude that R/I is a artinian with no nonzero nilpotent ideals.
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Problem 7. (After Chapter 10.3.) (Exam December 2009, Problem 4.) Let A be a left ideal in a unital
ring R and assume that A = Aa for some a ̸= 0 in A.

(a) Show that there is some e ∈ A where ea ̸= 0 and (e2 − e)a = 0.

(b) Let B = {x ∈ A | xa = 0}. Show that B is a left ideal in R.

(c) Assume further that the left ideal A is a minimal left ideal. Show that the element e from (a) is then an
idempotent element.

(You can use (a) to show (b) even if you do not show (a), and you can use (a) and (b) to show (c).)

Solution.

(a) Since a ∈ A = Aa, there exists some e ∈ A such that a = ea. Since a ̸= 0, we have ea ̸= 0. Moreover,
(e2 − e)a = e2a− ea = e(ea)− ea = ea− ea = 0, as required.

(b) By part (a) we have that e2 − e ∈ B and so B ̸= ∅. Let x, y ∈ B and r ∈ R. Since x, y ∈ B, we have
that xa = 0 and ya = 0. Then

(x− y)a = xa− ya = 0 + 0 = 0,

and so x− y ∈ B. Moreover, we have

(rx)a = r(xa) = r0 = 0,

and so rx ∈ B. This shows that B is a left ideal.

(c) By definition, we have that B ⊆ A. Since A is a minimal left ideal and B is a left ideal contained in A,
we have that B = 0 or B = A. By part (a) we have that ea ̸= 0 and so e ̸∈ B while e ∈ A. Hence B ̸= A
and so B = 0. Then e2 − e ∈ B = 0 gives e2 − e = 0 or e2 = e. Thus e is an idempotent element.

Problem 8. (After Chapter 14.5.) Let R be a unital ring. The aim of this problem is to show that every
left R-module is the quotient of a free R-module.

(a) Let I be a set and let

RI =
⊕
i∈I

R = {(ri)i∈I | ri ∈ R and finitely many ri ̸= 0}.

Show that RI is a free left R-module with a basis indexed by I.

(b) Let M be a left R-module. Show that there is a free R-module F and a submodule K ⊆ F such that
M ∼= F/K. Show that if M is finitely generated, then F can also be taken to be finitely generated.
(Hint: use part (a) with I = M .)

Solution.

(a) For i ∈ I let ei = (rj)j∈I where

rj =

{
1, if j = i,

0, if j ̸= i.

We claim that {ei}i∈I is a basis of RI . Let r = (ri)i∈I ∈ M . Then only finitely many of the ri are
nonzero and so

r = (ri) =
∑
i∈I
ri ̸=0

riei

and so {ei}i∈I generates RI . Now let I ′ ⊆ I be a finite subset of I and assume that∑
i∈I′

riei = 0 = (0)i∈I .
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Then
∑

i∈I′ riei = (ui) ∈ RI where

ui =

{
ri, if i ∈ I ′,

0, if i ̸∈ I ′.

Then (ui) = 0 implies that ui = 0 for all i ∈ I and so ri = 0 for all i ∈ I ′. We conclude that {ei}i∈I′ is
an R-linearly independent set and so they form an R-basis of RI .

(b) Let F be the free module RM as in part (a), that is

RM =
⊕
m∈M

R = {(rm)m∈M | rm ∈ R and finitely many r, ̸= 0}.

Define a map f : F → M by f((rm)m∈M ) =
∑

m∈M rmm. Notice that since there are only finitely many
non-zero terms in (rm)m∈M this is a well defined map, since the sum

∑
m∈M rmm is a finite sum. It is

straightforward to check that f is a homomorphism of left R-modules. Moreover, for any m ∈ M we
have that f(em) = 1m = m and so f is surjective. By the first isomorphism theorem for modules we
obtain that M ∼= F/Ker f . Since K = Ker f is a submodule of F , the claim follows.

Now assume that M is finitely generated and let {m1, . . . ,mk} be a generating set of M . Then we set

F = R{1,...,k};

Then F is finitely generated, since {e1, . . . , ek} is a basis of F by part (a). Now define g : F → M via

g

(
k∑

i=1

riei

)
=

k∑
i=1

mi.

Again, it is easy to see that g is a homomorphism of left R-modules. Then Im g is a submodule of M
containing {m1, . . . ,mk}. Since

M = (m1, . . . ,mk) = Im g ⊆ M,

we conclude that Im g = M and so g is surjective. Again by the first isomorphism theorem for modules
we obtain that M ∼= F/Ker g, with F finitely generated.

Problem 9. (After Chapter 19.3.) Let R1, . . . , Rm be unital left semisimple rings. Show that R1×· · ·×Rm

is a left semisimple ring, without using the Wedderburn–Artin theorem.

Solution. It is enough to show the result for m = 2 since the claim for m > 2 follows by induction. Since R1

is left semisimple, we have that

R1
R1 = S1 + · · ·+ Sn

for some simple left R1-modules S1, . . . , Sn. Similarly we have that

R2R2 = T1 + · · ·+ Tk

for some simple left R2-modules T1, . . . , Tk. We set

S′
1 = {(s, 0) | s ∈ S1} = (S1, 0).

