
CHAPTER 12 

Modules over 
Principal Ideal Domains 

The main purpose of this chapter is to prove a structure theorem for finitely generated 
modules over particularly nice rings, namely Principal Ideal Domains. This theorem is 
an example of the ideal structure of the ring (which is particularly simple for P.LD.s) 
being reflected in the structure of its modules. If we apply this result in the case where 
the P.lD. is the ring of integers Z then we obtain a proof of the Fundamental Theorem 
of Finitely GeneratedAbelian Groups (which we examined in Chapter 5 withoutprooO. 
If instead we apply this structure theorem in the case where the P.lD. is the ring F[x] 
of polynomials in x with coefficients in a field F we shall obtain the basic results on 
the so-called rational and Jordan canonical forms for a matrix. Before proceeding to 
the proof we briefly discuss these two important applications. 

We have already discussed in Chapter 5 the result that any finitely generated abelian 
group is isomorphic to the direct sum of cyclic abelian groups, either Z or Z/nZ for 
some positive integer n =/; O. Recall also that an abelian group is the same thing as 
a Z-module. Since the ideals of Z are precisely the trivial ideal (0) and the principal 
ideals (n) = nZ generated by positive integers n, we see that the Fundamental Theorem 
of Finitely Generated AbeJian Groups in the language of modules says that any finitely 
generated Z-module is the direct sum of modules of the fonn Z/ I where I is an ideal 
of Z (these are the cyclic Z-modules), together with a uniqueness statement when the 
direct sum is written in a particular fonn. Note the correspondence between the ideal 
structure of Z and the structure of its (finitely generated) modules, the finitely generated 
abelian groups. 

The Fundamental Theorem of Finitely Generated Modules over a P.I.D. states that 
the same result holds when the Principal Ideal Domain Z is replaced by any P.I.D. In 
particular, we have seen in Chapter 10 that a module over the ring F[x] of polynomials 
in x with coefficients in the field F is the same thing as a vector space V together 
with a fixed linear transformation T of V (where the element x acts on V by the linear 
transformation T). The Fundamental Theorem in this case will say that such a vector 
space is the direct sum of modules of the form F[x]/ I where I is an ideal of F[x], 
hence is either the trivial ideal (0) or a principal ideal (f (x» generated by some nonzero 
polynomial l(x) (these are the cyclic F[x]-modules), again with a uniqueness statement 
when the direct sum is written in a particular fonn. If this is translated back into the 
language of vector spaces and linear transformations we can obtain information on the 
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linear transfonnation T. 
For example, sUpJXlse V is a vector space of dimension n over F and we choose 

a basis for V. Then giving a linear transfonnation T of V to itself is the same thing 
as giving an n x n matrix A with coefficients in F (and choosing a different basis for 
V gives a different matrix B for T which IS similar to A i.e .• is of the fonn p-1 AP 
for some invertible matrix P which defines the change of basis). We shall see that 
the Fundamental Theorem in this situation implies (under the assumption that the field 
F contains all the "eigenvalues" for the given linear transfonnation T) that there is a 
basis for V so that the associated matrix for T is as close to being a diagonal matrix 
as possible and so has a particularly simple fonn. This is the Jordan canonical form. 
The rational catlonical form is another simple form for the matrix for T (that does not 
require the eigenvalues for T to be elements of F). In this way we shall be able to give 
canonical forms for arbitrary n x n matrices over fields F. that is. find matrices which 
are similar to a given n x n matrix and which are particularly simple (almost diagonal. 
for example). 

Example 
Let V = Q3 = {(x, y. z) I x. y. Z E Q} be the usual 3-dimensional vector space of ordered 
3-tuples with entries from the field F = Q of rational numbers and suppose T is the linear 
transformation 

T(x, y. z) = (9x + 4y + 5z, -4x - 3z. -6x - 4y - 2z). x,y . ZEQ. 

If we take the standard basis el = (1 . 0, 0), e2 = (0, 1,0), e3 = (0,0, 1) for V then the 
matrix A representing this linear transformation is 

( 9 4 5) 
A = - 4 0 - 3 . 

- 6 -4 -2 

We shall see that the Jordan canonical fonn for this matrix A is the much simpler matrix 

(2 1 0) 
B= 0 2 0 

003 

obtained by taking instead the basis 11 = (2, - 1, - 2), h = (1.0, - 1),!3 = (3, -2. -2) 
for V, since in this case 

T(fil = T(2, - 1, - 2) = (4, - 2,-4) =2· II + 0· 12+0· /3 
T(h) = T(1,O,-i) = (4, - 1, - 4) = i· II + 2· 12 + 0· /3 
T(/3) = T(3, - 2, - 2) = (9, - 6, -6) = O· It + O· h + 3· /3, 

so the columns of the matrix representing T with respect to this basis are (2, 0. 0). (1.2.0) 
and (0, O. 3), i.e .• T has matrix B withrespcct to this basis. In particular A is similar to the 
simpler matrix B. 

In fact this linear transfonnation T cannot be diagonalized (i.e., there is no choice of 
basis for V for which the corresponding matrix is a diagonal matrix) so that the matrix B 
is as close to a diagonal matrix for T as is possible. 
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The first section below gives some general definitions and states and proves the 
Fundamental Theorem over an arbitrary P.lD., after which we return to the application 
to canonicru forms (the application to abelian groups appears in Chapter 5). These 
applications can be read independently of the general proof. An alternate and compu-
tationally useful proof valid for Euclidean Domains (so in particular for the rings Z and 
F[x]) along the lines of row and column operations is outlined in the exercises. 

12.1 THE BASIC THEORY 

We first describe some general finiteness conditions. Let R be a ring and let M be a left 
R-module. 

Definition. 
(1) The left R-module M is said to be a Noetherian R-modlile or to satisfy the 

ascending chain condition on (or A.c.c. on slIbmodliles) if there 
are no infinite increasing chains of submodules, i.e., whenever 

Ml M2 C M3 ... 

is an increasing chain of submodules of M. then there is a positive integer m 
such that for all k m, Mk = Mm (so the chain becomes stationary at stage m: 
Mm = Mm+l = Mm+2 = ... ). 

(2) The ring R is said to be Noetherian if it is Noetherian as a left module over 
itself, i.e., if there are no infinite increasing chains of left ideals in R. 

One can formulate analogous notions of A.CC on right and on two-sided iderus in 
a (possibly noncommutative) ring R. For noncommutative rings these properties need 
not be related. 

Theorem 1. Let R be a ring and let M be a left R-module. Then the following are 
equivalent: 

(1) M is a Noetherian R·module. 
(2) Every nonempty set of submodules of M contains a maximal element under 

inclusion. 
(3) Every submodule of M is finitely generated, 

Proof' [(1) implies (2)] Assume M is Noetherian and let E be any nonempty 
collection of submodules of M. Choose any Ml E E. If MI is a maximal element of 
E, (2) holds, so assume Ml is not maximal. Then there is some M2 E E such that 
M\ C M2. If M2 is maxima] in E, (2) holds. so we may assume there is an M3 E E 
properly containing M2. Proceeding in this way one sees that if (2) fails we can produce 
by the Axiom of Choice an infinite strictly increasing chain of elements of E, contrary 
to (I). 

[(2) implies (3)] Assume (2) holds and let N be any submodule of M. Let E be 
the col1ection of all finitely generated submodules of N. Since {OJ E E, this col1ection 
is nonempty. By (2) E contains a maximal element N'. If N' '# N,let x E N - N', 
Since N' E E. the submodule N' is finitely generated by assumption, hence also the 

458 Chap. 12 Modules over Principal Ideal Domains 



submodule generated by N' and x is finitely generated. contradicts the maximality 
of N'. so N = N' is finitely generated. 

[(3) implies (1)] Assume (3) holds and let M[ S; M2 C M, ... he a chain of 
submodules of M. Let 

and note that N is a submodule. By (3) N is finitely generated by. say, al. a2.···, an. 
Since aj E N for all i, each aj lies in one of the submodules in the chain, say Mji ' 
Let m = max til . h . ... , in}. Then aj E Mm for all i so the module they generate is 
contained in Mm, i.e., N C Mm. This implies Mm = N = Mk for all k 2:: m, which 
proves (1). 

Corollary 2. If R is a P.lD. then every nonempty set of ideals of R has a maximal 
element and R is a Noetherian ring. 

Proof" The P.lD. R satisfies condition (3) in the theorem with M = R. 

Recall that even if M itself is a finitely generated R-module. submodules of M 
need not be finitely generated, so the condition that M be a Noetherian R -module is in 
general stronger than the condition that M be a finitely generated R -module. 

We require a result on "linear dependence" before turning to the main results of 
this chapter. 

Proposition 3. Let R be an integral domain and let M be a free R -module of rank 
n < 00. Then any n + 1 elements of M are R-linearly dependent, i.e .• for any 
Y1o)l2 •... , Yn+l e M there are elements 'I, '2 •... , ' n+l e R. not all zero. such that 

'IYI + '2Y2 + ... + 'n+1Yn+l = o. 

Proof: The quickest way of proving this is to embed R in its quotient field F (since 
R is an integral domain) and observe that since M "" RED R E9 ... E9 R (n times) we 
obtain M S; F ED F E9 ... ED F . The latter is an n-dimensional vector space over F so 
any n + I elements of M are F -linearly dependent. By clearing the denominators of the 
scalars (by multiplying through by the product of all the denominators. for example), 
we obtain an R-linear dependence relation among the n + I elements of M. 

Alternatively, let el • ...• en be a basis of the free R-module M and let YI, ... , Yn+1 
be any n + I elements of M. For 1 .:::: i .:::: n + I write Yj = aliei +a2ie2 + ... +anjej in 
tennsofthebasisel. e2 •..• , en. Let A be the (n+ 1) X (n + 1) matrix whosei. j entry 
is Oij, 1 .:::: i .:::: n, 1 .:::: j .:::: n + 1 and whose last row is zero, so certainly detA = O. 
Since R is an integral domain, Corollary 27 of Section 11.4 shows that the columns 
of A are R-linearly dependent. Any dependence relation on the columns of A gives a 
dependence relation on the Yi'S, completing the proof. 

If R is any integral domain and M is any R -module recall that 

Tor(M) = (x e M I 'x = 0 for some nonzero' E R) 
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is a submodule of M (called the torsion submodule of M) and if N is any submodule of 
Tor(M), N is called a torsion submodule of M (so the torsion submodule of M is the 
union of all torsion submodules of M, i.e., is the maximal torsion submodule of M). If 
Tor(M) = 0, the module M is said to be torsion/ree. 

For any submodule N of M, the annihilator of N is the ideal of R defined by 

Ann(N) = {r E R I rn = 0 for all n EN}. 

Note that if N is not a torsion submodule of M then Ann(N) = (0). It is easy to see 
that if N, L are submodules of M with N <::; L, thenAnn(L) <::; Ann(N). If R is aP.I.D. 
and N C L <::; M with Ann(N) = (a) and Ann(L) = (b) , then a I b. In particular, 
the annihilator of any element x of M divides the annihilator of M (this is implied by 
Lagrange's Theorem when R = Z). 

Definition. For any integral domain R the rank of an R-module M is the maximum 
number of R-linearly independent elements of M. 

The preceding proposition slates that for a free R -module M over an integral domain 
the rank of a submodule is bounded by the rank of M. This notion of rank agrees with 
previous uses of the same term. If the ring R = F is a field. then the rank of an 
R -module M is the dimension of M as a vector space over F and any maximal set 
of F -linearly independent elements is a basis for M. For a general integral domain, 
however, an R-module M of rank n need not have a "basis," i.e., need not be afree 
R -module even if M is torsion free, so some care is necessary with the notion of rank, 
particularly with respect to the torsion elements of M. Exercises 1 to 6 and 20 give 
an alternate characterization of the rank and provide some examples of (torsion free) 
R-modules (of rank 1) that are not free. 

The next important result shows that if N is a submodule of a free module of finite 
rank over a P.lD. then N is again a free module of finite rank and furthermore it is 
possible to choose generators for the two modules which are related in a simple way. 

Theorem 4. Let R be a Principal Ideal Domain. let M be a free R -module of finite rank 
n and let N be a submodule of M. Then 

(1) N is free of rank m, m :5. n and 
(2) there exists a basis Yt . Yz , ... • Yn of M so thatalYt. a2Y2, ... , amYm is a basis of 

N whereal, a2, ...• am are nonzero elements of R with the divisibility relations 

at I a2 I ... I am· 

Proof" The theorem is trivial for N = {OJ, so assume N i' {OJ. For each R-module 
homomorphism ({J of Minto R, the image ({J(N) of N is a submodule of R, i.e., an 
ideal in R. Since R is a P.lD. this ideal must be principal, say ({J(N) = (alp)' for some 
alp E R. Let 

:;: = ((a.) I rp E HomR(M, R)) 

be the collection of the principal ideals in R obtained in this way from the R -module 
homomorphisms of Minto R. The collection I: is certainly nonempty since taking ({J 
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to be the trivial homomorphism shows that (0) E E. By Corollary 2, E bas at least 
one maximal element i.e., there is at least one homomOl'phism v of M to R so that the 
principal ideal v(N) = (a, ) is not properly contained in any other element of E. Let 
01 = al' for this maximal element and let yEN be an element mapping to the generator 
01 under the homomorphism v: v(y) = at. 

We now show the element at is nonzero. Let XI, X2, ..• , Xn be any basis ofthe free 
module M and let Hi E HomR(M, R) be the natural projection homomorphism onto 
the;th coordinate with respect to this basis. Since N :f; {O}, there exists an i such that 
7rj (N) ;;/; 0, which in particular shows that E contains more than just the trivial ideal 
(0). Since (al) is a maximal element of E it follows that aJ ::/= O. 

We next show that this element a, divides I'(y) for every I' E HomR(M, R). To 
see this let d be a generator for the principal ideal generated bya, and I'(Y). Then d is a 
divisor ofbothal and cp(y) in R and d = rial + '2CP(Y) for some rl . ' 2 E R. Consider 
the homomorphism !/t = rt v + r21' from M to R. Then !/tty) = (r, v + r21')(y) = 
r,a, + r21'(y) = d so that d E !/t(N), hence also (d) C !/t(N). But d is a divisor of 
a, so we also have (a,) ,; (d). Then (a,) C (d) C !/t(N) and by the maximality of 
(a,) we must have equality: (a,) = (d) = !/t(N). In particular (a,) = (d) shows that 
a, il'(Y) since d divides I'(Y). 

