Rings and modules - Problem set 3 solutions

Solved on Tuesday 17.10

Problem 1. (After Chapter 14.3.) Let R be a ring and let f : M — N be a homomorphism of left
R-modules. Show that the following hold.

(a) f(On) =On.

(b) f(m1 —m2) = f(m1) — f(mz) for all my,my € M.

(c) The set Im f = {f(m) | m € M} is a submodule of N.

(d) The set Ker f = {m € M | f(m) = Oy} is a submodule of M.
(e) f is injective if and only if Ker f = {0}
(t) f

Solution.

is surjective if and only if Im f = V.

(a) We have that
f(Onr) = f(Onr 4+ 0a7) = f(Orr) + f(Onr)

and so f(0p7) = Op.

(b) For all m € M we have
On = f(Onm) = f(m —m) = f(m) + f(-m)
and so f(—m) = —f(m). Hence for all m;,ma € M we obtain f(m1 — msa) = f(m1) + f(—m2) =
f(m) = f(mz).

(c) By part (a) we have that Oy € Im f and so Im f # &. Let ni,ne € Im f and r € R. Then there exist
my,mg € M such that f(m;1) =ny and f(msa) = ne. Using part (b) we obtain

f(my —ma) = f(m1) — f(mz) =n1 —ng € Im f.

Moreover, we also have
frmy) =rf(my) =rny € Im f,

which shows that Im f is a submodule of V.

(d) By part (a) we have that Oy € Ker f and so Ker f # &. Let mi,ms € Ker f and » € R. Then
f(mq) =0x and f(mz) = Oy. Using part (b) we obtain

f(m1 —mg) = f(m1) — f(ma2) =0n —On = O,
and so m; — mo € Ker f. Moreover we also have
f(rmy) =rf(mi) =0y = O,

and so rmy € Ker f, which shows that Ker f is a submodule of M.



(e) Assume that f is injective and let m € Ker f. Then using part (a) we have that f(m) = Oy = f(0pr) and
so injectivity of f gives m = 0ps. Therefore Ker f C {0y} from which we conclude that Ker f = {0,/}.

Assume now that Ker f = {0ps}. Let mq,m2 € M be such that f(mi) = f(ms2). Then using part (b)
we have

f(m1 —ma) = f(m1) — f(m2) = O,
and so m; — ma € Ker f = {03;}. Hence my — mg = 0py from which we obtain that m; = mg and so f
is injective.
(f) This follows immediately by the definition of S f.
Problem 2. (After Chapter 14.4.) Let F be a field and R = M, (F). Let k € {1,...,n} and ey be the
matrix with 1 in position (k, k) and zero everywhere else. Show that
0 - 0 axg 0 -+ 0
Repr, =4 ¢ R | @ik € F
0 -+ 0 ap 0 - 0

is a simple left R-module.

Solution. We have that Regr = (exx) is a left R-module. To show that it is simple, by Theorem 11.5 it is
enough to show that Rey, = (A) for any A € Reyy \ {0}. Let

0 -+ 0 ap 0 --- 0
A= RS t | € Rere \ {0}
0 -+ 0 @ 0 - 0
Then a;x # 0 for some j € {1,...,n}. We have that aj_klekj € R and so a direct computation shows that

a;kleij = erk € (A)

Then Regr = (exr) C (A), and since A € Reyy, implies that (A) C Regy, we conclude that (A) = Regx and so
Reyy, is simple.

Problem 3. (After Chapter 14.1.) (Exercise 14.1.3 in the book.) Let M be an additive abelian group.
Show that there is only one way of making it a Z-module.

Solution. We want to equip M with the structure of a Z-module. Clearly we have that O0m = 0, that 1m =m
and that (—1)m = —m hold for all m € M (these hold for any module). Let k € Z \ {—1,0,1}. If & > 0, then
since distributivity must hold in M we have that for any m € M

km=1+---+1)m=1lm+---+1lm=m+---+m.
———

k times k times k times

Hence, for any m € M, we have to define km to be equal to the element m + --- +m in M. Similarly, if £ < 0,
—_———

k times

then we have that for any m € M

km=(-1—---—=1m=(-1)m+---+(-1)m=—-m—---—m.
—_———— —_——
—k times —k times —k times
Hence, for any m € M, we have to define km to be equal to the element —m — --- —m in M. We conclude
—_——
—k times

that there is a unique way to give a Z-module structure to M.

Problem 4. (After Chapter 11.3.) Show that Z[X] is not a PID but is a UFD.



Solution. By Example 8.8(1) we have that Z is a UFD and so by Example 8.8(3) we have that Z[X] is a
UFD.

We now claim that Z[X] is not a PID. Consider the ideal (2, X) C Z[X]. Assume to a contradiction that
(2,X) = (p(X)) for some p(X) € Z[X]. Since Z[X] is commutative and unital, we have that

(P(X)) = {p(X)q(X) | ¢(X) € Z[X]}.

Then 2 € (2, X) = (p(X)) implies that 2 = p(X)q(X) for some ¢(X) € Z[X]. Hence p(X) = £1 or p(X) = £2.
Then p(X) € (2,X) implies that p(X) = 2f(X) + Xg(X) for some f(X),g(X) € Z[X]. If p(X) = %1 this
is impossible so we conclude that p(X) = £2. Then X € (2, X) = (p(X)) gives that X = +2¢(X) for some
q(X) € Z[X], which is impossible. We conclude that no such p(X) exists and so the ideal (2, X) is not principal.

Problem 5. (After Chapter 14.5.) (Exercise 14.5.5 in the book.) Show that zQ is not a free Z-module.