We claim that S′
1 is a simple left R1 ×R2 module via defining

(r1, r2)(s, 0) = (r1s, 0)

for any (r1, r2) ∈ R1 × R2 and (s, 0) ∈ S′
1. It is a direct verification that this defines an R1 × R2-module

structure on S′
1. To see that S′

1 is simple, first note that S′
1 ̸= 0 since S1 is a simple R1-module. Now let

U ⊆ S′
1 be a submodule and assume that U ̸= 0. Let u ∈ U \ {0}. Then

(R1 ×R2)u = {(r1, r2)(u, 0) | (r1, r2) ∈ R1 ×R2} = {(r1u, 0) | (r1, r2) ∈ R1 ×R2} = (R1u, 0).

7



But R1u is a R1-submodule of S1 with R1u ̸= 0 (since u ̸= 0). Since S1 is simple, we conclude that R1u = S1.
Then we have

S′
1 = (S1, 0) = (R1u, 0) = (R1 ×R2)u ⊆ U ⊆ S′

1,

which shows that S′
1 = U . Hence S1 is a simple R1 ×R2-module.

Now for 1 ≤ i ≤ n and for 1 ≤ j ≤ k we set S′
i = (S1, 0) and T ′

j = (0, Tj). Similarly we obtain that S′
i and

T ′
j are simple R1 ×R2-modules. We claim that, as a left R1 ×R2-module, we have

R1×R2
(R1 ×R2) = S′

1 + · · ·S′
n + T ′

1 + · · ·+ T ′
k.

Indeed, let (r1, r2) ∈ R1 ×R2. Then r1 = s1 + · · ·+ sn for some si ∈ Si and r2 = t1 + · · ·+ tk for some tj ∈ Tj .
Hence

(r1, r2) = (s1+ · · ·+sn, t1+ · · ·+tk) = (s1, 0)︸ ︷︷ ︸
∈S′

1

+ · · ·+(sn, 0)︸ ︷︷ ︸
∈S′

n

+(0, t1)︸ ︷︷ ︸
∈T ′

1

+ · · ·+(0, tk)︸ ︷︷ ︸
∈T ′

k

∈ S′
1+ · · ·+S′

n+T ′
1+ · · ·+T ′

k.

It follows that R1×R2 ⊆ S′
1+· · ·+S′

n+T ′
1+· · ·T ′

k. Hence we conclude that R1×R2 = S′
1+· · ·+S′

n+T ′
1+· · ·+T ′

k

as left R1 ×R2-modules, which shows that R1 ×R2 is a left semisimple ring.

Problem 10. (After Chapter 19.3.) Let R be a ring.

(a) Show that R is a left semisimple ring if and only if Rop is a right semisimple ring.

(a) Use the Wedderburn–Artin theorem as well as Problems 2 and 5 to show that R is a left semisimple ring
if and only if R is a right semisimple ring.

Solution.

(a) We only show that if R is a left semisimple ring, then Rop is a right semisimple ring, the converse is
similar.

Assume that R is a left semisimple ring and we show that Rop is a right semisimple ring. Since R is left
semisimple, we have that

R = S1 + · · ·+ Sn

for some simple left R-modules S1, . . . , Sn. Let i ∈ {1, . . . , n}. By Remark 9.2(2), the left R-module Si

becomes a right Rop-module via defining
sr := rs

for every s ∈ Si and r ∈ R. Set S = Si. We claim that SRop is a simple right Rop-module. Let U ⊆ SRop

be a right Rop-submodule of SRop . Then ur ∈ U for every u ∈ U and every r ∈ rop. Again, U becomes
a left R-module via setting

ru := ur

for every u ∈ U and r ∈ R. Then for every u ∈ U and every r ∈ R we have

ru = ur ∈ U

and clearly U is also closed under addition. Hence RU ⊆ RS is a left R-submodule. Since RS is a simple
R-module we obtain that RU = 0 or RU = S. Since as sets we have U = RU = URop , we conclude that
URop = 0 or URop = SRop and so SRop is a simple right Rop-module. Then, as sets, we have

Rop = R = S1 + · · ·+ Sn,

showing that Rop is a semisimple right Rop-module and hence Rop is a right semisimple ring.

(b) We only show that if R is a left semisimple ring, then Rop is a left semisimple ring, the converse follows
since (Rop)

op
= R.

Suppose that R is a left semisimple ring. By the Wedderburn–Artin theorem, we have that

R ∼= Mn1
(D1)× · · · ×Mnk

(Dk)
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for some positive integers n1, . . . , nk and some division rings D1, . . . , Dk. Then

Rop ∼= (Mn1(D1)× · · · ×Mnk
(Dk))

op

∼= (Mn1(D1))
op × · · · × (Mnk

(Dk))
op (Problem 5(a))

∼= Mn1(D
op
1 )× · · · ×Mnk

(Dop
k ). (Problem 5(b))

By Problem 2(a) we have that Dop
i is a division ring for all i ∈ {1, . . . , k}. Set D′

i := Dop
i . Hence we

have shown that Rop is isomorphic to the ring

Mn1(D
′
1)× · · · ×Mnk

(D′
k),

where D′
1, . . . , D

′
k are division rings, and so by the Wedderburn–Artin theorem, we have that Rop is a

left semisimple ring.

Problem 11. (After Chapter 14.4.) (Exam December 2011, Problem 2.) Let F be a field and

R =

F F F
0 F 0
0 0 F

 =


a b c
0 d 0
0 0 e

 a, b, c, d, e ∈ F

 .