If we apply this to the projection homomorphisms 7ri we see that QI divides 7rj(y) 
for all i. Write lri (y) = QI h j for some hi E R. 1 ::: i .:5 n and define 

" 
YI = Lbix;. 

i_ I 

NotethatalYI = y . Sinceal = v(y) = v(alyj} = al v(yj} andal is a nonzero element 
of the integral domain R this shows 

v(y,) = I. 

We now verify that this element YI can be taken as one element in a basis for M 
and that alYI can be taken as one element in a basis for N. namely that we have 
(a) M = Ry, Ell ker v, and 
(b) N = Ra,y, Ell (N n lrer v). 

To see (a) let x bean arbitrary element in M and write x = V(X)YI + (x - V(X)YI)' 
Since 

v(x - v(x)y,) = v(x) - v(x)v(y,) 
= v (x) - v(x)· I 

. =0 
we see that x - V(X)YI is an element in tbe kernel ofv. This shows that X can be written 
as the sum of an element in RYI and an element in the kernel ofv. so M = RYI +ker v. 
To see that the sum is direct. suppose rYI is also an element in the kernel of v . Then 
0= v(ry,) = rv(y,) = r shows that this element is indeed o. 

For (b) observe that vex') is divisible by at for every x' E N by the definition of al 
as a generator for v(N). If we write vex' ) = hal where bE R then the decomposition 
we used in (a) above is x' = V(X' )YI + (x' - V(X' )YI) = batYl + (x' - halYI) where 
the second summand is in the kernel of v and is an element of N. This shows that 
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N = RatYI + (N n ker 11). The fact that the sum in (b) is direct is a special case of the 
directness of the sum in (a). 

We now prove part (1) of the theorem by induction on the rank. m. of N. If m = O. 
then N is a torsion module. hence N = 0 since a free module is torsion free. so (1) 
holds trivially. Assume then that m > O. Since the sum in (b) above is direct we see 
easily that N n ker 11 has rank m - I (cf. Exercise 3). By induction N n ker 11 is then 
a free R-module of rank In - 1. Again by the directness of the sum in (b) we see that 
adjoining alYJ to any basis of N n kee 11 gives a basis of N. so N is also free (of rank 
m), which proves (\). 

Finally, we prove (2) by induction on n , the rank of M . Applying (\) to the 
submodule kee 11 shows that this submodule is free and because the sum in (a) is direct 
it is free of rank n - 1. By the induction assumption applied to the moduleker 11 (which 
plays the role of M) and its submodule ker v n N (which plays the role of N), we see 
that there is a basis }'2. Y3, ... , Yn of kee 11 such that a2Y2 , a3Y3 • ... , amYm is a basis of 
N n ker 11 for some elements a2. a3, ...• am of R with liz I a3 I ... I am. Since the 
sums (a) and (b) are direct. YJ, Yz, ... , Yn is a basis of M and "tYI, az}'2 • ... , amYm is 
a basis of N. To complete the induction it remains to show that 0, divides az. Define 
a homomorphism", from M to R by defining ",(y ,) = ",(y,) = \ and ",(y,) = 0, for 
all i > 2, on the basis for M. Then for this homomorphism cp we have al = cp (atY,) 
so at E cp(N) hence also (at) C cp(N). By the maxirnality of (at ) in E it foUows that 
(a,) = ",(N). Since a, = ",(a,Y2) E ",(N) we then have a, E (a ,) i.e., a, I a,. This 
completes the proof of the theorem. 

Recall that the left R-module C is a cyclic R -module (for any ring R, not necessarily 
conunutative nor with 1) if there is an element x E C such that C = Rx. We can then 
define an R-rnodule homomorphism 

7r:R -+C 

by ]fer ) = rx. which will be surjective by the assumption C = Rx. The First Isomor-
phism Theorem gives an isomorphism of (left) R-modules 

Riker" - C. 
If R is a P.lD., ker Jr is a principal ideal, (ll). so we see that the cyclic R-modules 

Care of the form R ita) where (a) = Ann(C). 
The cyclic modules are the simplest modules (since they require only one generator). 

The existence portion of the Fundamental Theorem states that any finitely generated 
module over a P.lD. is isomorphic to the direct sum of finitely many cyclic modules. 

Theorem S. (Fundamental Theorem, Existence: Invariant Factor Forni) Let R be a 
P.l.D. and let M be a finitely generated R-module. 

(1) Then M is isomOlphic to the direct swn of finitely many cyclic modules. More 
precisely. 
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M ::: R' $ Ri(a, ) $ Ri(a,) $ .. . $ Ri(am ) 

for some integer r 2: Oand nonzero elements at. a2 , ... , Om of R which are not 
units in R and which satisfy the divisibility relations 

0, 102 I ... 1 am· 
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(2) M is torsion free if and only if M is free. 
(3) In the decomposition in (1), 

Tor(M) R I (a,) ffi R I (a,) fJJ .•. ffi R I (am)· 

In particular M is a torsion module if and only if r = 0 and in this case the 
annihilator of M is the ideal (am). 

Proof" The module M can be generated by a finite set of elements by assumption 
so let XI, X2, ..•• X" be a set of generators of M of minimal cardinality. Let R" be 
the free R-module of rank n with basis bl , •.. .• bn and define the homomorphism 
rr : Rf1 -+ M by defining rr(bj ) = Xi for all i. which is automatically surjective 
since XI ••..• Xn generate M . By the FIrst Isomorphism Theorem for modules we have 
Rn I kee rr ::: M. Now, by Theorem 4 applied to R" and the submodule ker 1l we can 
choose another basis YI. Yl •...• Yf1 of Rf1 so that aIYI. a2Y2, .. . • amYm is a basis of 
kerrr for some elements (II , a2, ... , am of R with al 102 I . " I am. This implies 

M R" Ike", = (Ry, ffi Ry, ffi · ·· fJJ Ry")/ (Ra, y, ffi Ra2Y2 fJJ··· ffi RamYm )· 

To identify the quotient on the right hand side we use the natural surjective R-module 
homomorphism 

that maps (aIYI • .••• anYn) to (a l mod (a t). ···, am mod (am), a m+1 •.•• , a ,.) . The 
kernel of this map is clearly the set of elements where aj divides aj, i = 1. 2, ... , m, 
i.e., RalYl 6) Ra2Yl E9 .. ' 6) ROmYm (cf. Exercise 7). Hence we obtain 

If a is a unil in R then R I (a ) = 0, so in this direct sum we may remove any of the 
initial aj which are units. This gives the decomposition in (1) (with r = n - m). 

Since RI(a) is a torsion R-module for any nonzero element a of R, (l)immediarely 
implies M is a torsion free module jf and only if M '" Rr. which is (2). Part (3) is 
inunediate from the definitions since the annihilator of R I (a ) is evidently the ideal (a). 

We shall shortly prove the uniqueness of the decomposition in 'Theorem 5, namely 
that if we have 

for some integer r' ::: 0 and nonzero hi . b2 • . .. , b,n' of R which are DOt units 
with 

h , , I>, , ... , hm" 

thenr = r' ,m = m' and (oJ) = (bi ) (so OJ = b j up to units) foralli. It is precisely the 
divisibility condition al I (12 I .. . I am which gives this uniqueness. 
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Definition. The integer r in Theorem 5 is called the free rank or the Betti number of 
M and the elements al. a2 • ...• am E R (defined up to multiplication by units in R) are 
called the invariant factors of M. 

Note that until we have proved that the invariant factors of M are unique we should 
properly refer to a set of invariant factors for M (and similarly for the free rank), by 
which we mean any elements giving a decomposition for M as in (1) of the theorem 
above. 

Using the Chinese Remainder Theorem it is possible to decompose the cyclic 
modules in Theorem 5 further so that M is the direct sum of cyclic modules whose 
annihilators are as simple as possible (namely (0) or generated by powers of primes in 
R). This gives an alternate decomposition which we shall also see is unique and which 
we now describe. 

Suppose a is a nonzero element of the Principal Ideal Domain R. Then since R is 
also a Unique Factorization Domain we can write 

a, a2 a. 
a=uPI P2 ···Ps 

where the Pi are distinct primes in R and u is a unit. This factorization is unique 
up to units, so the ideals i = 1 •... , s are uniquely defined. For i f:: j we 
have + (p?) = R since the sum of these two ideals is generated by a greatest 
common divisor, which is 1 for distinct primes Pi, Pj. Put another way, the ideals 

i = I •... , s, are comaximal in pairs. The intersection of all these ideals is the 
ideal (a) since a is the least common multiple of pf' , ..... Then the Chinese 
Remainder Theorem ('Theorem 7.17) shows that 

R/(a) $ R/(p;') $ ... $ 

rings and also as R-modules. 
Applying this to the modules in Theorem 5 allows us to write each of the direct 

summands R / (aj) for the invariant factor ai of M as a direct sum of cyclic modules 
whose annihilators are the prime power divisors of aj. This proves: 

Theorem 6. (Fundamental Theorem. Existence: Elementary Divisor Form) Let R be a 
P.LD. and let M be a finitely generated R-module. Then M is the direct sum of a finite 
number of cyclic modules whose arullhilators are either (0) or generated by powers of 
primes in R, i.e., 

h 0 ·· d a, a, W ere r IS an mteger an PI •... , PI are positive powers of (not necessarily 
distinct) primes in R. 

We proved Theorem 6 by using the prime power factors of the invariant factors for 
M. In fact we shall see that the decomposition of M into a direct sum of cyclic modules 
whose annihilators are (0) or prime powers as in Theorem 6 is unique, i.e., the integer 
r and the ideals ... , are uniquely defined for M. These prime powers are 
gIVen a name: 
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Definition. Let R be a P.l.D. and let M be a finitely generated R-module as in Theo-
rem 6. The prime powers • ... , (defined up to multiplication by units in R) are 
called the eieme1llary divisors of M. 

Suppose M is a finitely generated torsion module over the Principal Ideal Domain 
R. If for the distillcl primes PI . P2 • . ..• Pn occurring in the decomposition in Theorem 6 
we group together all the cyclic factors corresponding to the same prime pj we see in 
particular that M can be written as a direct sum 

M = N, Ell N, Ell " " " Ell N. 
where N j consists of all the elements of M which are annihilated by some power of 
the prime Pi. This result holds also for modules over R which may not be finitely 
generated: 

Theorem 7. (The Primary Decompositioll Theorem) Let R be a P.l.D. and let M be a 
nonzero torsion R-module (nol necessarily finitely generated) with nonzero annihilator 
a. Suppose the factorization of a into distinct prime powers in R is 

a, Ul a" a = UPI P2 ... Pn 

and let N/ = {x E M I = O}, I i :::: II. Then Ni is a submodule of M with 
annihilator and is the submodule of M of all elements annihilated by some power 
of Pi. We have 

M = N, Ell N, Ell "" "Ell No" 
If M is finitely generated then each Ni is the direct sum of finitely many cyclic modules 
whose annihilators are divisors of . 

Proof We have already proved these results in the case where M is finitely gener-
ated over R. In the general case it is clear that Nj is a submodule of M with annihilator 
dividing Since R is a P.I.D. the ideals and (p?> are comaximal for j "# j . so 
the direct sum decomposition of M can be proved easily by modifying the argument in 
the proof of the Chinese Remainder Theorem to apply it to modules. Using this direct 
sum decomposition it is easy to see that the annihilator of N, is precisely . 

DefinitiolL The submodule Ni in the previous theorem is called the pi -primary com· 
p01lent of M. 

Notice that with this tenninology the elementary divisors of a finitely generated 
module M are just the invariant factors of the primary components of Tor(M) . 

We now prove the uniqueness statements regarding the decompositions in the Fun-
damenta1 Theorem. 

Note that if M is any mooule over a commutative ring R and a is an element of R 
then aM = {am I m E M} is a submodule of M . Recall also that in a Principal Ideal 
Domain R the nonzero prime ideals are maximal. hence the quotient of R by a nonzero 
prime ideal is a field. 
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Lemma 8. Let R he a P.I.D. and let p he a prime in R. Let F denote the field R/(p). 
(1) Let M = R'. Then M / pM - F. 
(2) Let M = R / (0) where a is a nonzero element of R. Then 

I
F ifpdividesa in R 

M M::: 
/ p 0 if P does not divide a in R. 

(3) Let M = R / (a,) til R / (a, ) til ... til R / (a,) where each a; is divisible by p. 
TbenM/pM - F'. 

Proof: (I) There is a natural map from R' to (R/(p))' defined by mapping 
(a .. ... . a,) to (al mod (p) •... , a, mod (p)). This is clearly a smjective R-module 
homomorphism with kernel consisting of the r-tuples all of whose coordinates are 
divisible by p, i.e., pR', so R' / pR' - (R/(p»" which is (1). 

(2) This follows from the Isomorphism Theorems: note first that p(R/(a)) is the 
image of the ideal (p) in thequotientR/(a) , hence is (p)+(a)/(a). The ideal (p)+(a) 
is generated by a greatest common divisor of p and a, hence is (p) if P divides a and is 
R = (1) otherwise. Hence pM = (p)/(a) if p divides a and is R/(a) = M otherwise. 
If p divides a then M / pM = (R/(a»/«p)/(a)) ::: R/(p), and if p does not divide 
a theD M / pM = M / M = 0, which proves (2). 

(3) This follows from (2) as in the proof of part (I) of Theorem 5. 

Theorem 9. (Fundamental Theorem .. Uniqueness) Let R be a P.I.D. 
(1) Two finitely generated R-modules M, and M, are isomorphic if and only if they 

have the same free rank and the same list of invariant factors. 
(2) 1\vo finitely generated R -modules M I and M 2 are isomorphic if and only if they 

have the same free rank and the same list of elementary divisors. 

Proof" If M, and M2 have the same free rank and list of invariant factors or the 
same free rank and list of elementary divisors then they are clearly isomorphic. 

Suppose that MI and M2 are isomorphic. Any isomorphism between MJ and M2 
maps the torsion in MI to the torsion in M2 so we musthaveTor(Ml) ,..." Tor(M2). Then 
Rr, :::: Ml/Tor(Ml) :::: M2/Tor(M2) '" Rrl where rl is the free rank of Ml and r2 is 
the free rank of M2. Let p be any nonzero prime in R. Then from R" ,..... RI'J we obtain 
R'1 / pRr, '" RT'J. / pRr

2. By(l) of the previous lemma, this implies F" '""" FI'J. where F 
is the field R/ pRo Hence we have an isomorphism of an rt-dimensional vector space 
over F with an r2-dimensional vector space over F , so that rl = r2 and Ml and M2 
have the same free rank. 

We are reduced to showing that Ml and M2 have the same lists of invariant factors 
and elementary divisors. To do this we need only work with the isomorphic torsion 
modules Tor(M,) DOd Tor(M,), i.e .• we may as well assume that both M, and M, are 
torsion R-modules. 