Solution. Let %, = € Q, where p,q,7,s € Z. Then qr, —ps € Z and so
r
qu2 + (—=ps)— =rp—pr=0.
q S
Hence the elements £ and £ are not linearly independent. Now assume to a contradiction that zQ is free, that

is, that zQ has a Z-basis. Then this basis is a linearly independent set, and hence it has to contain exactly
one element, say ¢ with a,b € Z. Then {$} generates zQ and so there exists k € Z such that

a
%—k‘g.

This gives 1 = 2k, contradicting that & € Z. Hence such a basis does not exist and so zQ is free.
Problem 6. (After Chapter 14.5.)
(a) (Exercise 14.5.6 in the book.) Show that every ideal of Z is free as a Z-module.

(b) (Exercise 14.5.7 in the book.) Show that every principal left ideal in a unital integral domain R is free
as a left R-module.

Solution.

(a) Let I be an ideal in Z. Since Z is a PID we have that I = (n) for some n € Z. If n =0, then I =0 is
free with basis given by the empty set @. If n # 0, then I = (n) implies that {n} generates I. Moreover,
if kn = 0 for some k € Z, then k = 0. Therefore {n} is a linearly independent set. Hence in this case
{n} is a basis of I.

(b) Let I be a left ideal in R. Since R is a PID we have that I = (a) for some a € R. If a =0, then I =0 is
free with basis given by the empty set &. If a # 0, then I = (a) implies that {a} generates I. Moreover,
if ra = 0 for some r € R, then r = 0 since R is an integral domain and a # 0. Therefore {a} is a linearly
independent set. Hence in this case {a} is a basis of I.

Problem 7. (After Chapter 14.2.) (Exercise 14.2.9 in the book.) Let R be the ring of all 2 x 2 upper
triangular matrices over the field Z.

(a) List all direct summands of R as a left R-module; that is, all left ideals A of the ring R such that
A ® B = R for some left ideal B of R. (Hint: see Example 5.4 in the notes)

(b) For each direct summand in (a) list all idempotents generating it as a left R-module.

Solution.



(a) Assume that R = A @ B for some left ideals A and B. By Example 5.4(2) we have that there exists an
orthogonal family of idempotents {e1,es} such that A = Re; and B = Res. Let us find the idempotents
of R. The elements of R are

/00 /00 (01 (01
T1—007T2_017r3_ooar4_01a
/10 (10 /11 (11
=10 0/ \o 1) """ \o o) "* " \o 1)

The idempotents are r1, 79,74, 75,76, 77. We have

Rry =0, Rro={ri,re,r3,74} = Rry, Rrs={ry,r5}, Rr¢ = R, Rry={ry,r7}.

Hence if A is a direct summand of R as a left R-module, we have that A € {0, Rro, Rr5, R, Rr7}. Tt is
clear that 0 and R are direct summands of R as R = R @® 0. Moreover we have that

lr =1 =19+ 1r5 € Rro + Rrs,

and so R = Rro+ Rrs (because 1g is in this ideal). By the above description we compute that RroNRrs =
0 and so we have that R = Rry @ Rrs. Hence also Rro and Rry are direct summands of R. Similarly, we
have that

lp=r¢ =r7+74 € Rry + Rry

and Rry N Rry = 0, which shows that Rr; is also a direct summand of R (we have Rry = Rry so we
do not obtain a new direct summand for Rry). We conclude that the left R-modules which are direct
summands of R are {0, R, Rry, Rrs, Rrr}.

(b) We have done this already in part (a). We have that r; generates 0, that ro and r4 generate the same
ideal {rq,ro, 73,74}, that r5 generates {r1,r5}, that r¢ generates R and that r; generates {ry,r7}.

Problem 8. (After Chapter 14.3.) Let R be a unital ring and let M be a left R-module. Let X C M be
a subset.

(a) Show that
(X)={raz1+- - +rmxm|m>0,r € Rz; € X}

(b) Let f: M — M’ be a left R-module homomorphism. Show that if M = (X), then Im f = (f(X)).

Solution.

(a) Let us set
N={rma1+ - +rpey|m>0,r € R,z; € X}.
We first claim that IV is a left R-module. Clearly 0 € N andso N # @. Let xt = riz1+ -+ -4+ rp2xm,m € N,
Yy=381Yy1+ -+ Snyn € N and r € R. Then
r—y=(rz+ A+ TnTm) — (S1y1 + - SnYn) =101 T — S1Y1 — 0 — SpYn € N,

and

re =7(r1zy + -+ rmTm) = (rr)z + -+ (17)Tm € N,
which shows that N is a left R-module. Moreover, we have that if z = rix1 + - + rpz,m € N, then
Z1,...,m € X and r1,...,7y € R. Since (X) is a left R-module, it follows that

x=rx1+ -+ rpe, € (X),

and so N C (X). Since X C N, we also have (X) C N from which we obtain that (X) = N as required.



(b)

We have that X € M and so f(X) C f(M) = Im f which shows that (f(X)) C Im f. On the other
hand, let b € Im f. Then b = f(a) for some a € M. Since M = (X), we have by part (a) that

a=7r121+ "+ TrmTm,
for some x1,...,x,, € X and r{,...,7,, € R. Then
f(a’) :f(rlxl +"'+Tmmm) :Tlf($1)+"'+rmf(xm>

is in (f(B)) since f(z1),..., f(zm) € f(X) and r1,...,7y € R. Therefore b = f(a) € (f(B)) and so we
have shown that Im f C (f(B)). This shows that (f(B)) = Im f as required.

Problem 9. (After Chapter 14.3.) Let R be a unital ring and let f : M — N be a homomorphism of left
R-modules. Let B C M and let f(B) = {f(b) | b € B}. Show that the following hold.

(a)
(b)
()

Assume that f is injective. If B is linearly independent, then f(B) is also linearly independent.
Assume that f is surjective. If M = (B), then N = (f(B)).
Assume that f is bijective. Then B is a basis of M if and only if f(B) is a basis of N.

Solution.