(a) Show that R is a subring of the full matrix ring M3(F ).

(b) Show that both

I1 =

0 F 0
0 F 0
0 0 0

 , and I2 =

0 F F
0 0 0
0 0 0


are two-sided ideals of R.

(c) Give four equivalent conditions for a ring R to be semisimple. (For a definition of semisimple rings
see Corollary 14.7 in the notes. You may use either results from the lectures, either results from other
problems in this problem set freely.)

(d) Is R/I1 a semisimple ring? Is R/I2 a semisimple ring? Why or why not? (Hint: find rings R1 and R2

such that R/I1 ∼= R1 and R/I2 ∼= R2.)

Solution.

(a) Clearly R ̸= ∅ since 0 ∈ R. Let A =

(
a1 b1 c1
0 d1 0
0 0 e1

)
, B =

(
a2 b2 c2
0 d2 0
0 0 e2

)
∈ R. Then

A−B =

a1 b1 c1
0 d1 0
0 0 e1

−

a2 b2 c2
0 d2 0
0 0 e2

 =

a1 − a2 b1 − b2 c1 − c2
0 d1 − d2 0
0 0 e1 − e2

 ∈ R,

and

AB =

a1 b1 c1
0 d1 0
0 0 e1

a2 b2 c2
0 d2 0
0 0 e2

 =

a1a2 a1b2 + b1d2 a1c2 + c1e2
0 d1d2 0
0 0 e1e2

 ∈ R,

and so R is a subring of M3(R).

(b) We first show that I1 is a two-sided ideal of R. Let X =
(

0 x1 0
0 x2 0
0 0 0

)
, Y =

( 0 y1 0
0 y2 0
0 0 0

)
∈ I1 and A =

(
a1 b1 c1
0 d1 0
0 0 e1

)
.

Then

X − Y =

0 x1 0
0 x2 0
0 0 0

−

0 y1 0
0 y2 0
0 0 0

 =

0 x1 − y1 0
0 x2 − y2 0
0 0 0

 ∈ I1,
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and

AX =

a1 b1 c1
0 d1 0
0 0 e1

0 x1 0
0 x2 0
0 0 0

 =

0 a1x1 + b1x2 0
0 d1x2 0
0 0 0

 ∈ I1,

and

XA =

0 x1 0
0 x2 0
0 0 0

a1 b1 c1
0 d1 0
0 0 e1

 =

0 x1d1 0
0 x2d1 0
0 0 0

 ∈ I1,

and so I1 is a two-sided ideal of R.

We now show that I2 is a two-sided ideal of R. Let X =
(

0 x1 x2
0 0 0
0 0 0

)
, Y =

(
0 y1 y2

0 0 0
0 0 0

)
∈ I1 and A =(

a1 b1 c1
0 d1 0
0 0 e1

)
. Then

X − Y =

0 x1 x2

0 0 0
0 0 0

−

0 y1 y2
0 0 0
0 0 0

 =

0 x1 − y1 x2 − y2
0 0 0
0 0 0

 ∈ I2,

and

AX =

a1 b1 c1
0 d1 0
0 0 e1

0 x1 x2

0 0 0
0 0 0

 =

0 a1x1 a1x2

0 0 0
0 0 0

 ∈ I2,

and

XA =

0 x1 x2

0 0 0
0 0 0

a1 b1 c1
0 d1 0
0 0 e1

 =

0 x1d1 x2e1
0 0 0
0 0 0

 ∈ I2,

and so I2 is a two-sided ideal of R.

(c) By Corollary 14.7 we have that R is semisimple if

(i) R is a left semisimple ring, i.e. RR is a semisimple module, or

(ii) R is a right semisimple ring, i.e. RR is a right semisimple module.

By Problem 10 we have that these conditions are equivalent to

(iii) Rop being a left semisimple ring, or

(iv) Rop being a right semisimple ring.

Another condition is given by the Wedderburn-Artin theorem and is that

(v) there exist division rings D1, . . . , Dk and positive integers n1, . . . , nk such that R ∼= Mn1(D1) ⊕
· · ·Mnk

(Dk).

Finally, by Proposition 14.5 we have that another condition is given by

(vi) R is left artinian and has no nonzero nilpotent ideals.

(d) First let

R1 =

(
F F
0 F

)
=

{(
x y
0 z

)
a, b, c ∈ F

}
.

Define a map f1 : R → R1 by

f1

a b c
0 d 0
0 0 e

 =

(
a c
0 e

)
.
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It is straightforward to check that f1 is a ring homomorphism. Moreover, it is clear that f1 is surjective.
To compute the kernel of f1 we have that

f1

a b c
0 d 0
0 0 e

 =

(
0 0
0 0

)

implies (
a c
0 e

)
=

(
0 0
0 0

)
and so a = c = e = 0. Hence

(
a b c
0 d 0
0 0 e

)
=
(

0 b 0
0 d 0
0 0 0

)
∈ I1. Hence ker f1 ⊆ I1. Clearly I1 ⊆ ker f1 as well and

so ker f1 = I1. By the first isomorphism theorem for rings we obtain that

R/I1 = R1/ ker f1 ∼= Im f1 = R1.

Hence we need to check if R1 is semisimple. Consider the set(
0 F
0 0

)
=

{(
0 x
0 0

)
x ∈ F

}
⊆ R1.