We first show they have the same elementary divisors. It suffices to show that for 
any fixed prime p the elementary divisors which are a power of p are the same for 
both M, and M,. If M, - M, then the p-primary submodule of M, ( = the direct 
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sum of the cyclic factors whose elementary divisors are powers of p) is isomorphic to 
the p-primary submodule of M2. since these are the submodules of elements which are 
annihilated by some power of p. We are therefore reduced to the case of proving that 
if two modules M) and M2 which have annihilator a power of p are isomorphic then 
they have the same elementary divisors. 

We proceed by induction on the power of p in the annihilator of MI (which is the 
same as the annihilator of M2 since MI and M2 are isomorphic). If this power is 0, 
then both M) and M2 are 0 and we are done. Otherwise M) (and M2) have nontrivial 
elementary divisors. Suppose the elementary divisors of M) are given by 

elementary divisors of Ml: p, p, ... , p • p QI, pQ2, ...• pQ>, 
• J 

m ""'" 

where 2 al a2 :s .. -:s as, i.e .• M) is the direct sum of cyclic modules with gen-
erators X" X2, _", Xm • Xm+l. __ _ • Xm+.!', say, whose annihilators are (P), (P). ___ • (p). 
(pQI) •...• (pt. ). respectively. Then the submodule pM I has elementary divisors 

elementary divisors of pM,: p QI - I, p Ql -l. __ .• pR.- 1 

since pMI is the direct sum of the cyclic modules with generators px, . PX2. _ •• , PXm• 
PXm+l ,. __ , pXm+s whose annihilators are (1), 0), ... , (1). (pQI - I), ... , (pQ.- l), re-
spectively. Similarly, if the eJementary divisors of M2 are given by 

elementary divisors of M2 : P. p • ... , p , _ .. • pfll, 
• J 

where 2 PI :s fh :s ... :s P" then pM2 has elementary divisors 

I tary <Ii . f M p,-I p,- , _1\ - 1 eemen VISOrsO p 2: p , p . _. _, p--. 

Since MI "'" M2• also pMI ......, pM2 and the power of p in the annihilator of pMI is 
one less than the power of p in the annihilator of M). By induction, the elementary 
divisors for pMI are the same as the elementary divisors for pM2' i.e. , s = t and 
aj - 1 = Pi - 1 for; = 1,2. __ .• s, hence aj = Pi for; = 1.2. __ .• s_ FinaUy, since 
also MI / pM) :::::: M2/ pM2 we see from (3) of the lemma above that F m+s ......, F tI+t. 
which shows that m + s = n + 1 hence m = n since we have already seen s = t . This 
proves that the set of elementary divisors for M I is the same as the set of elementary 
divisors for M2 _ 

We now show that Ml and M2 must have the same invariant factors. Suppose 
a1 I a2 I ... I am are invariant factors for MI· We obtain a set of elementary divisors for 
M) by taking the prime power factors of these elements. Note that then the divisibility 
relations 00 the invariant factors imply that am is the product of the largest of the prime 
powers among these elementary divisors. am_ l is the product of the largest prime powers 
among these elementary divisors once the factors for am have been removed. and so 
on_ If hi I b2 I _.. I btl are invariant factors for M2 then we similarly obtain a set of 
elementary divisors for M2 by taking the prime power factors of these elements. But we 
showed above that the elementary divisors for M I and M2 are the same, and it follows 
that the same is true of the invariant factors. 
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Corollary 10. Let R be a P.l.D. and let M be a finitely generated R-module. 
(1) The elementary divisors of M are the prime power factors of the invariant factors 

ofM. 
(2) The largest invariant factor of M is the product of the largest of the distinct prime 

powers among the elementary divisors of M. the next largest invariant factor 
is the product of the largest of the distinct prime powers among the remaining 
elementary divisors of M. and so on. 

Proof' The procedure in (I) gives a set of elementary divisors and since the ele-
mentary divisors for M are unique by the theorem, it follows that the procedure in (I) 
gives the set of elementary divisors. Similarly for (2). 

Corollary 11. (The Fundamental Theorem of Finitely GeneraJedAbelian Groups) See 
Theorem 5.3 and Theorem 5.5. 

Proof Take R = Z in Theorems 5, 6 and 9 (note however that the invariant factors 
are listed in reverse order in Chapter 5 for computational convenience). 

The procedure for passing between elementary divisors and invariant factors in 
Corollary lOis described in some detail in Chapter 5 in the case of finitely generated 
abelian groups. 

Note also that if a finitely generated module M is written as a direct sum of cyclic 
modules of the form R/(a) then the ideals (a) which occur are not in general unique 
unless some additional conditions are imposed (such as the divisibility condition for 
the invariant factors or the condition that a be the power of a prime in the case of the 
elementary divisors). To decide whether two modules are isomorphic it is necessary to 
first write them in such a standard (or canonical) form. 

EXERCISES 

1. Let M be a module over the integral domain R. 
(a) Suppose x is a nonzero torsion elemellt in M. Show that x and 0 are "linearly 

dependent." Conclude that the rank of Tor{M) is 0, so that in particular any torsion 
R-module has rank O. 

(b) Show that the rank of M is the same as the rank of the (torsion free) quotientM{forM. 
2. Let M be a module over the integral domain R. 

(8) Suppose that M has rank n and that Xl, X2, ..• , Xn is any maximal set of linearly 
independent elements of M. Let N = R Xl + ... + R Xn be the submodule generated 
by Xl, X2 • ... ,Xn . Prove that N is isomorphic to Rn and that the quotient MIN is a 
torsion R-module (equivalently, the elements Xl •...• Xn are linearly independent and 
for any Y E M there is a nonzero element r E R sllch thatry can be written as a linear 
combination rtXl + ... + rnXn ofthexj). 

(b) Prove conversely that if M contains a submodule N that is free of rank 11 (i.e., N ;;:; 
Rn) such that the quotient MIN is a torsion R-module then M has rank n. [Let 
Yl,)'2, ... , Yn+l be any n + 1 elements of M. Use the fact that MIN is torsion 
to write n Yi as a linear combination of a basis for N for some nonzero e1ements 
rt • ...• rn+l of R. Use an argument as in the proof of Proposition 3 to see that the 
riYi. and hence also the Yi. are linearly dependent.] 
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3. Let R be an integral domain and let A and B be R·moduJes of ranks m and n, respectively. 
Prove that the rank of A e B is m + n. [Use the previous exercise.] 

4. Let R be an integral domain, let M be an R-module and let N be a submodule of M. 
Suppose M has rank n, N has rank r and the quotient MIN has rank s. Prove that 
n = r + s. [Let XI, X2 • ..•• X.I· be e1ements of M who;e images in MIN are a maximal 
set of independent elements and letxs+ l . X.f+2, ... ,Xs+r be a maximal set ofindepcndent 
elements in N. Prove that X I . X2, .•.• x,,+r are linearly independent in M and that for any 
element Y E M lhere is a nonzero element r E R such that ry is a linear combination of 
these elements. Then use Exercise 2.] 

5. Let R = Z [x] and let M = (2, x) be the ideal generated by 2 and x, considered as 
a submodule of R. Show that {2.x} is nOl a basis of M. (Find a nootrivial R-Iinear 
dependence between these two elements.] Show that the rank of M is I but that M is not 
free of rank J (cf. Exercise 2). 

6. Show lhat if R is an integral domain and M is any nonprincipal ideal of R then M is torsion 
free of rank I but is not a free R-module. 

7. Let R be any ring, let AI. A2 •... , Am be R· modules and let Bj be a submodule of Aj, 
I .:::: i .:::: m. Prove that 

(A, m A, m·· · mAm)/(B, m B, m··· m Bm) ;;, (A,/B,) m (A,/B,) m··· m (Am/Bm). 

8. Let R be a P.lD., let B be a torsioo R-module and let p be a prime in R. Prove that if 
pb = 0 for some nonzero be B. then Ann(B) (p). 

9. Give an example of an integral domain R and a nonzero torsion R-module M such that 
Ann(M) = O. Prove that if N is a finitely gcnerated torsion R-module then Ann(N} -:;:. O. 

10. For p a prime in the P.LD. Rand N an R-module prove that the p-primary component of 
N is a submodule of N and prove that N is the direct sum of its p-primary components 
(there need not be finitely many of them). 

11. Let R be a P.lD., let 0 be a nonzero e1ement of R and let M = R/ (0). ror any prime p 
of R prove that 

where n is the poo.ver of p dividing a in R. 
12. Let R be a P.lD. and let p be a prime in R. 

if k .:::: n 

ifk > n, 

(a) Let M be a finitely generated torsion R·module. Use the previous exercise to prove that 
pk- I M / pkM where F is the field R/(p) andnk is the numberofelcmentary 
divisors of M which are powers [P with ex ::! k. 

(b) Suppose MI and M2 are isomorphic finitely generated torsioo R-modules. Use (a) to 
prove that. for every Ie ::! 0, M I and M2 have the same number of elementary divisors 
p" with a ::! k. Prove that this implies MI and M2 have the same set of elementary 
divisors. 

13. If M is a finitely generated module over the P.l.D. R, describe the structure of M jTbr(M). 
14. Let R be a P.I.D. and let M be a torsion R-module. Prove that M is irreducible (cf. 

Exercises 9 to 11 of Section to.3) if and only if M = Rm for any nonzero element m E M 
where the annihilator of m is a nonzero prime ideal (p). 

15. Prove that if R is a Noetherian ring then Rn is a Noetherian R·modulc. [Fix a basis o f fl'l. 
If M is a submodule of R I1 show that the collection of first coordinates of elements of M 
is a sub module of R hence is finitely generated. Let ml , m2, ... ,mk be elements of M 
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whose first coordinates generate this submodule of R. Show that any element of M can be 
written as an R-linear combination of Inl, In2, ... , Ink plus an element of M whose first 
coordinate is O. Prove Lhat M n Rn- 1 is a submodule of R n- I where R n- 1 is the set of 
elements of R n with first coordinate 0 and then use induction on n. 

The following set of exercises outlines a proof of Theorem 5 in the special case where R is 
a Euclidean Domain using a matrix argument involving row and column operations. This 
applies in particular to the cases R = Z and R = F[x] of interest in the applications and is 
computationally useful. 

Let R be a Euclidean Domain and let M be an R-module. 

16. Prove that M is finitely generated if and only if there is a surjective R-homomorphism 
(jJ : Rn __ M for some integer n (thls is true for any ring R). 

Suppose (jJ : R n -+ M is a surjective R-module homomorphism. By Exercise 15, kercp is 
finitely generated. If XI, X2 , .. • ,Xn is a basis for R n and )'1, ... ,)'m are generators for kercp 
we have 

with coefficients aU E R. It follows that the homomorphism q; (hence the module structure of 
M) is detennined by the choice of generators for Rn and the matrix A = (aU). Such a matrix 
A will be called a relations matrix. 

17. (a) Show that interchanging Xi and Xj in the basis for Rn interchanges the;th column 
with the /h column in the corresponding relations matrix. 

(b) Show that, for any a E R, replacing the element Xj by Xj - axi in the basis for R n 
gives another basis for Rn and that the corresponding relations matrix for this basis 
is the same as the original relations matrix except that a times the jth column has 
been added to the ;th column. [Note that··· +ajx j + ... +ajxj + ... = ... + (aj + 
aaj )xi + .. . +aj(xj - axil + .. . . J 

18. (a) Show that interchanging the generators)'i and Yj interchanges the;th row with the jth 
row in the relations matrix. 

(b) Show that, for any a E R, replacing the element )'j by Yj - aYi gives another set 
of generators for ker cp and that the corresponding relations matrix for this choice of 
generators is the same as the original relations matrix except that -a times the jth row 
has been added to the jth row. 

19. By the previous two exercises we may perfonn elementary row and column operations on 
a given relations matrix. by choosing different generators for Rn and.ker cp. If all relation 
matrices are the zero matrix then ker(jJ = o and M =- Rn. Otherwise letal be the (nonzero) 
g.c.d. (recall R is a Euclidean Domain) of all the entries in a fixed initial relations matrix. 
for M. 

470 

(a) Prove that by elementary row and column operations we may assume al occurs in a 
relations matrix of the fonn 

am2 

whereal divides aU ' i = 1.2 .... , m, j = 1, 2, ... ,11. 
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(b) Prove that there is a relations matrix of the fonn 

where al divides all the entries. 

o 
"22 ±) 

(e) Let az be a g.c.d. of all the entries ex.cept the element Q1 in the relations matrix in (b). 
Prove that there is a relations matrix of the fonn 

al 0 0 0 
o a:z 0 0 
o 0 a33 Q)n 

o 0 a m3 amn 
where al divides a2 and a2 divides aU the other entries of the matrix. 

(d) Prove that there is a relations matrix of the fonn where D is a diagonal 

matrix with nonzero entries ai, az , .... ak, k n, satisfying 

a1 I a2 I ... 10k. 

Conclude that 

If n is not the minimal number of generators required for M then some of the initial 
elements ai, az, '" above win be units, so the corresponding direct summands above will be 
O. If we remove these irrelevant factors we have produced the invariant factors of the module 
M. Further. the image of the new generators for Rn corre.."ponding to the direct summand.;, 
aoove will then be a set of R-generators for the cyclic submodules of M in it" invariant factor 
decomposition (note that the image in M of lhe generators corresponding to factors with aj a 
unit will be 0). The column operations performed in the relation'i matrix reduction correspond 
to changing the basis used for Rn as described In Ex.ercise 17: 
(a) Interchanging the jth column with the ph column corresponds to interchanging the jth and 

jth element" in the basis for Rn. 
(b) For any a E R, adding a times the jth column to the jth column corresponds to subtracting 

a times the ;th basis element from the jth basis element. 
Keeping track of the column operatioo." performed and changing the initial choice of generators 
for M in the same way therefore gives a set of R-generators for the cyclic submodules of M in 
its invariant factor decomposition. 

This process is quite fast computational1y once an initial set of generators for M and initial 
relation'i matrix are determined. The element al is detennired using the Euclidean Algorithm 
as the g.c.d. of the elements in the initial relations matrix:. Using the row and column operations 
we can obtain the appropriate linear combination of the entries to prodoce this g.c.d. in the 
(1,1 )-position of a new relations matrix. One then subtract.;; the appropriate multiple of the first 
column and first row to obtain a matrix. as in Exercise 19(b), then iterates this process. Some 
examples of this procedure in a special case are given at the end of the following section. 