(a)

Let {f(b1),..., f(bn)} C f(B) be a finite subset for some by,...,b, € B. Assume that
Tlf(b1)++Tnf(bn) =0. (1)

To show that f(B) is linearly independent, we have to show that ry = --- = r, = 0. Since f is a
homomorphism of left R-modules, (1) becomes

f(riby + -+ rpbp) = 0= f(0),
and so by injectivity of f we obtain that
riby + -+ rpb, =0.
Since by,...,b, € B and B is linearly independent, we obtain that r; = --- = r,, as required.

By Problem 8 we have that Im f = (f(B)). Since f is surjective, we have that Im f = N. Hence we
conclude that N = f(B).

Assume that B is a basis of M. Then B is linearly independent and so f(B) is linearly independent by
(a) since f is injective. Moreover M = (B) and so N = (f(B)) by (b) since f is surjective. Hence f(B)
is linearly independent and generates N, which shows that f(b) is a basis of N.

Assume now that f(B) is a basis of N. Since f is bijective, there exists a bijective homomorphism of

left R-modules f~' : N — M such that f~ f = idj;. Hence by applying the first paragraph of this part
of the solution to f~!, we obtain that f~!f(B) is a basis of M. Since f~!f(B) = B, the claim is shown.

Problem 10. (After Chapter 14.3.) Based on the second and third isomorphism theorems for rings
(problems 8 and 9 in problem set 2) state the second and third isomorphism theorems for left modules over a
unital ring R.

Solution. Second isomorphism theorem for modules: Let M be a left R-module. Let N and L be
submodules of M. Then the following hold.

(a)
(b)
()

The sum N +L:={n+1|n € N,l € L} is a submodule of M.
The intersection N N L is a submodule of M.

The quotient modules (N + L)/L and N/(N N L) are isomorphic.



Third isomorphism theorem for modules: Let M be a left R-module. Let NV and L be submodules
of M such that N C L. Then the quotient module (M/N)/(L/N) is isomorphic to the quotient module M/L.

Problem 11. (After Chapter 14.4.) Let R be a unital ring.

(a)

(b)

()

Let M be a semisimple module. Show that every nonzero submodule of M is semisimple. (Hint: use
Theorem 11.7(3) in the notes.)

(Exercise 14.4.2 in the book.) Let M be a semisimple left R-module. Suppose that N is a submodule
of M with N # M. Prove that M/N is semisimple. (Hint: use Theorem 11.7(3) in the notes to obtain
that M = N @ L for some submodule L C M. Show that M/N = L using the first isomorphism theorem
for modules, and then use part (a).)

(Exercise 14.4.7 in the book.) Show that R is semisimple as a left R-module if and only if every left
R-module is semisimple. (Hint: For the direction rR semisimple implies that every left R-module is
semisimple, show that if M is a left R-module, then (m) is semisimple for any m € M by using part

(b).)

Solution.

(a)

Recall that by Theorem 11.7(3) we know that a left R-module U is semisimple if and only if for every
submodule X C U there exists a submodule Y C U such that U = X @ Y.

Let N C M be a nonzero submodule of M and we show that IV is semisimple. Since M is semisimple, by
Theorem 11.7(3) there exists a submodule L C M such that M = N @ L. To show that NN is semisimple,
let K C N be a submodule and we need to find a submodule O C N such that N = K & O. Since
K C N C M and since M is semisimple, we have that there exists a submodule P C M such that
M = K ® P. Hence

NOL=M=KaoP.

Now set O = PN N. Clearly O C N is a submodule of N (as the intersection of submodules is
a submodule). We claim that K @ O = N. Let us first show that K + O = N. If n € N, then
ne€M=K®Pandson =k+p for some k € K and p € P. Then p = n — k with n € N and
ke K CN. Hence p € N as well and so p € PN N = O. Therefore we have that n = k + p with k € K
and p € O, and so n € K + O. This shows that N C K + O. Since both K C N and O C N hold, we
also have that K + O C N. We conclude that K + O = N. It remains to show that K N O = {0}. We
have
KNO=Kn(PNN)=(KNnP)NnN C KnP=/{0},

where the last equality follows since the sum K @ P is direct. Therefore KNO = {0} andso N = K¢ O,
which shows that N is semisimple.

Since M is semisimple, we have by Theorem 11.7(3) that there exists a submodule L C M such that
M = N @ L. We claim that M/N = L. Consider the R-module homomorphism 7y, : N & L — L given
by mr(n+1) =1for any n+1 € N & L. Tt is surjective since for every [ € L we have that 77 (0+1) = I.
Hence Im 7y, = L. Moreover, we claim that Kerm;, = N. To show this, let x = n +1 € Kerny. Then
mr(x) =0 gives mr(n+1) =0 or I = 0. Hence z = n € N. Therefore Kerr, C N. Clearly if n € N,
then n = n 4 0 and so 7 (n) = mr(n + 0) = 0, which shows that n € Kerwy. Therefore, N C Ker f as
well which shows that N = Kerwr. By the first isomorphism theorem for modules we obtain that

M/N=(N@&L)/Kernmy, 2Imny = L.

Hence indeed we have that M/N = L. But L is a submodule of M and so it is semisimple by part (a).
It follows that M /N is semisimple as well.

Assume first that every left R-module is semisimple. Then rR is a left R-module and so it is also
semisimple.



Assume now that gR is semisimple as a left R-module. Let M be a left R-module and we show that M
is semisimple as well. Let m € M. We claim that (m) is a semisimple R-module. Indeed, consider the
left multiplication map f : R — (m) given by f(r) = rm. For r1,rs,7 € R we have that

flrid+r) =1 +ra)m=rim+rom= f(r1) + f(re),

and
f(rr) = (rry)m =r(rim) = rf(rim),

and so f is a homomorphism of left R-modules. Since R is unital, we have that (m) = Rm = {rm | r € R}
by Proposition 9.11. For any rm € (m) we have that f(r) = rm and so f is surjective or Im f = (m).
Let N = Ker f. Then N is a submodule of g R and so by the first isomorphism theorem for modules we
obtain that

R/Ker f 2 Im f = (m).