It is easy to check that this is a two-sided ideal of R1. On the other hand, it is nilpotent since ( 0 x
0 0 )

2
=

( 0 0
0 0 ) for all matrices ( 0 x

0 0 ). Hence the ring is not semisimple by Proposition 14.5.

Now let
R2 = F ⊕ F ⊕ F.

Define a map f2 : R → R2 by

f2

a b c
0 d 0
0 0 e

 = (a, d, e).

It is straightforward to check that f2 is a ring homomorphism. Moreover, it is clear that f2 is surjective.
To compute the kernel of f2 we have that

f2

a b c
0 d 0
0 0 e

 = (0, 0, 0)

implies
(a, d, e) = (0, 0, 0)

and so a = d = e = 0. Hence
(

a b c
0 d 0
0 0 e

)
=
(

0 b c
0 0 0
0 0 0

)
∈ I2. Hence ker f2 ⊆ I2. Clearly I2 ⊆ ker f2 as well and

so ker f2 = I2. By the first isomorphism theorem for rings we obtain that

R/I2 = R2/ ker f2 ∼= Im f2 = R2 = F ⊕ F ⊕ F.

But F ⊕ F ⊕ F is semisimple by the Wedderburn–Artin theorem. We conclude that R/I2 is semisimple.

Problem 12. (After Chapter 19.2.) (Exercise 19.2.1 in the book.)

(a) Let R be a unital ring and let M1, . . . ,Mn be noetherian left R-modules. Show that their direct sum
M1 ⊕ · · · ⊕Mn is a noetherian left R-module.

(b) Let R1, . . . , Rn be a family of noetherian unital rings. Show that their direct product R1 × · · · × Rn is
again noetherian.

Solution.
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(a) Clearly it is enough to show the claim for n = 2 since the general claim follows by induction. Let
f : M1 ⊕M2 → M1 be the map given by f((m1,m2)) = m1. It is easy to see that f is a homomorphism
of left R-modules. Moreover, it is clearly surjective and so Im f = M1. Now we compute Ker f . Assume
that f((m1,m2)) = 0. Then m1 = 0 and so

ker f = {(0,m2) | m2 ∈ M2} ∼= M2.

By the first isomorphism theorem for modules we obtain that

(M1 ⊕M2)/M1 = (M1 ⊕M2)/ ker f ∼= Im f = M2.

Since both M1 and M2 are noetherian by assumption, we conclude by Theorem 13.8 that M1 ⊕ M2 is
noetherian.

(b) We show that if R1, . . . , Rn are left noetherian rings, then R1 × · · · × Rn is a left noetherian ring.
Similarly one can show that if R1, . . . , Rn are right noetherian rings then R1 × · · · × Rn is a right
noetherian ring. Hence it follows that if R1, . . . , Rn are noetherian (i.e. both left and right noetherian
rings) then R1 × · · · ×Rn is a noetherian ring.

Clearly it is enough to show the claim for n = 2 since the general claim follows by induction. That is we
want to show that R1 ×R2 is a noetherian left R1 ×R2-module. Let

R′
1 = R1 × 0 = {(r1, 0) | r1 ∈ R1}.

Then clearly R′
1 is an R1 × R2-submodule of R1 × R2. We claim that R′

1 is a noetherian left R1 × R2-
module. Let U ′ ⊆ R′

1 be an R1 ×R2-submodule of R′
1. Set

U = {u ∈ R1 | (u, 0) ∈ U ′}.

We claim that U is an R1-submodule of R1
R1. Clearly U ̸= ∅ since U ′ ̸= ∅. Let u, v ∈ U and

r ∈ R1. Then (u, 0), (v, 0) ∈ U ′ and so (u + v, 0) ∈ U ′ since U ′ is an R1 × R2-submodule. This gives
that u + v ∈ U , and so U is closed under addition. Moreover, we have that (r, 0) ∈ R1 × R2 and so
(r, 0)(u, 0) = (ru, 0) ∈ U ′ sing U ′ is an R1 × R2-submodule of R′

1. This gives that ru ∈ U and so U
is closed under scalar multiplication. Hence indeed U is an R1-submodule of R1R1. Since R1 is left
noetherian, we obtain that U is noetherian by Theorem 13.8(2). We conclude that U is finitely generated
by Theorem 13.5(2). But then, if {u1, . . . , uk} is a set of R1-generators of U , then {(u1, 0), . . . , (uk, 0)}
is a set of R1 ⊕R2-generators of U

′ and so U ′ is finitely generated as an R1 ×R2-module. Since U ′ was
arbitrary, we conclude that R′

1 is indeed a noetherian R1 ⊕R2-module by Theorem 13.5(2).

Similarly we obtain that
R′

2 = R2 × 0 = {(0, r2) | r2 ∈ R2}

is a noetherian left R1 × R2-module. Then we may consider the map f : R1 × R2 → R2 given by
f((r1, r2)) = (0, r2). This is clearly a homomorphism of left R1 × R2 modules, with Im f = R2 and
ker f = R1. Then by the first isomorphism theorem for modules we obtain that

(R1 ×R2)/R1 = (R1 ×R2)/ ker f ∼= Im f = R2.

Since both R1 and (R1 × R2)/R1 are noetherian, we conclude that R1 × R2 is also noetherian and so
R1 ×R2 is a left noetherian ring.

Problem 13. (After Chapter 19.2.) Let R be a left noetherian unital ring.