20. Let R be an integral domain with quotient field F and let M be any R-module. Prove that 
the rank of M equals the dimension of the vector space F ® R Mover F. 
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21. Prove that a finitely generated module over a P.I.D. is projective if and only if it is free. 
22. Let R be a P.lD. that is not a field. Prove that no finitely generated R-moduJe is injective. 

[Use Exercise 4, Section 10.5 to consider torsion and free modules separately. J 

12.2 THE RATIONAL CANONICAL FORM 

We now apply our results On finitely generated modules in the special case where the 
P.I.D. is the ring F[x] of polynomials in x with coefficients in a field F. 

Let V be a finite dimensional vector space over F of dimension n and let T be 
a fixed linear transformation of V (i.e., from V to itself). As we saw in Chapter 10 
we can consider V as an F[x]-module where the element x acts on V as the linear 
transformation T (and so any polynomial in x acts on V as the same polynomial in 
T). Since V has finite dimension over F by assumption, it is by definition finitely 
generated as an F-module, hence certainly finitely generated as an F[x]-module, so 
the classification theorems of the preceding section apply. 

Any nonzero free F[x]-moduJe (being isomorphic to a direct sum of copies of 
F[xD is an infinite dimensional vector space over F, so if V has finite dimension over 
F then it must in fact be a torsion F[x]-module (i.e. , its free rank is 0). It follows from 
the Fundamental Theorem that then V is isomorphic as an F[x ]-module to the direct 
sum of cyclic, torsion F[x]-modules. We shall see that this decomposition of V will 
allow us to choose a basis for V with respect to which the matrix representation for 
the linear transfonnation T is in a specific simple form. When we use the invariant 
factor decomposition of V we obtain the rational canonical/oml for the matrix for T, 
which we analyze in this section. When we use the elementary divisor decomposition 
(and when F contains all the eigenvalues of T) we obtain the Jordan canonical/oml, 
considered in the following section and mentioned earlier as the matrix representing T 
which is as close to being a diagonal matrix as possible. The uniqueness portion of the 
Fundamental Theorem ensures that the rational and Jordan canonical forms are unique 
(which is why they are referred to as canonical). 

One important use of these canonical forms is to classify the distinct linear trans-
formations of V. In particular they allow us to detennine when two matrices represent 
the same linear transformation, i.e., when two given n x n matrices are similar. 

Note that this will be another instance where the structure of the space being acted 
upon (the invariant factor decomposition of V for example) is used to obtain significant 
information on the algebraic objects (in this case the linear transformations) which 
are acting. This will be considered in the case of groups acting on vector spaces in 
Chapter 18 (and goes under the name of Representation Theory of Groups). 

Before describing the rational canonical form in detail we first introduce some 
linear algebra. 

Definition. 
(1) An element).. of F is called an eigenvalue of the linear transformation T if there 

is a nonzero vector v E V such that T (v) = ).. v. In this situation v is called an 
eigenvector of T with corresponding eigenvalue A. 
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(2) If A is an n x n matrix with coefficients in F. an element A is caned an eigenvalue 
of A with corresponding eigenvector v if v is a nonzero n x I column vector 
such that Av = AV. 

(3) If 1. is an eigenvalue of the linear transfonnation T. the set {v E V I T(v) =1.v} 
is caned the eigenspace of T corresponding to the eigenvalue A. Similarly, if A 
is an eigenvalue of the n x n matrix A, the set of n x 1 matrices v with A v = A v 
is caned the eigenspace of A corresponding to the eigenvalue A. 

Note that if we fix a basis B of V then any linear transfonnation T of V has an 
associated n x n matrix A. Conversely, if A is any n x n matrix then the map T defined 
by T(v) = Av for v € V, where the v on the right is the n x I vector consisting of 
the coordinates of v with respect to the fixed basis B of V, is a linear transfonnation 
of V. Then v is an eigenvector of T with corresponding eigenvalue A if and only if 
the coordinate vector of v with respect to B is an eigenvector of A with eigenvalue 
A. In other words, the eigenvalues for the linear transfonnation T are the same as the 
eigenvalues for the matrix A of T with respect to any fixed basis for V. 

Definition. 1be detenninant of a linear transformation from V to V is the determinant 
of any matrix representing the linear transfonnation (note that this does not depend on 
the choice of the basis used). 

Proposition 12. 1be following are equivalent: 
(1) 1. is an eigenvalue of T 
(2) AI - T is a singular linear transfonnation of V 
(3) det(A/ - T) = O. 

Proof: Since A is an eigenvalue of T with corresponding eigenvector v if and only 
if v is a nonzero vector in the kernel of AI - T, it follows that (1) and (2) are equivalent. 

(2) and (3) are equivalent by our results on detenninants. 

Definition. Let x be an indetenninate over F. The polynomial det(xI - T) is called 
the characteristic polynomial of T and will be denoted CT (X). If A is an n x n matrix 
with coefficients in F, det(xI - A) is called the characteristic polynomial of A and 
will be denoted c,,(x). 

It is easy to see by expanding the determinant that the characteristic polynomial 
of either T or A is a monic polynomial of degree n = dim V. Proposition 12 says 
that the set of eigenvalues of T (or A) is precisely the set of roots of the characteristic 
polynomial ofT (of A, respectively). In particular, T has at most n distinct eigenvalues. 

We have seen that V considered as a module over F[x] via the linear transformation 
Tis a torsion Flx]-module. Letm(x) E FIx] be the unique monic polynomialgenerat-
iog the annihilator of V in F[x]. Equivalently, m(x) is the unique monic polynomia1 of 
minimal degree annihilating V (i.e., such that meT) is the 0 linear transfonnation). and 
if !(x) E FIx] is any polynomial annihilating V. m(x) divides !(xl. Since the ring of 
aU n x n matrices over F is isomorphic to the collection of all linear transfonnations of 
V to itself (an isomorphism is obtained by choosing a basis for V), it follows that for 
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any n x n matrix A over F there is similarly a unique monic polynomial of minimal 
degree with meA) the zero matrix. 

Definition. The unique monic polynomial which generates the ideal Ann(V) in F[x] 
is called the minimal polynomial of T and will be denoted mr(x). The unique monic 
polynomial of smallest degree which when evaluated at the matrix A is the zero matrix 
is called the minimal polynomial of A and will be denoted mA(x). 

It is easy to see (cf. Exercise 5) that the degrees of these minimal polynomials are 
at most n2 where n is the dimension of V. We shall shortly prove that the minimal 
polynomial for T is a divisor of the characteristic polynomial for T (this is the Cayley-
Hamilton Theorem) , and similarly for A, so in fact the degrees ofthese polynomials are 
at most n. 

We now describe the rational canonical fonn of the linear transfonnation T (re-
spectively, of the n x n matrix A). By Theorem 5 we have an isomorphism 

V F[x]/(al(x)) (I) F[x]/(a,(x)) (I) ... (I) F[x]/(am(x» (12.1) 
of F[x]-modules where al (x), a,(x), ... , am (x) are polynomials in F[x] of degree at 
least one with the divisibility conditions 

al(x) I a,(x) I ... I am(x). 
These invariant factors ai(x) are only determined up to a lIDit in F[x] but since the units 
of F[x] are precisely the nonzero elements of F (i.e., the nonzero constant polynomials), 
we may make these polynomials unique by stipulating that they be monic. 

Since the annihilator of V is the ideal (am (x» (part (3) of Theorem 5), we imme-
diatelyobtain: 

Proposition 13. The minimal polynomial m r (x) is the largest imtariant factor of V. 
All the invariant factors of V divide mr (x). 

We shall see below how to calculate not only the minimal polynomial for T but 
also the other invariant factors. 

We now choose a basis for each of the direct summands for V in the decomposition 
(1) above for which the matrix for T is quite simple. Recall that the linear transfonnation 
T acting on the left side of (1) is the element x acting by multiplication on each of the 
factors on the right side of the isomorphism in (I). 

We have seen in the example following Proposition 1 of Chapter 11 that the elements 
1,;, ;2, ... , i k- I give a basis for the vector space F[x]/(a(x» where a(x) = Xk + 
bk_lX k- 1 +··.+b)x+boisany monic polynomial in F[x] andi = x mod (a(x». With 
respect to this basis the linear transfonnation of multiplication by x acts in a simple 
manner: 

x 

i k- 2 1-+ i k- I 

- k- I -k b b - b -k-I X 1-+ X = - 0 - IX - •. ' - k_IX 
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where the last equality is becausexk +bk_1xk- 1 + .. ·+b,x +bo = 0 sinceo(x) = Oin 
F[x]/ (o(x». With respect to this basis, the matrix for multiplication by x is therefore 

o 0 
I 0 
o I 

o 0 

o 0 
Such matrices are given a name: 

Definition. LeI a (x) = x" + ht_IX'-1 + ... + blx + bo be any monic polynomial 
in F[x]. The companion matrix of a(x) is the k x k matrix with I's down the first 
subdiagonal, - bo, - ht , .•• , -bk _ 1 down the last column and zeros elsewhere. The 
companion matrix of a(x) will be denoted by CalX)' 

We apply this to each of the cyclic modules on the right side of (1) above and let 
Bi be the elements of V corresponding to the basis chosen above for the cyclic factor 
F[x]/ (0; (x» under the isomorphism in (1). Then by definition the linear transformation 
T acts on Bi by the companion matrix for o;(x) since we have seen that this is how 
mUltiplication by x acts. The union B of the Bi'S gives a basis for V since the sum on 
the right of (1) is direct and with respect to this basis the linear transfonnation T has as 
matrix the direct sum of the companion matrices for the invariant factors, i.e., 

(

CadX) 

Caz(x) 

camJ· 
(12.2) 

Notice that this matrix is uniquely determined from the invariant factors ofthe F[x]-
module V and. by Theorem 9, the list of invariant factors uniquely detennines the 
module V up to isomorphism as an F[x]-module. 

Definition. 
(1) A matrix is said to be in rational canonical form if it is the direct sum of 

companion matrices for monic polynomials at (x) • ... , am (x) of degree at least 
one with al(x) I a,(x) I ... I am(x). The polynomials a,(x) are called the 
iIWarumt factors of the matrix.. Such a matrix is also said to be a block diagonal 
matrix with blocks the companion matrices for the aj(x). 

(2) A rational canonical fonn for a linear transformation T is a matrix representing 
T which is in rational canonical fonn. 

We have seen that any linear transfonnation T has a rational canonical fonn. We 
now see that this rational canonical fonn is unique (hence is called the rational canonical 
fonn for T). To see this note that the process we used to detennine the matrix of T 
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from the direct sum decomposition is reversible. Suppose b.(x), ... , bt(x) are 
monic polynomials in F[x] of degree at least one such that bj(x) I bj+1 (x) for all i and 
suppose for some basis £ of V, that the matrix of T with respect to the basis c is the 
direct sum of the companion matrices of the bj(x). Then V must be a direct sum of 
T -stable subspaces Dj, one for each bj (x ) in such a way that the matrix of T on each D j 

is the companion matrix of bdx). Let £j be the corresponding (ordered) basis of D j (so 
£ is the uruon of the £j) and let ej be the first basis element in Cj. Then it is easy to see 
that D j is a cyclic F[x ]-module with generator ej and that the annihilator of D j is bj(x ). 
Thus the torsion F[x]-module V decomposes into a direct sum of cyclic F[x]-modules 
in two ways, both of which satisfy the conditions of Theorem 5, i.e., both of which give 
lists of invariant factors. Since the invariant factors are unique by Theorem 9, aj(x ) 
and bj(x) must differ by a unit factor in F[x] and since the polynomials are monic by 
assumption, we must have aj(x) = bj(x) for all i. This proves the following result: 

Theorem 14. (Rational Canonical Fonnfor linear Trans/onnations) Let V be a finite 
dimensional vector space over the field F and let T be a linear transfonnation of V. 

(1) There is a basis for V with respect to which the matrix for T is in rational 
canonical form, ie., is a block diagonal matrix whose diagonal blocks are the 
companion matrices for monic polynomials al(x ), az(x ) , ... , am (x) of degree 
at least one with a l(x) I o,(x) 1···1 a",(x). 

(2) The rational canonical fonn for T is unique. 

The use of the word rational is to indicate that this canonical fonn is calculated 
entirely within the field F and exists for any linear transfonnation T. This is not the 
case for the Jordan canonical fonn (considered later), which only exists if the field F 
contains the eigenvalues for T (cf. also the remarks following Corollary 18). 

The following result translates the notion of similar linear transformations (i.e., the 
same linear transformation up to a change of basis) into the language of modules and 
relates this notion to rational canonical fonns. 

Theorem 15. Let S and T be linear transfonnations of V. Then the following are 
equivalent: 

(1) S and T are similar linear transformations 
(2) the F[x]-modules obtained from V via S and via T are isomorphic F[x]-

modules 
(3) S and T have the same rational canonical form. 

Proof' [(1) implies (2)] Assume there is a nonsingular linear transfonnation U such 
that S = UTU- l • The vector space isomorphism U : V -+ V is also an F[x]-module 
homomorphism, where x acts on the first V via T and on the second via S. since for ex-
ample U(xv) = U(Tv) = UT(v) = SU(v) = x(Uv). Hence this is an F[x]-module 
isomorphism of the two modules in (2). 

[(2) implies (3)] Assume (2) holds and denote by VI the vector space V made into 
an F[x]-module via S and denote by Vz the space V made into an F[x]-module via T. 
Since VI '" Vz as F[x ]-modules they have the same list of invariant factors. Thus S 
and T have a common rational canonical form. 
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[(3) implies (I)] Assume (3) holds. Since Sand T have the same matrix represen-
tation with respect to some choice of (possibly different) bases of V by assumption, 
they are, up to a change of basis. the same linear transformation of V , hence are similar. 

Let A be any n x n matrix with entries from F . Let V be an n-dimensional vector 
space over F. Recall we can then dejin£ a linear transformation T on V by choosing 
a basis for V and setting T (v) = A v where v on the right hand side means the n x 1 
column vector of coordinates of v with respect to our chosen basis (this is just the usual 
identification of linear transformations with matrices). Then (of course) the matrix for 
this T with respect to this basis is the given matrix A. Put another way, any n x n matrix 
A with entries from the field F arises as the matrix for some linear transformation T of 
an n-dimensional vector space. 

This dictionary between linear transfonnations of vector spaces and matrices allows 
us to state our previous two results in the language of matrices: 

Theorem 16. (Rational Canonical Fonn for Matrices) Let A be an n x n matrix over 
the field F. 