If Ker f = R then 0 = R/ Ker f = (m) and so (m) is semisimple. If Ker f # R, then by part (b) we
know that R/ Ker f is semisimple. Hence in any case (m) is semisimple and so it is the sum of a family
of simple modules by Theorem 11.7(1). Then

M= 3 (m)

where each (m) is the sum of a family of simple modules, and so M itself is the sum of a family of simple
modules. It follows that M is semisimple by Theorem 11.7(1).

Problem 12. (After Chapter 14.3.) Let R be a ring and let M be a left R-module. Let N,L,L’ be
submodules of M such that N L=N @ L'.

(a)
(b)
()

(Exercise 14.2.8 in the book.) Show that it is not necessarily true that L = L'.
Show that (N @ L)/N = L.
(Exercise 14.3.6 in the book.) Show that L = L'.

Solution.

(a)

This is not true even for vector spaces. Indeed, let M = R? = {(x,y) | #,y € R}. Then M is an R-module
(this is the usual 2-dimensional vector space R?). Let N = {(z,0) | x € R}, L = {(0,y) | y € R} and
L' = {(z,x) | x € R}. Clearly, N, L and L’ are all submodules of R? (these are the lines y = 0, z = 0
and z = y in R?). Moreover, it is also clear that NN L = {(0,0)} and NNL’ = {(0,0)}. Hence the sums
of N with L and of N with L’ are direct. Now let (z,y) € M = R2. We have

(z,y) = (,0)+ (0,y),
S~ M~~~
EN eL

and so M = N @& L. We also have
($, y) = (gj - y70) + (yay)7
—_— —~—
EN er
and so M = N @& L' as well. Hence we have N® L= N@® L', but L # L’ since (1,1) € L' but (1,1) & L.

Define a map ¢ : N L — L by n+1 — [. We claim that ¢ is well-defined. Indeed assume that
n+l=n"4+10' € N®L. Then ¢(n+1) =1 and ¢(n' +1') = I’ and we need to show that | = I'.
Since n +1 =n' + 1, we have that n —n’ =1 -1 Thenl—1'=n—-—n'"€ Nand -1 € L and so
-1 e NNL=/{0}. Hencel =1, as required.
Now we claim that ¢ is a homomorphism of left R-modules. Let ny +11,no +1lo € N® L and r € R. We
have

(b((nl + ll) + (’nz + lz)) = q’)((n1 + n2> + (l1 +h)=h+l= ¢(n1 + l1) + ¢(n2 + lg),

and
o(r(n1+11)) =o(rny +7ly) =rly =rodp(ng + 1y),



which shows that ¢ is a homomorphism of left R-modules. We now claim that Im¢ = L. Let | € L.
Then ¢(0 +1) =1 and so ¢ is surjective, which shows that Im ¢ = L. Next, we claim that Ker¢ = N. If
ne€N,thenn=n+0€ N@Land ¢(n+0)=0son € N. This shows that N C Ker ¢. On the other
hand, assume that n + [ € Ker ¢, that is ¢(n + 1) = 0. Since ¢(n + 1) = I, we obtain that [ = 0 and so
n+Il=mn¢& N. Hence Ker¢ C N and so Ker¢ = N.

We have shown that ¢ : N@& L — L is a homomorphism of left R-modules with Im¢ = L and Ker¢ = N.
By the first isomorphism theorem for modules we obtain

(N®L)/N=(No®L)/Ker¢p ZIm¢p =1L,
as required.

(¢) By part (b) and using the assumption N & L = N @ L’ we have that
L¥(NeL)/N=(NeoL')/NxL
as required.

Problem 13. (After Chapter 14.3.) (Exam August 2013, problem 5.) Let R, S be unital rings and
¢ : S — R be a ring homomorphism such that ¢(1g) = 1g.

(a) What does it mean for a left R-module to be finitely generated?

(b) (i) Explain how we can view every left R-module as a left S-module. (Hint: in other words, if pM is
a left R-module, give to M the structure of a left S-module.)
(ii) Assume that ¢ is surjective. Show that a finitely generated left R-module is also a finitely generated
left S-module.
(¢) (i) Write down Zorn’s lemma.

(ii) Show that every nonzero finitely generated left R-module has a maximal submodule. (If M is a left
R-module, then a maximal submodule of M is a submodule N C M with N # M and such that if
L is a submodule of M with N C L, then N=L or L=M.)

Solution.

(a) A left R-module M is finitely generated if there exist mq,...,m, € M such that M = (mq,...,my),
that is, M is the smallest left R-module containing {mg,...,m,}.

(b) (i) Let M be a left R-module. We write g M when we want to emphasize the left R-module structure
of M, we write M when we want to emphasize only the abelian group structure of M and we write
sM when we want to emphasize the left S-module structure of M which we will soon define.

For every m € M and every s € S we define

We claim that this makes M into a left S-module M. By assumption, M is an abelian group.
Using the fact that ¢ is a ring homomorphism, for every mq, mo,m € M and s1, s2,s € S we have

s(my + ma) = ¢(s)(m1 + ma) = ¢(s)my + ¢(s)ma = smy + sma,

(514 s2)m = @(s1 + s2)m = (d(s1) + ¢(s2))m = d(s1)m + ¢(s2)m = sym + sam,
(s182)m = @(s152)m = ($(s1)p(s2))m = ¢(s1)(d(s2)m) = ¢(s1)(s2m) = s150m,
lss =¢(ls)s=1ps =s,

which show that indeed gM is a left S-module.