(a) Let M be a finitely-generated left R-module. Show that M is a noetherian left R-module. (You may
want to use Problem 8(b) and Problem 12.)

(b) (Exercise 19.2.6 in the book.) Show that the ring of n×n matrices Mn(R) over R is also left noetherian.
(Hint: show that Mn(R) is a noetherian left R-module using part (a). Then show that every left ideal of
Mn(R) is finitely generated as an R-module, and hence also as a left ideal of Mn(R).)

Solution.
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(a) Since M is finitely generated, we have by Problem 8(b) that M ∼= Rk/K for some positive integer k and
some submodule K ⊆ Rk. Since R, is noetherian as a left R-module, we have by Problem 12 that Rk

is also noetherian as a left R-module. By Theorem 13.8(2) we have that Rk/K is also noetherian as a
left R-module since Rk is clearly finitely generated. We conclude that M ∼= Rk/K is a noetherian left
R-module.

(b) First note that Mn(R) is a left R-module via the usual scalar multiplication of matrices. Clearly, it is also
finitely generated as a left R-module with a generating set given by {eij}1≤i,j≤n, where eij is the matrix
with 1 in position ij and 0 everywhere else. Hence by part (a) it follows that Mn(R) is a noetherian left
R-module.

Now let J ⊆ Mn(R) be a left ideal. Let In be the identity matrix. For A ∈ J and r ∈ R we set

rA := (rIn)A ∈ J,

It is straightforward to check that this makes J into a left R-module and hence to a submodule of Mn(R).
Since Mn(R) is a noetherian left R-module, it follows that J is finitely generated as a left R-module by
Theorem 13.5(2). Let J = R(A1, . . . , Ak) for some A1, . . . , Ak, that is the matrices A1, . . . , Ak generate
J as a left R-module. Then for every A ∈ J we have that there exist some r1, . . . , rk ∈ R such that

A = r1A1 + · · ·+ rkAk = (r1In)A1 + · · ·+ (rkIn)Ak.

In particular, the matrices {A1, . . . , Ak} generate J as a left ideal of Mn(K) as well. Hence J is finitely
generated. Since J was arbitrary, we conclude that all left ideals of Mn(R) are finitely generated and so
Mn(R) is a left noetherian ring by Corollary 13.6.

Problem 14. (After Chapter 19.2.) Let R be a unital ring. The aim of this problem is to show that R is
left artinian and has no nonzero nilpotent ideals if and only if the left R-module RR is semisimple.

(a) Assume that R is left artinian. Let J

J =
∑

I ⊆ R minimal ideal

I,

that is J is the sum of all minimal ideals of R. Show that J is the sum of a finite family of minimal ideals
of R. Show that if moreover R has no nonzero nilpotent ideals, then the left R-module RR is semisimple.
(Hint: for the second claim apply Lemma 14.4 on J and then use Problem 5 in Problem Set 2.)

(b) Assume that the left R-module RR is semisimple. Show that RR is the direct sum of a finite family of
simple left R-modules. Conclude that R is left artinian. (Hint: use Theorem 11.5(2) and consider the
element 1 ∈ R.) Show also that there exists no nonzero nilpotent ideal of R. (Hint: use Theorem 11.5(3)
and consider the element 1 ∈ R.)

Solution.

(a) Assume first that R is left artinian. Let I be any left ideal of R. Let

S(I) = {L ⊆ I | L is a left ideal and L ̸= 0}.

If I ̸= 0, then I ∈ S(I) and so S(I) ̸= ∅. Since R is left artinian, in this case S(I) has a minimal
element by Corollary 13.6. In particular, this minimal element is also a minimal ideal by definition.
Hence, we have that S(R) has a minimal element, which means that there exists a minimal ideal in R.
Hence J is a nonempty sum. We claim that there exists a finite set of minimal left ideals {I1, . . . , Ik}
such that J =

∑k
i=1 Ii. Indeed, if this is not the case, then there exist infinitely many minimal left ideals

I1, I2, . . . , Ik, . . . and a descending chain of inclusions

J ⊇
∞∑
i=1

Ii ⊋
∞∑
i=2

Ii ⊋
∞∑
i=3

Ii ⊋ · · · ,
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which contradicts that R is left artinian. Hence R =
∑k

i=1 Ii for some minimal left ideals Ii.

Now assume moreover that there exist no nonzero nilpotent ideals of R. By Lemma 14.4, we have that
J = Re for some idempotent e ∈ R. Then by Problem 5 in Problem Set 2 (with right ideals replaced
by left ideals) we obtain that R = Re⊕R(1− e) = J ⊕R(1− e). Assume towards a contradiction that
R(1− e) ̸= 0. Then S(R(1− e)) has a minimal element say K. Then K ⊆ R(1− e) and K is a minimal
ideal. In particular, K appears as a summand of J and so J ∩K ̸= 0. But then

0 = J ∩R(1− e) ⊇ J ∩K ̸= 0,

which is a contradiction. Hence R(1 − e) = 0 and so R = Re = J . But then R is the sum of simple
submodules of R and so it is semisimple by Theorem 11.5(1).