(1) The matrix A IS similar to a matrix in rational canonical form, i.e., there is an 
invertible n x n matrix P over F such that p-1 AP is a block diagonal ma-
trix whose diagonal blocks are the companion matrices for monic polynomials 
al(x), a2(x), ... , am (x) of degree at least one withal (x) I a2(x) I ... I am (x). 

(2) The rational canonical fOlDl for A is unique. 

Definition. The invariant factors of an n x n matrix over a field F are the invariant 
factors of its rational canonical form. 

Theorem 17. Let A and B ben xn matrices over the field F. 1ben A andB are similar 
if and only if A and B have the same rational canonical fonn. 

If A is a matrix with entries from a field F and F is a subfield of a larger field K 
then we may also consider A as a matrix over K. The next result shows that the rational 
canonical fonn for A and questions of similarity do not depend on which field contains 
the entries of A. 

CoroUary 18. Let A and B be two n x n matrices over a field F and suppose F is a 
subfield of the field K. 

(1) The rational canonical form of A is the same whether it is computed over K or 
over F. The minimal and chamcteristic polynomials and the invariant factors 
of A are the same whether A is considered as a matrix over F or as a matrix 
over K. 

(2) The matrices A and B are similar over K if and only if they are similar over 
F, i.e., there exists an invertible n x n matrix P with entries from K such that 
B = p - I AP if and only if there exists an (in general different) invertible n x n 
matrix Q with entries from F sucb that B = Q- I A Q. 

Proof: (1) Let M be the rational canonical form of A when computed over the 
smaller field F. Since M satisfies the conditions in the definition of the rational canon-
ical fonn over K. the uniqueness of the rationa1 canonical form implies that M is also 
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the rational canonical form of A over K. Hence the invariant factors of A are the same 
whether A is viewed over F or over K . In particular, since the minimal polynomial 
is the largest invariant factor of A it also does not depend on the field over which A is 
viewed. It is clear from the detenninant definition of the characteristic polynomial of 
A that this polynomial depends only on the entries of A (we shall see shortly that the 
characteristic polynomial is the product of all the invariant factors for A , which will 
give an alternate proof of this result). 

(2) If A and B are similar over the smaller field F they are clearly similar over K. 
Conversely, if A and B are similar over K, they have the same rational canonical form 
over K. By (1) they have the same rational canonical fonn over F, hence are similar 
over F by Theorem 17. 

This corollary asserts in particular that the rational canonical form for an n x n 
matrix A is an n x n matrix with entries in the smallest field containing the entries 
of A. Further, this canonical form is the same matrix even if we allow conjugation of 
A by nonsingular matrices whose entries come from larger fields. This explains the 
tenninology of rational canonical form. 

The next proposition gives the connection between the characteristic polynomial 
of a matrix (or of a linear transformation) and its invariant factors and is quite useful 
for detennining these invariant factors (particularly for matrices of small size). 

Lemma 19. Let a(x) E FIx] be any morne polynorllial. 
(1) The characteristic polynomial of the companion matrix of a(x) is a(x). 
(2) If M is the block diagonal matrix 

o 
A, 

o 
). 

A, 
given by the direct sum of matrices AI. A2 • ...• At then the characteristic poly-
nomial of M is the product of the characteristic polynomials of AI, A2, . .. I At. 

Proof' These are both straightforward exercises. 

Proposition 20. Let A be an n x n matrix over the field F. 
(1) The characteristic polynomial of A is the product of all the invariant factors of 

A . 
(2) (The Cayley-Hamilloll Theorem) The minimal polynorllial of A divides tbe 

characteristic polynomial of A. 
(3) The characteristic polynomial of A divides some power of the minimal poly-

nomial of A. In particular these polynomials have the same roots. not counting 
multiplicities. 

The same statements are true if the matrix A is replaced by a linear transformation T 
of an n-dimensional vector space over F . 
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-. 
Proof: Let B be the rational canonical fonn of A. By the previous lemma the block 

diagonal fonn of B shows that the characteristic polynomial of B u the product of the 
characteristic polynomials of the companion matrices of the invariant factors of A. By 
the first part of the lemma above, the characteristic polynomial of the companion IIIIIlrix 
Calx) for a(x) is just a(x), which implies that the characteristic polynomial for B is the 
product of the invariant factors of A. Since A and B are similar, they have the same 
characteristic polynomial. which proves (I). Assertion (2) is immediate from (I) since 
the minimal JX>lynomial for A is the largest invariant factor of A. The fact that all the 
invariant factors divide the largest one immediately implies (3). The final assertion is 
clear from the dictionary between linear transfonnations of vector spaces and matrices. 

Note that part (2) of the proposition is the assertion that the matrix A satisfies its own 
characteristic polynomial. i.e., cA(A) = 0 as matrices. which is the usual fonnulation 
for the Cayley-Hamilton Theorem. Note also that it implies the degree of the minimal 
polynomial for A has degree at most n, a result mentioned before. 

The relations in Proposition 20 are frequently quite useful in the determination 
of the invariant factors for a matrix A. particularly for matrices of sman degree (d. 
Exercises 3 and 4 and the examples). The following result (which relies on Exercises 
16to 19 in the previous section and whose proof we outline in the exercises) computes 
the invariant factors in general. 

Let A be an n x n matrix over the field F. Then x J - A is an n x n matrix with 
entries in F[x]. The three operations 
(8) interchanging two rows or columns 
(b) adding a multiple (in FIx)) of one row or column to another 
(c) multiplying any row or column by a unit in F[x], i.e., by a nonzero element in F. 
are called elementary row and column operations. 

Theorem 21. Let A be an n X n matrix over the field F . Using the three elementary 
row and column operations above, the n x n matrix x J - A with entries from F[x] can 
be put into the diagonal fonn (called the Smith Normal Form for A) 

1 

1 

D,(X) 

Qm(X) 

with monic nonzero elements a1 (x), a2(x), .... am(x) of F[x] with degrees at least 
one and satisfying D,(X) I D,(X) I ... I Dm(X). The elements 0, (x) • ...• Dm(X) are the 
invariant factors of A. 

Proof' cf. the exercises. 
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Invariant Factor Decomposition Algorithm: Converting to Rational 
Canonical Form 
As mentioned in the exercises near the end of the previous section, keeping track of 
the operations necessary to diagonalize x I - A will explicitly give a matrix P such 
that p-l AP is in rational canonical fonn. Equivalently. if V is a given F[x]-module 
with vector space basis [el, ez. •...• en], then P defines the change of basis giving the 
Invariant Factor Decomposition of V into a direct sum of cyclic F[x]-modules. In 
particular, if A is the matrix of the linear transformation T of the F[x]-module V 
defined by x (i.e .• T(ej) = xej = aije; where A = (aij» . then the matrix P 
defines the change of basis for V with respect to which the matrix for T is in rational 
canonical form. 

We first describe the algorithm in the general context of detennining the Invariant 
Factor Decomposition of a given F[x ]-module V with vector space basis [el, e2, •.. , en] 
(the proofis outlined in the exercises). We then describe the algorithm to convert a given 
n x n matrix A to rational canonical form (in which reference to an underlying vector 
space and associated linear transformation are suppressed). 

Explicit numerical examples of this algorithm are given in Examples 2 and 3 fol-
lowing. 

Invariant Factor Decomposition Algorithm 
Let V bean F[x]-module with vector space basis [e ). e2 • ... • en] (so in particular tbese 
elements are generators for V as an F[x]-module). Let T be the linear transformation 
of V to itself defined by x and let A be the n x n matrix associated to T and this choice 
of basis for V. i.e., 

" 
T(ej) = xej = LO;jei where A = (a'j). 

i_ I 

(1) Use the following three elementary row and column operations to diagonalize the 
matrix xl - A over F[x]. keeping track of the row operations used: 
(a) interchange two rows or columns (which will be denoted by Ri -t+ Rj for the 

interchange of the i th and jl1t rows and similarly by C i .. Cj for columns), 
(b) adda multiple (in F[x]) of one row or column to another (which will be denoted 

by Ri + p(x)Rj t-+ Rj if p(x) times the jth row is added to the i th row, and 
similarly by Cj + p(x)Cj t-+ C j for columns). 

(e) multiply any row or column by a unit in F[x], i.e. , by a nonzero element in 
F (which will be denoted by u R; if the i th row is multiplied by u E F X. and 
similarly by uCj for columns). 

(2) Beginning with the F[x]-module generators [eJ. e2, ...• en], for each row operation 
used in (1). change the set of generators by the following rules: 
(a) If the il1t row is interchanged with the jth row then interchange the i th and jth 

generators. 
(b) If p(x) times the ph row is added to the i"' row then subtrnct p(x) times tile 

i th generator from the jlh generator (note the indices). 
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(c) If the ;Ih row is multiplied by the unit U E F then divide the ;Ih generator by u. 
(3) When x l - A has been diagonalized to the form in Theorem 21 the genera-

tors [el, e2, ... , en ] for V will be in the form of F[x]-linear combinations of 
el, e2,.··, en· Use xej = T(ej) = 0Ue; to write these elements as F-
linear combinations of el , e2, ... , en. When x l - A has been diagonalized, the 
first n - m of these linear combinations are 0 (providing a useful numenca1 check 
on the computations) and the remaining m linear combinations are nonzero, i.e., 
the generators for V are in the form [0, ... , 0, /J, ... . 1m] corresponding precisely 
to the diagonal elements in Theorem 21. The elements /J, .... 1m are a set of 
F[x]-module generators for the cyclic factors in the invariant factor decomposition 
of V (with annihilato" (a,(x)), ... , (am (x», respectively): 

V = F[xj It Ell F[xj h Ell ... Ell F[xj jm , 
F[xj f; - F[xl/(ai(x)) i = 1,2, ... , m, 

giving the Invariant Factor Decomposition of the F[x ]-module V. 
(4) The corresponding vector space basis for each cyclic factor of V is then given by 

the elements Ii. T /; I T2 Ii, ... I Tdeg G;{.t) - I J;. 
(5) Write the klh element of the vector space basis computed in (4) in terms of the 

ongina1 vectorspace basis Eel, e2, ...• en] and use the coordinates forthek lh column 
of an n x n matrix P _ Then p - 1 AP is in rational canonica1 form (with diagonal 
blocks the companion matrices for the aj (x». This is the matrix for the linear 
transformation T with respect to the vector space basis in (4). 

We now describe the algorithm to convert a givenn x n matrix A to cationa1 canonical 
form, i.e ., to detennine an n x n matrix P so that p-l AP is in rational canonical form. 
This is nothing more than the algorithm above appJied to the vector space V = F n 

of n x 1 column vectors with standard basis [el. e2, ... , en] (where ej is the column 
vector with 1 in the ;Ih position and O' s elsewhere) and T is the linear transfonnation 
defined by A and this choice of basis. Explicit reference to this underlying vector space 
and associated linear transformation are suppressed. so the algorithm is purely matrix 
theoretic. 

Converting an n x n Matrix to Rational Canonical Form 
Let A be an n x n matrix with entries in the field F. 

(1) Use the following three elementary row and column operations to diagonalize the 
matrix x l - A over F[x] , keeping track of the row operations used: 
(8) interchange two rows or columns (which will be denoted by R; -++ Rj for the 

interchange of the ; Ih and jlh rows and similarly by C, -++ Cj for columns), 
(b) add a multiple (in F[x])ofonerow orcolumn to another (which will be denoted 

by R; + p(x)Rj Rj if p(x) times the jlh row is added to the ;th row, and 
similarly by C; + p(x)Cj ..... C; for columns), 

(c) multiply any row or column by a unit in F[x). i.e .• by a nonzero element in 
F (which will be denoted by URi if the;1h row is multiplied by u E F X. and 
similarly by uC; for columns). 
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Define d1, ••• ,dm to be the degrees of the monic nonconstant polynomials 
at (x), ... , am (x) appearing on the diagonal, respectively. 

(2) Beginning with the n x n identity matrix pi, for each row operation used in (1), 
change the matrix pi by the following rules: 
(0) If Ri Rj then interchange the jth and jth columns of pi (i.e., Cj Cj for 

P' ). 
(b) If R, + p(x)Rj 1-+ R, then subtract the product of the matrix peA) times the 

;th column of p i from the j'h column of pi (ie., Cj - p(A)Cj 1-+ Cj for pi 
- note the indices). 

(c) If URi then divide the elements of the i lh column of pi by u (Le., U-tCi for 
P'). 

(3) When x I - A has been diagonalized to the form in Theorem 21 the first n - m 
columns of the matrix pi are 0 (providing a useful numerical check on the compu-
tations) and the remaining m columns of p I are nonzero. Foreachi = 1,2, ... , m, 
multiply the i th nonzero column of pI successively by A 0 = I, A I, A 2 , ... , A d;-l , 

where di is the integer in (1) above and use the resulting column vectors (in this 
order) as the next di colunms of an n x n matrix P. Then p-l AP is in ratio-
nal canonical fonn (whose diagonal blocks are the companion matrices for the 
polynomials a, (x), ... , am (x) in (I». 

In the theory of canonical forms for linear u-ansfonnations (or matrices) the charac-
teristic polynomial plays the role of the order of a finite abelian group and the minimal 
polynomial plays the role of the exponent (after all, they are the same invariants, one 
for modules over the Principal Ideal Domain Z and the other for modules over the 
Principal Ideal Domain F[x]) so we can solve problems directly analogous to those 
we considered for finite abelian groups in Chapter 5. In particular, this includes the 
following: 
(A) determine the rational canonical fonn of a given matrix (analogous to decomposing 

a finite abelian group as a direct product of cyclic groups) 
(B) determine whetbertwo given matrices are similar(analogous to determining whether 

two given finite abelian groups are isomorphic) 
(C) detennine all similarity classes of matrices over F with a given characteristic poly-

nomial (analogous to determining all abelian groups of a given order) 
(0) detennine all similarity classes of n x n matrices over F with a given minimal 

polynomial (analogous to determining all abelian groups of rank at most n of a 
given exponent). 

Examples 
(1) We find the rational canonical founs of the following matrices over ill and dctennine 

if they are similar: 

482 

(2 -2 14) 
A = 0 3 - 7 

002 (
0 -4 85) 

B = I 4 - 30 
o 0 3 (2 2 I) 

C = 0 2 -I . 
003 

A direct computation shows that all three of these matrices have the same characteristic 
polynomial: CII (x) = CB(X) = cc(x) = (x - 2)2(x - 3). Since the minimal and char-
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acteristic polynomials have the same roots, the only possibilities for the minimal poly-
nomials are (x-2)(x-3) or (x_2)2(x-3). We quickly find that (A-2I)(A-31) = 0, 
(B - 2/)(B - 31) '" 0 (the I,I-entry is nonzero) and (C - 2/)(C - 31) '" 0 (the 
1,2-entry is nonzero). It follows that 

mA(x) = (x - 2)(x - 3), m8(x) = mc(x) = (x - 2)2(x - 3). 