(ii) Assume that gRM = g(mq,...,m,) for some mq,...,m, € gM as a left R-module. We claim that
sM = g(mq,...,my) as a left S-module. By Problem 8(a) we have that

r(ma,...,my) ={rimi+ - +r,m, | r; € R},

and
s(mi,...,my) ={s1mg + -+ spymy, | s; € S}.

Clearly we have g(mi,...,my,) € M. For the other inclusion, let m € gM. Then m € M = Mg =
r(mi,...,my) and so there exist r1,...,r, € R such that

m=1mrimi—+---+r,my,.
Since ¢ is surjective, there exist s1,...,s, € S such that ¢(s;) = r; for 1 <i <n. Then
m=¢g(sy)my + -+ ¢(sp)my = s1M1 + -+ - + SpMy,

where the last equality follows by the way that multiplication is defined in gM. Since m = sym; +
<o 4 spmy, € g(ma,...,my,), we conclude that M C g(mq,...,my) and so M = g(mq,...,my,).
Hence M is finitely generated.

(¢) (i) Zorn’s lemma: Let (S, <) be a nonempty partially ordered set (poset). If every nonempty chain in
S has an upper bound in S, then there exists a maximal element in S.

(ii) Let M be a finitely generated left R-module. Set
S ={L is a submodule of M | L # M}.

Since 0 € S, we have that S # &. We claim that (5, C) is a poset. Clearly for any L € S we have
L C L and so C is reflexive. For L, L’ € S we have that L C L’ and L' C L imply that L = L' and
so C is antisymmetric. Finally for L, L', L” € S we have that L C L' and L' C L” and so L C L".
Now let C' be a nonempty chain in S, that is a nonempty subset C' C S such that for all L, L’ € C
one of L C L' and L' C L holds. We claim that

v=\JL

LeC

is a submodule of M. Since C' # @, we have that U # @. Let z,y € U and r € R. Then there exist
Lqi,Ls € C such that x € Ly and y € Ly. Since C' is a chain, one of L1 C Ly and Lo C Ly holds.
Without loss of generality we assume that Ly C Ls. Then z,y € Ly and so

e x —y € Ly CU implies x —y € U, and

e rx € Ly C U implies rx € U.
Hence U is a submodule of M. Next we claim that U # M. Indeed, assume to a contradiction
that U = M. Since M is finitely generated, there exist mq,...,m, € M such that U = M =

(m1,...,my). Hence mq,...,m, € U. Then m; € L; for some L, € C. Since C is a chain, there
exists j € {1,...,n} such that L; C L; for all i € {1,...,n}. Then my,...,m, € L; and so

M:(mh?mn)nggMa

which implies that L; = M. But this contradicts L; € S. Hence we indeed have that U # M.
Therefore U € S. and U is an upper bound of C' by construction. By Zorn’s lemma there exists a
maximal element N € S. Since N C M, it is enough to show that N is a maximal submodule of
M. Assume N C L for some submodule L of M with L # M. Then L € S and so N = L since N
is a maximal element. Hence N is indeed a maximal submodule of M.

Problem 14. (After Chapter 14.4.) (Exam December 2016, problem 4.) Let R be a unital ring. Let M be
a left R-module and let S be a simple submodule of M such that M/S is also simple. Let N be a submodule
of M.



(a)

(b)
()

Show that one of N =0, N =5, N =M and N = M/S holds. (Hint: use the first isomorphism theorem

for modules)

Show that if N # S and N is simple, then N 2 M/S and M 2 N @ S.

Give an explicit example of a unital ring R and left R-modules M, S and N as above, such that N = §
and N = M/S, but M % N x S. (Hint: consider R = F[X]/(X?) for some field F, M = rR and
N =(X).)

Solution.

(a)

Assume first that 0 C N C S. Since S is simple, we conclude that N = 0 or N = S. From now on we
may assume that N ¢ S. In particular, we may also assume that M # S (since N C M holds).

Let ¢ty : N — M be the inclusion of N, and let 7 : M — M /S be the projection map, that is 7(m) = m+S
for any m € M. Then we obtain a map f := woty : N — M/S. This is a composition of R-module
homomorphisms and so it is an R-module homomorphism. In particular Im f is a submodule of M/S.
Since M/S is simple, we have that Im f = 0 or Im f = M/S. Since N € S, there exists n € N \ S.
Then f(n) =moun(n) =n+ S € Im f is nonzero because n ¢ S. Then Im f # 0 and so we conclude
that Im f = M/S. Next we claim that Ker f = SN N. Indeed if f(n) = 0+ S for some n € N, then
n+S=0+Sandson €S. Hence n € SN N and so Ker f C SN N. On the other hand, if n € SN N,
then f(n) =n+S =0+ 5 sincen € S and so SN N C Ker f. Therefore Ker f = SN N. By the first
isomorphism theorem for modules we obtain that

N/(NNS)=N/Kerf ~Im f = M/S

Since 0 C NN S C S and S is simple, we have that NN S =0o0or NNS =S5. If NNS =0, then the
above gives
N> M/S,

which is one of the four possibilities. Next assume that N NS = S. Then we have that S C N. By
the correspondence theorem (theorem 10.6 in the notes) applied to the homomorphism of left R-modules
m: M — M/S, there is a one-to-one correspondence between submodules of M containing Kerm = S
and submodules of Im f = M/S. Since M/S is simple, it follows that the only submodules of M/S are
0 and M/S (and these are different since M # S). Therefore, there are exactly two submodules of M
containing S, and these have to be M and S. Hence if S C N, we obtain that N =S or N = M, which
completes the proof.

Since N # S, following part (a) we obtain an isomorphism N/(N N S) =2 M/S of left R-modules. We
claim that N NS = 0. Indeed, assume to a contradiction that N N.S #% 0. Then N NS C S implies that
NNS = S since S is simple. Similarly, N NS C N implies that N NS = N since N is simple. Hence
N = S, contradicting the assumption N # S. Therefore N NS = 0 and hence

N = N/0=N/(NNS)= M/S,

as required.

