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Notes: All rings have unity (all rings have a 1). Z denotes the ring of integers; R
denotes the field of real numbers. All answers must be justified. Each sub-problem
is worth the same for grading.

Problem 1. Let R be a ring.

(a) Let M and N be R-modules and let f : M → N be an R-module homomor-
phism. Prove that ker(f) is an R-submodule of M .

(b) Let M and N be simple R-modules. If f : M → N is a nonzero R-module
homomorphism, prove that f is an isomorphism.

(c) Let R be a nonzero commutative ring. If M is a maximal ideal of R, prove
that M is a prime ideal.

Problem 2.

(a) Prove that Z/6Z is isomorphic (as a ring) to Z/2Z× Z/3Z.

(b) Show that Z/6Z is a free Z/6Z-module but is not a free Z-module.

Problem 3.

(a) Prove that Z is noetherian but is not artinian.

(b) Prove that R[x] is noetherian.

(c) Consider the rings R1 =
[
R R
0 R

]
and R2 =

[
R 0
0 R

]
. Determine whether

each of these rings is semisimple (and prove your answer).

Problem 4.

(a) Let A =

1 2 3
0 2 4
1 4 1

. Find the Smith normal form of A over Z.

(b) Let B be a 6 × 6 matrix over R[x] with invariant factors f1(x) = x + 1,
f2(x) = (x + 1)(x + 3), and f3(x) = (x + 1)(x + 3)2. Give the rational
canonical form of B.