(b) Now assume that RR is a semisimple left R-module. Then by Theorem 11.5(2) we have that RR =⊕
λ∈Λ Sλ where {Sλ}λ∈Λ is a family of simple left R-modules. Since 1 ∈R R =

⊕
λ∈Λ Sλ, we have that

there exists a finite subset Λ0 ⊆ Λ such that

1 =
∑
λ∈Λ0

sλ,

where sλ ∈ Sλ. Then for every r ∈ R we have

r = r1 = r
∑
λ∈Λ0

sλ =
∑
λ∈Λ0

rsλ ∈
⊕
λ∈Λ0

Sλ,

and so R ⊆
⊕

λ∈Λ0
Sλ. Since the opposite set inclusion clearly holds, we conclude that R =

⊕
λ∈Λ0

Sλ.
Since Λ0 is a finite set, we may relabel the modules Sλ for λ ∈ Λ0 to obtain that

R =

n⊕
i=1

Si.

For every i ∈ {1, . . . , n} we have that Si is a simple left R-module, and so Si = (ai) for some ai ∈ Si\{0}.
Now let

RR =

n⊕
i=1

Si ⊇ M1 ⊇ M2 ⊇ · · ·

be an infinite descending chain of submodules. Notice that if ai ∈ Mk, then Si = (ai) ⊆ Mk. Hence in
the above, any proper inclusion Mk ⊋ Mk+1 indicates that there exists i ∈ {1, . . . , n} such that ai ∈ Mk

but ai ̸∈ Mk+1. We conclude that there can be at most n proper inclusions in such a chain of submodules
and so R is left artinian.

Now let I ⊆ R be a left ideal of R with I ̸= 0 and it remains to show that I is not nilpotent. Since RR
is semisimple, and I ⊆ RR is a submodule, by Theorem 11.5(3) there exists a submodule L ⊆ RR such
that I ⊕ L = RR. Then 1 ∈ RR = I ⊕ L implies that 1 = e + f for some e ∈ I and f ∈ L. Clearly, e
cannot be 0 since otherwise for every a ∈ I we have

a = a1 = a(e+ f) = a(0 + f) = af ∈ N

and so a ∈ I ∩N implies a = 0, which contradicts I ̸= 0. Multiplying 1 = e+ f with e from the left, we
obtain that

e = e2 + ef

or e − e2 = ef . Then ef ∈ N since e ∈ R and N is a left R-module, while e ∈ I and e2 ∈ I imply that
ef = e−e2 ∈ I. Hence ef ∈ I∩N = {0} and so ef = 0. We conclude that e2 = e and so e is idempotent.
But then 0 ̸= e = en ∈ In for any n > 0 and so I is not nilpotent.

Problem 15. (After Chapter 19.3.) Let R be a unital ring.

(a) Show that R is left noetherian if and only if Rop is right noetherian. (Hint: use Corollary 13.6.)
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(b) Show that R is left artinian if and only if Rop is right artinian. (Hint: use Corollary 13.6.)

(c) Show that a semisimple ring is both left and right artinian and noetherian (you may use Example 13.7(5)
and Problems 10(a) and 14).

Solution.

(a) We only show that if R is left noetherian then Rop is right noetherian since the converse is similar.

Assume that R is left noetherian. Let I be a right ideal of Rop. Then I is a left ideal of R. Since R is
left noetherian, it follows by Corollary 13.6(2) that I is finitely generated as a left ideal of R. It readily
follows that it is finitely generated as a right ideal of Rop. Hence by Corollary 13.6(2) (where we replace
“left” by “right”) we obtain that Rop is right noetherian.

(b) We only show that if R is left artinian then Rop is right artinian since the converse is similar.

Assume that R is left artinian. Let S be a set of right ideals of Rop. Since every right ideal of Rop is a
left ideal of R, it follows that S is a set of left ideals of R. It follows that S is a set of left ideals of R,
and so by Corollary 13.6(3) it has a minimal element. In particular this minimal element of S is a left
ideal of R and so a right ideal of Rop. Hence by Corollary 13.6(3) (where we replace “left” by “right”)
we conclude that Rop is right artinian.

(c) Let R be a semisimple ring. By Corollary 14.7 this means that R is both left semisimple and right
semisimple. By Problem 14 we have that since R is a left semisimple ring, it is left artinian. By Problem
10(a) we have that since R is a right semisimple ring, Rop is a left semisimple ring. It follows by Problem
14 that Rop is left artinian and so by part (b) it follows that R is right artinian. Since R is a unital
ring which is both left and right artinian, it follows that it is also left and right noetherian by Example
13.7(5).

Extra problems

The following problems may be a bit more challenging, in case you feel like you need something more.

Problem 16. (After Chapter 19.2.) Let R be the ring

R =

{(
p q
0 n

)
| p, q ∈ Q, n ∈ Z

}
,

abbreviated as R =
( Q Q
0 Z
)
.

(a) Find all left ideals in R.

(b) Show that any left ideal can be generated by at most 2 elements.

(c) Is R left noetherian?

(d) Find all right ideals in R. Are they all finitely generated?

(e) Is R right noetherian?

Solution.

(a) Let I be a left ideal in R and assume that I ̸= (0). Let ( p q
0 n ) ∈ I. For any k ∈ Z we have(

0 0
0 k

)(
p q
0 n

)
=

(
0 0
0 kn

)
,

hence
(
0 0
0 (n)

)
⊆ I. We consider several cases.