Next we show that M = N & S. We have already seen that N NS = 0 and so it remains to show that
M =N+ S. Clearly N +.5 C M and so we only need to show that M C N + 5. Consider the map
f=mouwn: N — M/S from part (a), where 7 : M — M/S is the projection map and ¢y : N — M is
the inclusion of N into M. We have already seen that this map is an isomorphism. Let f=!: M/S — N
be its inverse. Then for every m € M we have that f~!on(m) € N. We claim that m — f~ton(m) € S.
First notice that since f~! ow(m) € N, we have that f~' om(m) = 1ty o f~1 o m(m) since ¢y is just the
inclusion map from N to M. Then we compute

n(m — " om(m)) = m(m —uy o fH om(m))
=m(m)—mo (tyoflom)(m)
— x(m) — (m o) o f Lo n(m)
— w(m)— fo f " or(m)
= m(m) —m(m) =



Therefore
0=n(m—f'om(m))=(m—for(m))+SeM/S,

and so m — f~1 om(m) € S. Hence we can write

m=ftox(m)+m— flon(m),

EN es

and since m was arbitrary, this shows that M C N 4+ .5. We conclude that M = N & S as required.

Let R = F[X]/(X?) where F is a field. That is, elements of R are of the form p(X) = a + bX with
a,b € F (since if n > 2, then X™ € (X?) and so X" is equal to 0 in R). Moreover, R is commutative and
so submodules of R are the same as ideals of R. Let M = R as an R-module. We have that X € R =M
and so

(X)={(a+0X)X |a,be F}
={aX +bX?|a,be F}
={aX |a € F}

is a submodule of M. We set N = S = (X). To show that N is simple, we use Theorem 11.5(2). Hence
we need to show that N # 0 and that for every n € N \ {0} we have that N = (n). Clearly N # 0. Let

n € N\ {0}. Then n = (f +eX)X = fX for some f € F. Then (n) C X. Moreover, we have that

X=fT1fX=f"Tne @),

and so X € (n). Thus (X) C (n) as well which shows that (n) = (X). Hence N = (X) is a simple
module.

Next we show that N = M/S, or (X) = R/(X) as R-modules. Elements of R/(X) are now of the form
a for a € F, and the R-module structure in R/X is then given by

(c+dX)a=¢ca+ daX =ca,

for @ € R/X and ¢+ dX € R. Consider the map g : (
is a homomorphism of left R-modules. Indeed for any

— R/(X) given by aX — a. We claim that g

)
bX € (X) and any ¢+ dX € R we have

X)
aX,

g@X +0X) =g((a+0)X)=a+b=a+b=g(aX) + g(bX),

and
g((c+dX)aX) = g(caX) =ca =ca = (c+ dX)a.

Moreover, the map g is clearly bijective and so an isomorphism of R-modules. Hence we have shown
that N = M/S.

Finally, it remains to show that M 2% N @& S. We have that M = Rp and so by Proposition 10.9 we have
R EndR(RR) = EndR(M)

A direct computation shows that the only idempotents in R are 0 and 1. But consider the morphism of
R-modules h: N@ S — N & S given by (n,s) — (n,0). Then clearly h # 0 and h # idygs, but

h?(n,s) = h(h(n, s)) = h(n,0) = (n,0),

and so h? = h. Therefore Endg(N @ S) has more idempotents than Endg (M), and so these two rings
cannot be isomorphic. It follows that M cannot be isomorphic to N & S.
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Extra problems

The following problems may be a bit more challenging, in case you feel like you need something more.

Problem 15. (After Chapter 14.3.) Let Q = (Qo,Q@1,s,t) be a quiver. A C-representation of Q is a
collection Mg = (My, fa)veQo,aeq, such that M, is a vector space over C and fo : My — Myq) is a
C-linear map.

Now set Ay to be the quiver Ay = 1 = 2. Recall that the path algebra CA, is a C-algebra with C-basis
given by {ey, eq, a}.

(a) Let M be a left CAg-module. Set My = e; M, My = easM and f, : e1M — eaM given by f,(z) = ax.
Show that F(M) = (M;, fa)i=1,2 is a representation of As.

(b) Let My, = (M;, fo)i=1,2 be a representation of Ay. Define a left CAy-module G(My,) such that G o
F(M) = M for any left CAy-module M (it also satisfies F' o G(Ma,) = My,, if one defines a suitable

notion of morphisms of representations).

Solution.

(a) The only thing we need to show is that f, : M7 — Ms is a C-linear map. We have that M; = e; M and
so its elements are of the form eym for m € M. Let e;mq,eymso € e1M and k € C. Then

dalermy +exma) = aleymy + e1ma) = aeymy + aerma = ¢o(m1) + da(ma),

and
Oa(kmy) = a(kmy) = k(amy) = ko (mq),

which shows that ¢, is a linear map and so F(M) is a representation of As.

(b) Since M; and M, are vector spaces, they are additive abelian groups and so the set M = M; x My is an
additive abelian group (that is Definition 9.1(i) holds for M). For (mq,ma) € M we define

el(mlamQ) = (m170)7 62(m17m2) = (Ova)a a(mlva) = (vaa(ml))
We extend this to elements of CAy using bilinearly. That is, if x1e1 + xoes + x4 € CAs, we set
(z1€1 + 222 + Tot) (M1, m2) = (T1mMy, xama + T fo(M1)).