It follows immediately that there are no additional invariant factors for B and C. 
Since the invariant factors for A divide the minimal polynomial and have product 
the characteristic polynomial. we see that A has for invariant factors the polyno:miaJs 
x - 2, (x - 2)(x - 3) = x 2 - 5x + 6. (For 2 x 2 and 3 x 3 matrices the detennination 
of the characteristic and minimal polynomials detennines all the invariant factors. cf. 
Exercises 3 and 4.) We concJude that B and C are similar and neither is similar to A. 
The rational canonical fonns are (note (x - 2)2(x - 3) = x3 _7x2 + 16x - 12) 

(2 0 0) o 0 - 6 
o I 5 (0 0 12) 

I 0 - 16 
o I 7 (0 0 12) 

I 0 - 16 . 
017 

(2) In the example above the rational canonical forms were obtained simply by determining 
the characteristic and minimal polynomials for the matrices. As mentioned, this is 
sufficient for 2 x 2 and 3 x 3 matrices since this infonnation is sufficient to determine 
all of the invariant factors. For larger matrices, however, this is in general not sufficient 
(d. the next example) and more work is required to determine the invariant factors. In 
this example we again compute the rational canonical form for the matrix A in Example 
I following the two algorithms outlined above. While this is oomputationally more 
difficult for this small matrix (as will be apparent), it has the advantage even in this 
case that it also explicitly computes a matrix P with p- l AP in rational canonical 
fonn. 

I. (Invariant Factor Decomposition) We use row and column operations (in Q[x]) to 
reduce the matrix 

(

X - 2 2 -14 ) 
xl - A = 0 x -3 7 

o 0 x-2 

to diagonal fonn. As in the invariant factor decomposition algorithm. we shall use the 
notation R; B Rj to denote the interchange of the jth and jth rows. R; + aRj 1-+ Ri 
if a times the jth row is added to the jth row, simply It Rj if the jth row is mUltiplied 
by u (and similarly for columns, using C instead of R). Note also that the first two 
operations we perfonn below are rather ad hoc and were chosen simply to have integers 
everywhere in the computation: 

(
X- 2 2 - 14) o x-3 7 ----+ 
o 0 x - 2 Rl+R2 

( 
-I x-I 

-x+3 x - 3 
o 0 
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X-2 x-I - 7) o x-3 7 ----+ 
o 0 x - 2 

- x+l 
x-3 
o 
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-x+l 0 
--> -x2+5x- 6 --> -x2+5x- 6 

R2+ (.r-3) R1 0 0 
) 

x-2 Cl +(x- l)Cl G 0 
--> 

x - 2 

484 

G 
0 

) G 0 
--> --> -x2+5x- 6 --> x 2-5x+6 

C3 - 7CI 0 x-2 -c, 0 x- 2 

G 
0 0 0 

o ) --> x2 -5x+6 --> x - 2 o . 
Rl -7RJ 0 Rl++ R3 0 x2-5x+6 C2++C3 

This determines the invariant factors x - 2, x2 - 5x + 6 for this matrix. which we 
determined in Example I above. Lei now V be a 3-dimensional vector space over 
Q with basis el, e2. t'3 and let T be the corresponding linear transfonnation (which 
defines the action of x on V), i.e .• 

xel = T(e)) = 2e1 
Xe'2 = T(e2) = -2e1 + 3e'2 
Xe3 = T(e:J) = 14el - 7e-z + 2e3. 

The row operations used in the reduction above were 

RJ + R2 t-+ R ), -RI. R2 + (x - 3)RI H- R2. R2 -7R3 t-+ R z. R2'" R3. 

Starting with the basis [ell e2 , e:J] for V and changing it according to the rules given 
in the text, we obtain 

(el,e2.e:J ] ---+ (el , e2-el.e)1 -+ (-el ,ez- el.e31 
---+ L - e)-(x- 3)(e'2-el). e'2-el . el] 
-+ [-et-(x - 3)(e2-el), ez - e" t'3+ 7(L'2 - et)] 
--+ [ - et - (x- 3)(e2-et), e3+ 7(e2-el), e2-etJ· 

Using the formulas above fa" the action of x. we see that these last elements are 
the elements [0, - 7et + 7t!2 + e3. -el + e2l of V correspooding to the element's 
l,x - 2 and x 2 - 5x + 6 in the diagonalized form of x l - A, respectively. The 
elements I I = -7et + 7t!2 + t'3 and h = - el + e2 are therefore Q [x]-module 
generators for the two cyclic factors of V in its invariant factor decomposition as a 
Qlx ]-module. TIle ccrresponding Q-vector space bases for these two factors are. then 
II and h.xh = Th, i.e., - 7el + 7e2+e3 and -el +t2. T(-el +t!2) = -4el +3t!2. 
Then the matrix 

(

-7 

conjugates A into its rational canonical form: 

G -D· 
as one easily checks. 
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n. (Converting A Directly to Rational Ctmonical FOrni) We use the row operations 
involved in the diagooalization -of x I - A to determine the matrix P' of the algorithm 
above: 

G 
0 n G 

- I n -I n I ----> I ----> I -7 

0 C2 - CI 0 - c, Q 
t-?C2 

G 
-I n G 

-I -n G 
-7 

-I) ----> I ----> I ----> 7 = P'. C1-(A-3J)C2 0 C3+1C2 0 C2_C3 I 

Here we have dl = 1 and d2 = 2, corresponding to the second and third nonzero 
columns of P', respectively. The columns of P are therefore given by 

(-I) (--I) _ (-4) I,A 1- 3, 
o 0 0 

respectively, which again gives the matrix P above. 

(3) For the 3 x 3 matrix A it was not necessary to perform the lengthy calculations 
above merely to determine the rational canonical form (equivalently, the invariant 
factors). as we saw in Example 1. For n x n matrices with n 4, however, the 
computation of the characteristic and minimal polynomials is in general not sufficient 
for the detenninatioo of all the invariant factors. so the more extensive calculations of 
the previous example may become necessary. For example, consider the matrix 

-i -: -:) 
D I 0 I -2 . 

o I -2 3 
A short computation shows that the characteristic polynomial of D is (x - 1)4. 1be 
possible minimal polynomials are then x -1. (x _1)2, (x - 1)3 and (x - 1)4. Clearly 
D - I =F 0 and another short computation shows that (D - I)2 = O. so the minimal 
polynomial for D is (x - 1)2. 1bere are then two possible sets of invariant factors: 

x - 1,x - t, (x _ 1)2 and (x _ 1)2, (x _ 1)2. 

To determine the invariant factors for D we apply the procedure of the previous example 
to the 4 x 4 matrix 

(

x-I 
- 2 

-2 
x+1 
o 
-I 

4 -4) - 4 8 
x - I 2 -

2 x-3 
The diagonal matrix obtained from this matrix by elementary row and column opera-
tions is the matrix 

(

I 0 
o I 
o 0 
o 0 

o 
o 

(x - I)' 
o 

o ) o 
o ' 

(x - I)' 

which shows that the invariant factors for D are (x - 1)2, (x - I )2 (one series of 
elementary row and column operations which diagonalizex I - D are Rl R3 • - Rl • 
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Rz+2Rl H Rz , R3 - (X - l)Rl H R3 ,C3+(x-l)Cl H C3 ,C4+2Cl H C4, 
Rz R4 , -Rz , R3 + 2Rz H R3 , R4 - (x + I)R2 H R4 , C3 + 2C2 H C3 , 
C. + (x - 3)C, .... C.). 

I. (Invariant Factor Decomposition) If e\. ez, e3, e4 is a basis for V in this case, then 
using the row operations in this diagonalization as in the previous example we see that 
the generators of V corresponding to the factors above are (x - 1 )et - 2e2 - e3 = 0, 
-2et +(x + l)ez - e4 = O. et. e2. Hence a vector space basis for the two direct factors 
in the invariant decomposition of V in this case is given by et. Tel and e2. T e2 where 
T is the linear transformation defined by D. i.e., el, el +2e2 +e] and e2, 2el -e2 +e4· 
The corresponding matrix P relating these bases is 

p -i) o 1 0 0 
o 0 0 1 

so that p - I DP is in rational canonical form: 

o 0 0 -1 
o 0 1 2 

as can easily be checked. 

II. (Convening D Directly to Rational Canonical Fonn)As in Example 2 we detennine 
the matrix pI of the a1goritlun from the row operations used in the diagonalization of 
xI-D: 

C 0 o 1 
o 0 
o 0 

( 0 -2 
-1 

_Cl 0 

0 D G 
0 1 

0 1 0 
1 0 0 
0 0 0 
0 

1 0) U 1 o 0 
0 o 0 
0 o 1 _C1 0 

1 0) o I 
o 0 
o 0 _C2 

(

0 - 2 1 
000 
000 
o - 1 0 

0) (0 0 1 0) o 0 1 0 0 
o -=G -1 0 0 0 -+ 
1 0 0 0 1 
0 1 

0) COlO) I 0 o 0 0 0 1 
0 0 .. OOOO-+ 
0 0 1 0 1 0 0 

(

0 0 1 0) 
o 0 0 0 . 
o 0 0 0 

Here we have dl = 2 and d2 = 2. corresponding to the third and fourth nonzero 
columns of pl. The columns of P are therefore given by 

respectively, which again gives the matrix P above. 

(4) In this example we determine all similarity classes of matrices A with entries from Q 
with charactmstic polynomial (x4 -1 )(x2 - 1). Firstnote that any matrix with a degree 
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6 characteristic polynomial must be a 6 x 6 matrix. The polynomial (x4 - 1 )(x2 - I) 
factors into irreducibles in Q [x] as (x - 1)2(x + 1)2(x2 + I). Since the minimal 
poJynomialmA(x) for A hasthe same roots as CA (x) it foUowslhat (x-l)(x+ l)(x2+ 1) 
divides mA (x). Suppose a1 (x) , ...• am (x) are the invariant factors of some A, so 
Qm(x) = mA (x), aj(x) I a;+1 (x) (in particular, all the invariant factors divide InA(X» 
and at (x)ll'2(x)··· am(x) = (x4 - l)(x2 - I) . One easily sees thatlhe only permissible 
lists under these constraints are 

(a) (x - I)(x + I), (x - I)(x + I)(x' + I) 
(b) x - I, (x - I)(x + I)'(x' + I) 
(c) x + I, (x - I)'(x + I)(x' + I) 
(d) (x - I)' (x + I)'(x' + I). 

One can now easily write out the corresponding direct sums of companion matrices 
to obtain representatives of the 4 similarity classes. We shall see in the next section 
that there are still only 4 similarity classes even in M6(C). 

(5) In this example we find all similarity classes of 3 x 3 matrices A with entries from Q 
satisfying A6 = I. For each such A, its minimal polynomial divides x6 - 1 and in 
Q [x J the complete factorization of this polynomial is 

x· -I = (x - I)(x+ I)(x' -x+ I)(x' +x + I). 
Conversely, if B is any 3 x 3 matrix whose minimal polynomial divides x6 - I. then 
B6 = I, The only restriction on the minimal polynomial for B is that its degree is 
at most 3 (by the Cayley-Hamilton Theorem). 1be only possibilities for the minimal 
polynomial of such a matrix A are Iherefore 

(a)x-I 
(b) x + I 
(e) x2 - x + I 
(d) x' +x + I 
(e) (x - I)(x + I) 
(f) (x-I)(x'-x+l) 
(g) (x -I)(x' + x + I) 
(b) (x+ I)(x' - x + 1) 
(I) (x + I)(x' + x + 1). 

Under the constraints of the rational canonical form these give rise to the following 
permissible lists of invariant factors: 

(I) x-I, x - I , x-I 
(ti) x + I , x + I, x + 1 
(iii) x - I, (x - I)(x + I) 
(Iv) x + I, (x - I )(x + i) 
(v) (x _ 1)(,' -x+ I) 

(vi) (x - I)(x' + x + 1) 
(vti) (x + I)(x' - x + 1) 

(viti) (x + I)(x' + x + I). 

Note that it is impossible to have a suitable set of invariant factors if the minimal 
polynomial is x2 + X + I or x2 - x + 1 . One can now write out the corresponding 
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rational canonical forms; for example.. (i) is J, (li) is - I , and (iii) is 

(' 0 0) o 0 , . 
o , 0 

Note also that another way of phrasing this result is that any 3 x 3 matrix with entries 
from Q whose order (multiplicatively, of course) divides 6 is s imilar to one of these 8 
matrices, so lhis example determines aU elements of orders 1.2,3 and 6 in the group 
GL, (Q) (up to similarity). 

EXERCISES 

1. Prove that similar linear transformations of V (or n x n matrices) have the same charac-
teristic and the same minimal polynomial. 

2. Let M be as in Lemma 19. Prove that the minimal polynomial of M is the least conunon 
multiple oftbe minimal polynomialS of AI. · ·· . Ak. 

3. Prove that two 2 x 2 matrices over F which are not scalar matrices are similar if and only 
if they have the same characteristic polynomial. 

4. Prove that two 3 x 3 matrices are similar if and only if they have the same characteristic 
and sanr minimal polynomials. Give an explicit counterexample to this assertion fOf4 x 4 
matrices. 

S. Prove directly from the fact that the collection of all linear transformations of an n dimen-
sio nal vector space V over F to itself form a vector space over F of dimension n2 that the 
minimal polynomial of a linear transformation T has degree at most n2. 

6. Prove that the constant term in the cbaracteristic polynomial of the n x n matrix A is 
(_1)11 del A and that the coefficient of x" - I is the negative of the sum of the diagonal 
entries of A (the sum of the diagonal entries of A is called the trace of A). Prove that del A 
is the product of the eigenvalues of A and thai the trace of A is the sum of the eigenvalues 
of A. 

7. Determine the eigenvalues of the matrix 

? o 0 , . 
000 

8. Verify that the characteristic polynomial of the companion matrix 

0 0 0 0 -00 , 0 0 0 -a, 
0 0 0 -a, 
0 0 0 -0,, _ 1 

is 
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9. Find the rational canonical forms of 

( 0 -1 -1) o 00. 
-1 0 0 ( cO -1) o c I 

- lie 
and 

( 

422 465 15 -30) 
- 420 - 463 - 15 30 

840 930 32 - 60 . 
- 140 - 155 - 5 12 

10. Find all similarity classes of6x 6 matrices overQ with minimal polynomial (x +2)2(x -1) 
(it suffices to give all lists of invariant factors and write out some of their corresponding 
matrices). 