• Assume that there exists such a matrix with n ̸= 0 and let n be minimal such that
(
0 0
0 (n)

)
⊆ I and

n > 0. Assume to a contradiction that
(
0 0
0 (m)

)
⊆ I for some m ̸∈ (n). Then

(
0 0
0 kn+lm

)
∈ I for all

15



k, l ∈ Z and so by Bezout’s theorem we obtain that ( 0 0
0 1 ) ∈ I. By minimality of n we conclude that

n = 1, contradicting m ̸∈ (n) = Z. Therefore, we conclude that in this case
(
0 0
0 (n)

)
⊆ I for some minimal

n ≥ 1, or that (( 0 0
0 n )) ⊆ I. Moreover, for any x ∈ Q we have that(

0 x
n

0 0

)(
p q
0 n

)
=

(
0 x
0 0

)
,

hence
(
0 Q
0 0

)
⊆ (( 0 0

0 n )). In other words, we have shown that((
0 0
0 n

))
=

(
0 Q
0 (n)

)
=

{(
0 q
0 kn

)
q ∈ Q, k ∈ Q

}
.

Now assume that p = 0. Then for any
(

p′ q′

0 n′

)
∈ R we have(

p′ q′

0 n′

)(
0 q
0 n

)
=

(
0 p′q′ + q′n
0 n′n

)
,

and so in this case we have that

I =

((
0 0
0 n

))
=

(
0 Q
0 (n)

)
.

Finally assume that p ̸= 0. Then
(

0 Q
0 (n)

)
⊆ I implies that

(
0 −q
0 −n

)
∈ I and so(

p 0
0 0

)
=

(
p q
0 n

)
+

(
0 −q
0 −n

)
∈ I.

Then for any x ∈ Q we have that (x
p 0

0 0

)(
p 0
0 0

)
=

(
x 0
0 0

)
∈ I

and so
( Q 0
0 0

)
⊆ I. Therefore, in this case we obtain that

I =

((
Q 0
0 0

)
,

(
0 Q
0 (n)

))
=

(
Q Q
0 (n)

)
.

• Assume now that there exists no matrix with n ̸= 0 in I. Then I ⊆
( Q Q
0 0

)
. Let ( p q

0 0 ) ∈
( Q Q
0 0

)
and let

( x y
0 z ) ∈ R. We have that (

x y
0 z

)(
p q
0 0

)
=

(
xp xq
0 0

)
,

and so we may view
( Q Q
0 0

)
as a Q-module isomorphic to Q2. Then I is a left ideal of

( Q Q
0 0

)
, and being

closed under multiplication on the left with elements of
( Q Q
0 0

)
coincides with being closed under scalar

multiplication in the Q-module
( Q Q
0 0

)
. Hence I can be identified with a subspace of Q2. Therefore, in

this case we have that

I = (0) or I =

((
p q
0 0

))
=

{(
xp xq
0 0

)
x ∈ Q

}
or I =

(
Q Q
0 0

)
.

All in all, we conclude that the left ideals of R are given from the following list

0,

(
0 Q
0 (n)

)
,

((
p q
0 0

))
=

{(
xp xq
0 0

)
x ∈ Q

}
,

(
Q Q
0 0

)
,

(
Q Q
0 (n)

)
, R.

(b) From part (a) we have a list of the ideals. Clearly 0 is finitely generated and R is finitely generated since
R is unital. Also (( p q

0 0 )) is finitely generated by construction, and
(( Q Q

0 0

))
= (( 1 0

0 0 ), (
0 1
0 0 )). Furthermore,

we have shown in part (a) that (( 0 0
0 n )) =

(
0 Q
0 (n)

)
is finitely generated, and so

(
Q Q
0 (n)

)
=
(
( 1 0
0 0 ),

(
0 0
0 (n)

))
is finitely generated as well. Hence all left ideals in R are generated by at most two elements.
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(c) By Corollary 13.6 it follows that R is left noetherian.

(d) Let I be a right ideal in R and let ( p q
0 n ) ∈ I. For any x ∈ Q we have that(

p q
0 n

)(
x 0
0 0

)
=

(
px 0
0 0

)
.

Hence if p ̸= 0, we conclude that
( Q 0
0 0

)
⊆ I.

• Assume that p = 0 and q = 0. Then as in the previous case it is easy to see that

I =

(
0 0
0 (n)

)
.

• Now assume that p = 0 and n = 0. For any k ∈ Z we have(
0 q
0 0

)(
0 0
0 k

)
=

(
0 kq
0 0

)
.

Hence ((
0 q1
0 0

))
⊆
((

0 q2
0 0

))
if and only if q1 = mq2 for some m ∈ Z.

More generally, let J be an index set (not neccesarily finite) and let q ∈ Q and qj ∈ Q for j ∈ J . Then({(
0 qj
0 0

)
j ∈ J

})
⊆
((

0 q
0 0

))
if and only if qj = mjq for some mj ∈ Z.

We conclude that for any sequence q1, q2, . . . of rational numbers such that for each qj there exists j′ < j
with qj′ ̸∈ Zqj , we obtain an ideal

I(qj | j ∈ J) =

(
0
∑

j∈J Zqj
0 0

)
as above, and I = I(qj | j ∈ J).

• Now assume that p = 0 but both q ̸= 0 and n ̸= 0 hold. Then((
0 q
0 n

))
=

{(
0 kq
0 kn

)
k ∈ Z

}
= Z

(
0 q
0 n

)
.

Similarly as to the previous case, we have that for any sequence (q1, n1), (q2, n2), . . . ∈ Q × Z we have
that ({(

0 qj
0 nj

)
j ∈ J

})
⊆
((

0 q
0 n

))
if and only if qj = mjq and nj = mjn for some mj ∈ Z.