We claim that this gives to M the structure of a left CAs-module. For any (mq,ms), (n1,n2) € M and
any (r1e1 + x2e2 + o), (Y161 + Yy2€2 + Yyar), € CAy we have

(x1€1 + waea + xoa)((M1,m2) + (1 + n2)) = (x1€1 + T2e2 + o) (M1 + N1, M2 + na)

= (1(m1 +n1), w2(ma + n2) + xo fo(mi +n1))

= (z1my, xama + 2o fa(m1)) + (2111, Tan2 + fo(n1))
= (

z1€1 + 262 + Tar) (M1, m2) + (T1€1 + T2€2 + Ta ) (N1, M2),
which shows Definition 9.1(ii), we have

(z1 +y1)er + (2 + y2)e2 + (o + Yo ) ) (M1, m2)
(w1 +y1)ma, (22 + y2)ma + (Ta + Yo (fal(m1))
1My, Tama + Ta fo(mi)) + (Yy1mi, y2ma + Yo fo(mi))

((wre1 + waex + z0ar) + (Y101 + Y2€2 + Yorr))(my, ma) = (
=(
= (
~

which shows Definition 9.1(iii), we have

((z1e1 + z2e2 + o) (Y161 + Y262 + Yor))(m1, ma) = (x1y1€1 + T2y2es + (Tay1 + Taya)) (M1, mso)
= (v1y1m1, T2y2m2 + (Tay1 + T2Ya) fa(mi))
= (z1€1 + Tae2 + o) (Y1111, Y2m2 + Yo fa(mi))
= ( a)((y1e1 + yze2 + yaa)(mi,m2)),

Ti1€e1 + o€z + Ty
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Tie1 + ey + Taa)(my, ma) + (y1e1 + Y2e2 + Yyar)(mi, ma),



which shows Definition 9.1(iv), and, since 1ca, = €1 + e2, we also have
lea,(ma,me) = (e1 + eg)(ma, ma) = (my,my),

which shows Definition 9.1(v). Therefore, this defines a left CAy-module G(Ma4,).
Now let M be a left CAs-module and we compute G o F(M). By definition of F' we have that F(M) =
(M;, fo)i=1,2 where M; = ¢,M and f, : eeM — e2M is given by fo(z) = ax. Now by definition of G
we have that G(F(M)) = e;M x eaM and the action of e, es and « is given as above. Define a map
¢ :egM x eaM — M via ¢(m,n) — m + n. We claim that this map is a bijective homomorphism of
left CAg-modules. To see that this is a homomorphism of left CAs-modules, let (mq, ms), (n1,n2) €
e1M x esM and x1e1 + 2065 + x40 € CAs. Then
¢((ma,m2) + (n1,n2)) = d(m1 +n1, ma + n2)

=mq +n1 +mg +ng

=mi+mg+ N1+ N2

= ¢(m1,mz) + ¢(n1,n2).
Moreover, since my € e; M we have that m; = e;m; and so ese;my = 0, and since mo € eo M we have
that mo = eagmsg and so e;eamo = 0. Using these we obtain

((w1€1 + 202 + Tot) (M1, M2)) = G(T1M1, T2M2 + Too fa (1))

= 1M1 + Tama + o fo(mi)

=x1mi + Tomo + xoamq

= (x1€1 + Taeg + zo) (M1 + Mm2)

= (z1€1 + T2ea + TH)P(1, M2).
This shows that ¢ is a homomorphism of left CAs-modules. Next we claim that it is injective. Assume
that ¢(mq,ma) = 0. Then my + mg = 0 with m; = e;my and ms = eamsy. Therefore

0= 610 = el(ml + mg) =e1mi + ejeamog = mq + 0= my,
and so m; = 0 and similarly me = 0. We conclude that (my,mg) = (0,0) and so Ker¢ = {0}. This
shows that ¢ is injective. Finally, to see that ¢ is surjective, let m € M. We have
p(exm, eam) = eym + eam = (e; + ea)m = lca,m = m,

and so ¢ is indeed surjective. Hence ¢ is an isomorphism of left CAs-modules, as required.

Problem 16. (After Chapter 14.3.) Let R, S be unital rings and ¢ : R — S be a ring homomorphism
such that ¢(1g) = 1g. Let M be a right R-module and N be a right S-module.

(a) Show that N can be made into a right R-module Ny by setting nr := n¢(r) for every n € N and every
T € R.

(b) By (a) we may view S as a right R-module. Show that the set Hompg(Sg, M) has the structure of a right
S module.

(¢) Provide a bijection between the sets Homp(Ng, M) and Homg(N, Hompg(Sg, M)).
Solution.

(a) Since N is aright S-module, it is an additive abelian group. Now let r,r1, 79 € R so that ¢(r), ¢(r1), ¢(r2) €
S, and let n,ny,ny € N. Using the fact that IV is a right S-module, we check the axioms for IV to be a
right R-module:

o (n1+mn2)r=(n1+mn2)o(r) =n16(r) + nad(r) = nir + nar,
o n(r1+r2) =nd(r1 +r2) = n(d(r1) + ¢(r2)) = nd(r1) + ng(rz) = nry + nrs,
o n(rirz) =ng(rirz) = n(d(r1)é(r2)) = (ne(r1))d(rz) = (nri)re,

e nlrp =np(lg) =nlg =n.

We conclude that N is indeed a right R-module.
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(b)

Let f € Hompg(Sg, M), that is f is a homomorphism of right R-modules. Let s € S. We define
f-s:Sr — M to be the map

(f - 8)(x) = f(s).