11. Find a11 similarity classes of 6 x 6 matrices over C with characteristic polynomial 
(x ' - l)(x' - I). 

12. Find all similarity classes of 3 x 3 matrices A over F2 satisfying A 6 = I (compare with 
the answer we computed over Q). Do the same for 4 x 4 matrices B satisfying B 20 = 1. 

13. Prove that the number of similarity classes of3 x 3 matrices over Q with a given character-
istic polynomial in Q[x ] is the same as the number of similarity classes over any extension 
field of Q. Give an example to show that this is not true in general for 4 x 4 matrices. 

14. Determine all possible rational canonical forms for a linear transformation with charac-
teristic polynomial x 2(x 2 + 1)2. 

15. Determine up to similarity al12 x 2 rational matrices (Le .• E M2(Q» of precise order 4 
(multiplicatively. of course). Do the same if the matrix has entries from C. 

16. Show that x 5 - 1 = (x - 1)(x2 - 4x + l)(x2 + 5x + 1) in FI9[X]. Use this to detennine 
up to similarity al12 x 2 matrices with entries from F19 of (multiplicative) order 5. 

17. Determine representatives for the conjugacy classes for G L3 (F2). [Compare your answer 
with Theorem 15 and Proposition 14 of Chapter 6.] 

18. Let V be a finite dimensional vector space over Q and suppose T is a nonsingular linear 
transformation of V such that T - 1 = T2 + T. Prove that the dimension of V is divisible 
by 3. If the dimension of V is precisely 3 prove that all such transfonnations T are similar. 

19. Let V be the infinite dimensional real vector space 

IRoo = {(ao.al.a2 ... . ) I aO. al,a2. ··· E R}. 
Define the map T : V -+ V by T(ao.al,a2, ... ) = (0,ao.al.a2, ... ). Prove that T has 
no eigenvectors. 

20. Let I be a prime and let cPdx) = = xl-I + xl-2 + ... + x + 1 E Z [x] be the 
eth cyclotomic polynomial, which is irreducible over Q (Example 4 fo11owing Corollary 
9.14). This exercise determines the smallest degree of a factor of cPl (X) modulo p for 
any prime p and so in particular detennines when cP({x) is irreducible modulo p. (This 
actua11y determines the complete factorization of cP({x) modulo p - cf. Ex.ercise 8 of 
Section 13.6.) 
(8) Show that if p = I then cPdx) is divisible by x - I in lFdx]. 
(b) Suppose p ¥=- t and let f denote the order of pin F;. ie., f is the smallest power of 

p with pi == 1 mod t. Show that m = f is the first value of m for which the group 
GLm(1Fp) contains an element A of order t. [Use the formula for the order of this 
group at the end of Section 11.1.] 

(c) Show that cP({x) is not divisible by any polynomial of degree sma11erthan f in lFp[x] 
[consider the companion matrix for such a divisor and use (b)]. Let mA (x) E F p[x] 
denote the minimal pllynomial for the matrix A in (b) and conclude that mA(x) is 
irreducible of degree f and divides cPdx) in IF p[x]. 
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(d) In particular. prove that 4>dx) is irreducible modulo p if and only if i - I is the smallest 
power of p which is congruent to 1 modulo t. Le .• p is a primitive root modulo i. 

21. Prove that the first two elementary row and.column operations described before Theorem21 
do not change the delenninant of the matrix and the third elementary operation multiplies 
the delenninanl by a unit. Conclude from 1beorem 21 that the characteristic polynomial 
of A differs by a unit from the product of the invariant factors of A. Since both these 
polynomials are monic by definition. conclude that they are equal (this gives an alternate 
proof of Proposition 20). 

The following exercises outline the proof of Theorem 21. They carry out explicitly the con-
struction described in Exercises 16 to 19 of the previous section for the Euclidean Domain 
F[x]. Let V be an n-dimensional vector space with basis VI , V2, ... , Vn and let T be the lin-
ear transfonnation of V defined by the matrix A and this choice of basis, i.e., T is the linear 
transfonnation with 

" 
T(vj) = LaijVi, j = t.2, ... ,n 

;=1 

where A = (aij). Let F[x]n be the free module of rank n over F[x] and let tl, t2, ... , tn 
denote a basis. Then we have a natura! surjective F[x J-module homomorphism 

tp : F[xt -+ V 

defined bymappingt; to Vi, i = 1.2, ... , n. As indicated in the exercises of the previous section 
the invariant factoTS for the F[x ]-module V can be determined once we have delennined a set 
of generators and the corresponding relations matrix for ker tp. Since by definition x acts on V 
by the linear mmsformation T, we have 

" 
x(Vj) = L aijVi, j = 1,2, .. . ,n. 

;=1 

22. Show that the elements 

Vj = _ ... - aJ-ljtj-1 + (x - ajj)tj - aj+1 jtj+1 _ .. . -

for j = 1. 2, ... , n are elements of the kernel of tp. 

23. (a) Show that xtj = Vj + /j where /j E + ... + is an element in the F -vector 
space spanned by 

(b) Show that 

F!,xJ<, + ... + F[xJ<" (F[x]v, + ... + F[x ]v") + + ... + n"J. 

24. Show that VI. L'z •.•• , Vn generate the kernel of tp. rUse the previous result to show that 
any element of ker tp is the sum of an element in the module generated by VI. L'z, . _ . , Vn 
and an element of the fonn + ... + where the hi are elements of F. Then show 
that such an element is in ker tp if and only if all the bi are 0 since VI , ••• , Vn are a basis 
for V ova F.J 

25. Show thai the generators VJ, \"2 •... , VII of ker tp have corresponding relations matrix 

(

X - all -"2, - a", ) 
-aI2 . x - an - an2 

: 

- Din -G2n X - a'lI! 
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where AI is the transpose of A. Conclude that The<>rem 21 and the algorithm for deter-
mining the invariant factors of A follows by Exercises 16 to 19 in the previous section 
(nOle that the row and COIUOUl operations necessary to diagonalize this relations matrix are 
the coluOUl and row operations necessary to diagonalize the matrix in 1beorem 21 , which 
explains why the invariant factor algorithm keeps track of the row operations used). 

12.3 THE JORDAN CANONICAL FORM 

We continue with the notation in the previous section: F is a field, F[x] is the ring of 
polynomials in x with coefficients in F, V is a finite dimensional vector space over F 
of dimension n, T is a fixed linear transformation of V by which we make V into an 
F[x ]-module, and A is an 11 x 11 matrix with coefficients in F. Recall that once a basis 
for V has been fixed any linear transformation T defines a matrix A and conversely any 
matrix. A defines a linear transformation T. 

In the previous section we used the invariant factor fonn of the Fundamental The-
orem for finitely generated modules over the Principal Ideal Domain F[x] to obtain the 
rational canonical fonn for such a linear transfonnation T and the rational canonical 
fonn for such an 11 x 11 matrix A. In this section we use the elementary divisor form 
of the Fundamental Theorem to obtain the Jordan canonical fonn. We shall see thai 
matrices in this canonical fonn are as dose to being diagonal matrices as possible, so 
the matrices are simpler than in the rational canonical fonn (but we lose some of the 
"rationality" results). 

The elementary divisors of a module are the prime power divisors of its invariant 
factors (this was Corollary 10). For the F[x]-module V the invariant factors were 
monic polynomials a, (x). a, (x), ... , am (x) of degree at least one (with Q, (x) I a, (x) I 
. . . I a", (x», so the associated elementary divisors are the powers of the irreducible 
polynomial facton; of these polynomials. These polynOmials are only defined up to 
multipljcation by a unit and, as in the case of the invariant factors, we can specify them 
uniquely by requiring that they be monic. 

To obtain the simplest possible elementary divisors we shall assume that the poly-
nomials al(x) , a2(x) , ... , am(x) factor completely into linear factors, i.e., that the el-
ementary divisors of V are powers (x - J,.)k of linear polynomials. Since the product 
of the elementary divisors is the characteristic polynomial, this is equivalent to the as-
sumption that the field F contains all the eigenvalues of the linear transfonnation T 
(equivalently, of the matrix A representing the linear transformation T). 

Undec this assumption on F, it follows immediately from Theorem 6 that V is the 
direct sum of finitely many cyclic F[x)-modules of the fonn F[xl/(x - Ai' where 
J,. E F is one of the eigenvalues of T, corresponding to the elementary divisors of V. 

We now choose a vector space basis for each of the direct summands corresponding 
to the elementary divisors of V for which the corresponding matrix for T is partiCUlarly 
simple. Recall that by definition of the F[x ]-module structure the linear transformation 
T acting on V is the element x acting by multiplication on each of the direct summands 
F[x)/(x - A)'. 

Consider the elements 

(i - A)k-I. (i - A),-' , ... , i -A. I, 
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in the quotient F[x]/(x - Al. Expanding each of these polynomials in i we see that 
the matrix relating these elements to the F -basis i k - 1 • i k- 2, ••• • i, 1 of F[x]/ (x - A)k 
is upper triangular with l's along the diagonal Since this is an invertible matrix (having 
detenninant I), it follows that the elements above are an F-basis for F[x]/(x - )..)k. 
With respect to this basis the linear transformation of multiplication by x acts in a 
particularly simple manner (note that x = A + (x - A) and that (i - A)' = 0 in the 
quotient): 

(x - 1.)'- ' >-+ A · (i - 1.)'- ' + (i - A)' = A . (i - 1.)'- ' 
(i _ 1.)'-2 >-+ ). . (i - 1.)'- 2 + (i - 1.)'-' 

x 
i-A >-+ A . (i - A) + (i - 1.)2 
I >-+ 1.·1 + (i - A). 

With respect to this basis, the matrix for multiplication by x is therefore 

A 1 
A 

A 1 
A 

where the blank entries are all zero. Such matrices are given a name: 

Definition. The k x k matrix with A along the main diagonal and 1 along the 'first su-
perdiagonal depicted above is called the k x k elementary Jordan matrix with eigenvalue 
A or the Jordan block of size k with eigenvalue A. 

Applying this to each of the cyclic factors of V in its elementary divisor decomposi-
tion we obtain a vector space basis for V with respect to which the linear transfonnation 
T has as matrix the direct sum of the Jordan blocks corresponding to the elementary 
divisors of V, i.e., is block diagonal with jordan blocks along the diagonal: 

J. 
Notice that this matrix is uniquely determined up to pennutation of the blocks along the 
diagonal by the elementary divisors of the F[x]-module V and conversely, by Theorem 
9, the list of elementary divisors uniquely determines the module V up to F[x]-module 
isomorphism. 

DefInition. 
(1) A matrix is said to be in Jordan canonical jomJ if it is a block diagonal matrix 

with Jordan blocks along the diagonal. 
(2) A Jordan ca1lonical foml for a linear transformation T is a matrix representing 

T which is in Jordan canonical fonn. 
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We have proved that any linear transformation T has a Jordan canonical form. 
As in the case of the rationa1 canonical form, it follows from the uniqueness of the 
elementary divisors that the Jordan canonical form is unique up to a permutation of the 
Jordan blocks along the diagonal (hence is called the Jordan canonical form for T). We 
summarize this in the following theorem. 

Theorem 22. (Jordan Canonical Fonn/or linear Trans/onnalion') Let V be a finite 
dimensional vector space over the field F and let T be a linear transformation of V. 
Assume F contains all the eigenvalues of T. 

(1) There is a basis for V with respect to which the matrix for T is in Jordan 
canonical fonn, i.e., is a block diagonal matrix whose diagonal blocks are the 
Jordan blocks for the elementary divisors of V. 

(2) The Jordan canonical form for T is unique up to a pennutation of the Jordan 
blocks along the diagonal. 

As for the rational canonical form, the following theorem gives the corresponding 
statement for n x n matrices over F. 

Theorem 23. (Jordan Canonical Form/or Matrices) Let A be an n x n matrix over the 
field F and assume F contains all the eigenvalues of A. 

(1) The matrix A is similar to a matrix in Jordan canonical form. i.e., there is an 
invertible n x n matrix P over F such that p - I A P is a block diagonal matrix 
whose diagonal blocks are the Jordan blocks for the e lementary divisors of A. 

(2) The Jordan canonical form for A is unique up to a pennutalion of the Jordan 
blocks along the diagonal 

The Jordan canonical form differs from a diagonal matrix only by the possible 
presence of some l's along the first superdiagonal (and then only if there are Jordan 
blocks of size greater than one), hence is close to being a diagonal matrix. The foUowing 
result shows in particular that the Jordan canonical fonn for a matrix A is as close to 
being a diagonal matrix as possible. 

Corollary 24. 
(1) If a matrix. A is similar to a diagonal matrix D. then D is the Jordan canonical 

form of A. 
(2) Two diagonal matrices are similar if and only if their diagonal entries are the 

same up to a permutation. 

Proof: The first assertion is immediate from the uniqueness of Jordan canonical 
fonns because a diagonal matrix is itself in Jordan fonn (with Jordan blocks of size 1). 
The uniqueness of the Jordan canonical form gives (2). 

The next coronary gives a criterion to detennine when a matrix A can be diagonal-
ized. 
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Corollary 25. If A is an n x n matrix with entries from F and F contains all the 
eigenvalues of A. then A is similar to a diagonal matrix over F if and only if the 
minimal polynomial of A has no repeated roots. 

Proof" Suppose A is similar to a diagonal matrix. The minimal polynomial of a 
diagonal matrix has no repeated roots (its roots are precisely the distinct elements along 
the diagonal). Since similar matrices have the same minimal polynomial it follows that 
the minimal polynomial for A has no repeated roots. 

Conversely, suppose the minimal polynomial for A has no repeated roots and let 
B be the Jordan canonical form of A. The matrix B is a block diagonal matrix with 
elementary Jordan matrices down the diagonal. By the exercises at the end of the 
preceding section the minimal polynomial for B is the least common multiple of the 
minimal polynomials of the Jordan blocks. It is easy to see directly that a Jordan 
block of size k with eigenvalue )., has minimal polynomial (x - ).,)k (note that this is 
immediate from the fact that each elementary Jordan matrix. gives the action on a cyclic 
F[x]-submodule whose annihilator is (x - ).,)k). Since A and B have the same minimal 
polynomial, the least common multiple of the (x - Ai cannot have any repeated roots . 
It follows that k must be I, i.e., that each Jordan block must be of size one and B is a 
diagonal matrix. 

Changing From One canonical Form to Another 
We continue to assume that the field F contains all the eigenvalUes of T (or A) so both 
the rational and Jordan canonical forms exist over F. The process of passing from one 
form to the other is exactly the same algorithm described in Section 5.2 for finite abelian 
groups (where the elementary divisors were determined from the list of invariant factors 
and vice versa). 