Therefore, for any sequence (q1, n1), (q2, n2), . . . ∈ Q × Z such that for each (qj , nj) there exists j′ < j
such that for all mj ∈ Z we have qj′ ̸= mjqj or nj′ ̸= mjnj , we obtain an ideal

I((qj , nj) | j ∈ J) =
∑
j∈J

Z
(
0 qj
0 nj

)

as above, and I = I((qj , nj) | j ∈ J).

Considering all of the above, we conclude that the right ideals of R are given from the following list

0,

(
Q 0
0 0

)
,

(
0 0
0 (n)

)
,
∑
j∈J

Z
(
0 qj
0 0

)
,
∑
j∈J

Z
(
0 qj
0 nj

)
,

(
Q 0
0 (n)

)
,
∑
j∈J

Z
(
Q qj
0 0

)
,
∑
j∈J

Z
(
Q qj
0 nj

)
, R.
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These are not all finitely generated. For example assume to a contradiction that there exist A1, . . . , Ak ∈
R such that

I(1, 1
2 ,

1
4 , . . .) =

∞∑
j=1

Z
(
0 1

2j

0 0

)
= (A1, . . . , Ak).

Using the list above we see that we may assume that Ai =
(
0 qi
0 0

)
. Write qi =

ai

bi
with ai, bi ∈ Z and set

q = a1·...·ak

b1·...·bk . Then

qi = miq, for mi =
b1·...·bk

bi
∈ Z,

and so
∞∑
j=1

Z
(
0 1

2j

0 0

)
⊆ (A1, . . . , Ak) ⊆

((
0 q
0 0

))
.

Hence there exist mj ∈ Z such that 1
2j = mjq for all j ≥ 0. Then for j = 0 we obtain that 1 = m0q and

so q = 1 or q = −1 since m0 ∈ Z. But then 1
2 = m1q is a contradiction. Therefore, I(1, 1

2 ,
1
4 , . . .) is not

finitely generated.

(e) In part (d) we showed that there exist ideals in R which are not finitely generated. By Corollary 13.6
we conclude that R is not right noetherian.

Problem 17. (After Chapter 19.3.) Let R be a finite ring such that r2 = r for all r ∈ R.

(a) Show that R is commutative. (Hint: consider the elements (r + s)2 and r2 = (−r)2 for r, s ∈ R.)

(b) Show that R is a left artinian ring with no nontrivial nilpotent ideals.

(c) Use the Wedderburn–Artin theorem to show that R is isomorphic as a ring to Zn
2 = Z2 × · · · × Z2︸ ︷︷ ︸

n copies

for

some n ≥1.

Solution.

(a) For every r ∈ R we have
r = r2 = (−r)2 = −r. (1)

Moreover, for any r, s ∈ R we have

r + s = (r + s)2 = (r + s)(r + s) = r2 + rs+ sr + s2 = r + rs+ sr + s,

and so we obtain that rs+ sr = 0 or rs = −(sr). Then, using (1) applied to sr ∈ R we obtain

rs = −sr = sr,

and so R is commutative.

(b) Let I be a nilpotent ideal of R and let x ∈ I. Then In = 0 for some n ≥ 1. Since xn ∈ In, we obtain
that xn = 0. Then using x = x2 we obtain

x = x2 = x3 = · · · = xn = 0,

and so x = 0. Hence I = 0 is the zero ideal. This shows that there are no nontrivial nilpotent ideals in
R.

Now let
R ⊇ M1 ⊇ M2 ⊇ M3 ⊇ · · ·

be a sequence of left R-submodules of R. Since R is finite, we have that there are finitely many strict
inclusions in the above sequence. We conclude that the above sequence stabilizes and so R is a left
artinian ring.
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(c) By Proposition 14.5 we have that R is a left semisimple ring. By the Wedderburn–Artin theorem we
obtain that there exist division rings D1, . . . , Dk and positive integers n1, . . . , nk such that

R ∼= Mn1(D1)× · · · ×Mnk
(Dk).

Let 1 ≤ p ≤ k and let eij ∈ Mnp(Dp) be the matrix with 1 in position (i, j) and 0 everywhere else. Then

(0, . . . , 0, eij , 0, . . . , 0) = (0, . . . , 0, eij , 0, . . . , 0)
2 = (0, . . . , 0, e2ij , 0, . . . , 0)

gives eij = e2ij . If i ̸= j, then

0 ̸= eij = e2ij = 0,

where the first inequality follows since 1 ̸= 0 in a division ring. It follows that i = j. Hence we conclude
that np = 1. Since p was arbitrary, we conclude that n1 = · · · = nk = 1 and so

R ∼= D1 × · · · ×Dk.

Now let 1 ≤ p ≤ k and x ∈ Dp. Then

(0, . . . , 0, x, 0, . . . , 0) = (0, . . . , 0, x, 0, . . . , 0)2 = (0, . . . , 0, x2, 0, . . . , 0)

gives x = x2. We obtain that
x(x− 1) = 0

in Dp. Since Dp is a division ring, it is also an integral domain and so x = 1 or x = 0 in Dp. Therefore
Dp = {0, 1} ∼= Z2 since this is the only ring with two elements. We conclude that

R ∼= Zk
2 = Z2 × · · · × Z2︸ ︷︷ ︸

k copies

as required.
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