First we have that sz € S and so indeed f(sx) € M. Hence f is well-defined. Now we claim that
f-s € Hompg(Sg, M), that is that it is a homomorphism of right R-modules. Let x,21,22 € Sk and
r € R. Using the fact that f is a homomorphism of right R-modules and the right R-module structure
of S, we check the axioms for f s to be a homomorphism of right R-modules:

o (f-8)(m1+a2) = f(s(x1+a2)) = fsw1 + sw2) = f(s21) + f(s22) = (f - 8)(21) + (f - 8)(2),
o (f-s)(ar) = f(s(zr)) = f(s(xg(r))) = f((s2)0(r)) = f((sx)r) = f(sz)r = (f - s)(2)r

Now, since Sr and M are additive abelian groups, the set Homg(Sg, M) is itself an additive abelian
group with group addition given by

(f1 + f2)(s) = fi(s) + fa(s)

for any fi, fo € Homg(Sg, M), s € Sg. Now let s,s1,80 € S, let f, f1,fo € Homgr(Sg, M) and let
x € Sr. Using the fact that f, fi, fo are homomorphisms of right R-modules and the right R-module
structure of Sgr, we check the axioms for Hompg(Sgr, M) to be a right S-module:

(fi+ f2) - s)(@) = (f1 + f2)(sz) = fi(s2) + fa(s2) = (f1-s)(x) + (f2 - s)(x) = (f1 s+ f2-s)(2),
[ (s1+82))(x) = f((s1 + s2)x) = f(s17 + s22) = f(s12) + f(s22) = (f - 51) (%) + (f - s2)(2),

[ (s182))(z) = f((s182)2) = f(s1(522)) = (f - 81)(s22) = ((f - 81) - 82) (),

f1s)(@) = f(lsz) = f(=).

Since the above hold for arbitrary x € Si, we obtain that

(
(
(
(

e (i+fo) s=fi-s+fars,
o f-(si+s2)=f-s1+fs0,
o f-(s182) = (fs1)"s2,

L4 f : 15 = fa
which shows that Homg(Sg, M) is indeed a right S-module.

We start by defining a map
U : Hompg(Ng, M) — Homg (N, Homp(Sg, M)).

Let f € Homg(Ng,M). Then ¥(f) € Homg(N,Hompg(Sg, M)). Hence ¥(f) is a morphism of right
S-modules
\I/(f) N — HOIHR(SR,]\l)7

which we define for n € N by
(\Il(f))(n) =fn€ HomR(SRvM)v

where f,(x) = f(nz) for x € Sg. We now show that U is well-defined. That is, we first show that
fn 1 Sg — M is a homomorphism of right R-modules. Since n € N and s € S, and since N is a right
S-module, we have that ns € N. Since f : Np — M, we have that f(ns) € M. Hence f,, is a well-defined
map. Now let x,z1,29 € Sg and r € R. Using the fact that f : Ng — M is a homomorphism of right
R-modules as well as the right R-module structure of Nz and Sg, we check the axioms for f, to be a
homomorphism of right R-modules:

o ful@1 +x2) = f(n(z1 +22)) = f(na1 + nxe) = f(na1) + f(na2) = fulz1) + ful2),
o fular) = fulzd(r)) = f(n(ze(r) = f((nz)d(r)) = f((nz)r) = f(na)r = fo(2)r.

Hence f, : Sg — M is indeed a homomorphism of right R-modules, and so f,, € Homg(Sg, M).

f(n
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We continue by showing that ¥(f) € Homg(N,Homp(Sg, M)), that is that U(f) : N — Hompg(Sg, M)
is a homomorphism of right S-modules. Since we have shown that f,, € Hompg(Sgr, M), we have that
U(f) is a well-defined map. Now let n,ni,ns € N, let s € S and let € Sg. Using the fact that
f: Ng — M is a homomorphism of right R-modules, as well as the right S-module structure of .S and
Homp(Sgr, M), we check the axioms for ¥(f) to be a homomorphism of right S-modules:

o (TN +n2))(@) = (fartn,) () = (01 +12)x) = f(maz + noz) = f(mz) + f(naz)
= fru (@) + fro () = (s +fn2)( ) = (W () (1) + ¥ (f)(n2))(x),
o (W()ns))(@) = fus(x) = [((ns)z) = f(n(sz)) = fulsz) = (fu - s)(x) = (L(f)(n))s)(z).

Since the above hold for arbitrary z € Sg, we obtain that

o (U1 +n2) = ¥(f)(n1) + ¥(f)(n2),
o (U(f)(ns)) = (¥(f)(n))s,

which shows that U(f) : N — Hompg(Sg, M) is a homomorphism of right S-modules.

Hence we have seen that W is well-defined. Next we show that W is bijective. We start by showing that
U is injective. Assume that U(f) = ¥(g) for some f,g € Homg(Ng, M). Then f, = g, for any n € N.
It follows that

f(n) = f(nls) = fu(ls) = gn(ls) = g(nls) = g(n),
and so f(n) = g(n) for any n € N. Hence f = g and so ¥ is injective.

Finally, it remains to show that W is surjective. Let u € Homg(N,Hompg(Sgr,M)). Then u(n) €
Homp(Sg, M) for any n € N. In particular, (u(n))(lsg) € M for any n € N. We define v €

Homp(Ng, M) via
o v(n) = (u(n))(1s).

We claim that this is well-defined, that is that v : Ng — M is indeed a homomorphism of right R-
modules. Let n,ny,ns € Ng and r € R. Using the fact that u(n) : Sg — M is a homomorphism of right
R-modules, that Hompg(Sg, M) is a right S-module as well as the right R-module structures of Nr and
Sk we check the axioms for v to be a homomorphism of right R-modules:

o v(ny+ng) = (u(ng +n2))(1s) = (u(n) +u(n2))(1s) = (u(n1))(ls) + (u(n2))(1s) = v(n1) + v(nz),
o v(nr) = v(ng(r))(u(ng(r))(ls) = (u(n) - ((r)))(Ls) = u(n)(Lsd(r)) = (u(n))(1sr) = ((u(n))(1s))r

Hence indeed v : Ng — M is well-defined. It remains to show that ¥(v) = u, or that v, = u(n) for any
n € N. For this, let x € S and we have

un(2) = v(nz) = (u(nz))(1s) = (u(n) - x)(1s) = u(n)(zls) = (u(n))(z),

as required.
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