In brief summary, recall that the elementary divisors are the prime power divisors 
of the invariant factors. They are obtained from the invariant factors by writing each 
invariant factor as a product of distinct linear factors to powers; the resulting set of 
powers of linear polynomials is the set of elementary divisors. For example, if the 
invariant factors of T are 

(x - I)(x - 3)3, (x -I)(x - 2)(x - 3)3, (x - I)(x - 2)'(x _ 3)3 

then the elementary divisors are 

(x-I), (x_3)3 , (x - I) , (x-2), (x_3)3, (x - I), (x -2)' , (x_3)3. 

The largest invariant factor is the product of the largest of the distinct prime powers 
among the elementary divisors, the next largest invariant factor is the product of the 
largest of the distinct prime powers among the remaining elementary divisors, and so 
on. Given a list of elementary divisors we can find the list of invariant factors by first 
arranging the elementary divisors into n separate lists, one for each eigenvalue. In each 
of these n lists arrange the polynomials in increasing (Le., nondecreasing) degree. Next 
arrange for all n lists to have the same length by appending an appropriate number of 
the constant polynomial 1. Now form the i th invariant factor by taking the product of 
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the ; lh polynomial in each of these lists. For example, if the elementary divisors of T 
are 

(x-1)' , (x+ 4) , (x+4)' , (x - 5)', (x-1)', (x _I)', (x - 5)', (x_ I)4, (x +4)' 

then the intennediate lists are 
(I) (x - 1)'. 
(2) I , 
(3) I , 

so the tist of invariant facton;: is 

(x_I)' , 
x+4, 
I, 

(x _ 1)4, 
(x +4)', 
(x - 5)', 

(x - 1)' 
(x + 4)3 
(x - 5)' 

(x _I)', (x - I)'(x+4) , (x-I)4(x+4)'(x - 5)' , (x- I)'(x+4)'(x - 5)'. 

Elementary Divisor Decomposition Algorithm: Converting to Jor-
dan canonical Forms 
Theorem 21 indicates a computational procedure to detennine the invariant factors of 
any given matrix A. Factorization of these invariant factors produces the elementary 
divisors of A, bence detennines the Jordan canonical fonn for A as above. 

The Invariant Factor Decomposition Algorithm following Theorem 21 starts with 
a basis el,"" en for V and produces a set II, .. . , 1m of elements of V whicb are 
F[x]-module generators for the cyclic factors in the invariant factor decomposition of 
V (with annihilators (a. (x)), ... , (am (x)), respectively). Since the elemen.ary divisor 
decomposition is obtained from the invariant factor decomposition by applying the 
Chinese Remainder Theorem to the cyclic modules F[x1/(ai(x)), this gives a set of 
F[x]-module generators for the cyclic factors in the elementary divisor decomposition 
of V. These elements then give rise to an explicit vector space basis for V with respect 
to which the linear transformation corresponding to A is in Jordan canonical fonn 
(equivalently, an explicit matrix P such that p - I A P is in Jordan canonical fonn). As 
for ahe Invariant Factor Decompositioo AJgorithm we state the result first in the general 
context of decomposing a vector space and then describe the algorithm to convert a 
given n x n matrix A to Jordan canonical fonn. 

Explicit numerical examples of this algorithm are given later in Examples 2 and 3. 

Elementary Divisor Decomposition Algorithm 

(1) to (3): The first three steps in the algorithm are those from the Invariant Factor 
Decomposition Algorithm following Theorem 21. 

(4) For each invariant factor a(x) computed for A write 

a(x) = (x - ).1)0 1 (x - ).,2)02 ••• (x - ),,5)0, 

where AI •..• , As E F are distinct. Let I E V be the F[x]-module generator for 
the cyclic factor corresponding to the invariant factor a(x) computed in (3). Then 
the elements 

-:- ) I, (x - Al III 
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a(x) 
(nole thaI the E F[x) are polynomials) are F[x I-module generalon; for 

(x - Aj)u/ 
the cyclic factors of V corresponding to the elementary divisors 

(x - A,)"', ... , 

respectively. 

aW . . (5) If c, = f IS the F[x)-module generalor for the cycUc factor of V corre-
(x - A;)a; 

sponding to the elementary divisor (x - Ai yf/ then the corresponding vector space 
basis for this cyclic factor of V is given by the elements 

(T - A,)C', C,· 

(6) Write the ktn element of the vector space basis computed in (5) in tenns of the 
original vector space basis [el, e2, ... , en] for V and use the coordinates for the 
kth column of an n x n matrix P. Then p - l AP is in Jordan canonical form (with 
Jordan blocks appearing in the order used in (5) for the cyclic factors of V). 

Converting an n x n Matrix to Jordan canonical Form 

(1) to (2): The first two steps are those from the algorithm for Converting an n x n 
matrix to Rational Canonical Form following Theorem 21. 

(3) When xl - A has been diagonalized to the fonn in Theorem 21 the first n-m 
columns of the matrix pI are 0 (providing a useful numerical check on the com-( 
putations) and the remaining m columns of pi are nonzero. For each successive 
i = 1.2 •...• m: 
(8) Factor the;th nonconstanl diagonal element (which is of degree d j ): 

a(x) = (x - A\)QI(X - A2)Q2 ... (x - As)Q· 

where AI •...• E F are distinct (here a(x) = aj(x) is the i th nonconstant 
diagonal element and s depends on 0. 

(b) Multiply the i th nonzero column of P' successively by the d; matrices: 

(A - AI1)"' - '(A - A,1)"' .. . (A - A, I)"' 
(A - A,I)"' - '(A - A,I)"' .. . (A - A,I)"' 

(A - A,1)"' (A - A,I)"' -' .. . (A - A., /)"' 
(A - Al 1)"' (A - A,1)",-2 . . (A - A, 1)"' 
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(A - ),,1)"' (A - A21)"' . . . (A - A, I)"· - I 
(A - )"I)"' (A - A21)"' .. . (A - A, I)"·-2 

(A - AII)"'(A - A2/ )"' ... (A - A, I)° 

(e) Use the column vectors resulting from (b) (in that order) as the next d j columns 
of ann x n matrix P. 

Then p - I A P is in Jordan canonica1 form (whose Jordan blocks correspond to the 
oroering of the faclors in (a». 

Examples 
We can use Jordan canonical forms to carry out the same analysis of matrices that we did 
as examples of the use of rational canonical forms. In some instances, when the field is 
enlarged, the number of similarity classes increases (the number of similarity classes can 
never decrease when we extend the field by Corollary 18(2». 
(1) Let A, B and C be the matrices in Example 1 of the previous section and let F = Q. 

Note that Q contains aU the eigenvalues for these matrices. Since we have already 
determined the invariant factors of these matrices we can inunediately obtain their 
elementary divisors. The elementary divisors of A are x - 2, x - 2 and x - 3 and 
the elementary divisors of B and C are (x - 2)2 and r -3 so the respective Jordan 
canonical forms are: 

(0 ': 
00300 3 003 

Notice that A is similar to a diagonal matrix. but. by Corollary 25, Band C are not. 
(2) For the mattix A. we determined in Example 2 of the previous section that II = 

- 7el + 7e2 + e:l and 12 = - el + eJ. were Q[x}-module generators for the two cyclic 
factors of V in ils invariant factor decomposition, corresponding to the invariant factors 
x - 2 and (x - 2)(x - 3), respectively. Using the first algorithm described above, the 
e lements /1. (x 3)12 and (x - 2)12 are therefore Qlx}-module generators for the 
three cyclic factors of V in its elementary divisor decomposition, corresponding to the 
elementary divisors x - 2, x - 2. and x - 3. An easy computation shows that these 
are the elements - 7el + 7e2 + CJ. - e) and - 2el + e'2. respectively. Then the matrix. 

(

-7 
P = i 

conjugates A into its Jordan canonical fonn: 

as one easily checks. 

(

2 0 
p-IAP = 0 2 

o 0 

The columns of this matrix. can also be obtained following the second algoritlun 
above. wing the nonzero columns of the matrix. p I computed in Example 2 of the 
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previous section: 

and 

(A -21)°(A - 31)1 (-0 = (-D· (A -2I)I(A - 31)0 (-0 = (-0· 
respectively, which again gives the matrix P. 

(3) For the 4 x 4 matrix D of Example 3 of the previous section. the invariant factors 
were (x - 1)2, (x - 1)2, with corresponding Qrx]-module generators Ii = el and 
/2 = e,. , respectively. These are also the elementary divisors for this matrix. 1be 
corresponding vector space bases for these two factors are given by (T - I) II. II 
and (T - 1)/2, /2, respectively. An easy computation shows these are the elements 
2e2 + t:l. el and 2el - e,. + e4. e2, respectively. Then the matrix 

P = b 
1 0 0 
001 

conjugates D into its Jordan canonical fonn: 

(

1 1 
p-IDP= 0 1 o 0 

o 0 
as can easily be checked. 

o 0) o 0 
1 1 
o 1 

1be columns of this matrix can also be obtained following the second algorithm 
above, using the nonzero columns of the matrix p I computed in Example 3 of the 
previous section: 

and 

respectively. which again gives the matrix P. 
(4) The set of similarity classes of6 x 6 matrices with entries from C with characteristic 

polynomial (x4 - 1)(x2 - 1) consists of the 4 classes represented by the rational 
canonical fonns in the preceding set. of examples (there are no additional lists of 
invariant factors over C). Their Jordan canonical forms cannOl all be written over Q. 
however. For instance. if the invariant factors are 

(x - 1)(x + 1) and (x - l)(x + l)(x2 + 1) 
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then the elementary divisors are 

x- I, x+l. x - I. x+l , x-i. x+i. 
where i is a square root of -I in C , so the Jordan fonn for this matrix is a diagonal 
matrix with diagonal entries 1, 1, - I, - I , ;, - i. 

(5) In contrast, the sel of similarity classes of3 x 3 matrices. A. over C satisfying A6 = I 
is considerably larger than that over Q. If A is any such matrix. mA (x) I x6 - 1 so 
since the laUer polynomial has no repeated roots in C, the minimal polynomial of A 
has no repeated roots. By Corollary 25 the Jordan canonical form of A is a diagonal 
matrix. Since this diagonal matrix has the same mlnimal polynomial, its 6th power 
is also the identity. and so each diagonal entry is a 61h root o f unity. For each list 
{I, {2, {3 of 6 th rooLS of unity we obtain a Jordan canonical form, and two such forms 
are the same (i.e. , give rise to similar matrices) if and only if the lists are permuted 
versions of each other. One finds that there are, up to similarity, 56 classes of such 
A's. 

EXERCISES 

1. SUp(X>SC the vector space V is the direct sum of cyclic F(x]-moduJes whose annihilators 
are (x + 1)2, (x - 1}(x2 + 1}2, (x4 - I) and (x + 1}(x2 - I). Determioe the invariant 
factors and elementary d ivisors for V. 

2. Prove that if AI • ... , An are the eigenvalues of the n x n matrix A then A1 •... . are the 
eigenvalues of At.: for any k ::: O. 

3. Use the method of Example 2 above to determine explicit matrices PI and i>2 with PI- I B PI 
and P2-

1C P2 in Jordan canonical form. Use this to explicitly construct a matrix Q which 
conjugates B into C (proving directly that these matrices are similar). 

4. Prove that the Jordan canonical form for the matrix 

(--! 
-6 - 4 - 2 

is that stated at the beginning of this chapter. Explicitly determine a matrix P which 
conjugates this matrix to its Jordan canonical form. Explain why this matrix cannot be 
diagonalized. 

S. Compute the Jordan canonical form for the matrix 

o I 3 

6. Determine which of the foUowing matrices are similar: n =! -n (-i -i n -: -n -no 
7. Determine the Jordan canonical fonns for the following matrices: 

- 3 - 4 I -4 -4 - 3 
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8. Prove that the matrices 

A= 
-2 

6 0) - 4 0 
o I ( 3 -I 2) 

B= -10 6 -14 
-6 3 - 7 

are similar. Prove that both A and B can be diagonalized and detennine explicit matrices 
PI and Pz with Pit API and P2- 1 B Pz in diagonal fonn. 

9. Prove that the matrices 

A = - :) 
3 2 0 (

-3 
B= : 

2 -4) - I 4 
-2 5 

both have (x - 1)2(x + I) as characteristic polynomial but that one can be diagonalized 
and the other cannot Determine the Jordan canonical form for both matrices. 

10. Find all Jordan canonical fonns of 2 x 2, 3 x 3 and 4 x 4 matrices over C. 
11. Verify that the characteristic polynomial of 

A -- - 2 - 2 0 I 
-2 0 - I -2 

is a prodUCI of linear factors over Q. Determine the rational and Jordan canonical forms 
for A over Q. 

12. Determine the Jordan canonical form for the matrix 

o 0 I 2 . 
000 I 

13. Detecmine the Jordan canonical form for the mat:rix 

(:
32 0 -2 -3) - 8 14 - 15 

- 4 7 -7 · 
2 -4 3 

14. Prove that the matrices 

A= -: 
-2 4 9 

are similar. 
15. Prove that the matrices 

A=(I i l D 

B -- 2 
I 

-4 7 - 7 
2 - 5 I 

(
5 2 -8 -8) -6 -3 8 8 B = -3 -I 3 4 
3 I - 4 - 5 

both have characteristic polynomial (x - 3)(x + 1)3. Determine whether they are similar 
and determine the Jordan canonical form for each matrix. 
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16. Determine the Jordan canonical form for the matrix 

G ! -1) 
and determine a matrix P which conjugates this matrix into its Jordan canonical form.. 

17. Prove that any matrix A is similar to its transpose A'. 
18. Determine all p.JSsible Jordan canonical forms foc a linear transformation with character-

istic polynomial (x - 2)3 (x _ 3)2. 

19. Prove that all n x n matrices with characteristic polynomial f(x) are similar if and only 
if J(x) has no repeated factors in its unique factorization in F[xJ. 

20. Show that the following matrices are similar in Mp(Fp) (p x p matrices with entries from 
IFp): 

0 0 0 0 1 1 1 0 0 0 
0 1 1 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 and 

0 0 0 1 0 0 0 0 1 1 
0 0 0 0 1 

21. Show that if A2 = A then A is similar to a diagonal matrix which has only O's and l's 
along the diagonal. 

22. Prove mat an II x n matrix A with entries from C satisfying A3 = A can be diagonalized. 
Is the same statement true over any field F? 

23. A is a 2 x 2 matrix with entries from <Q for which A3 = 1 but A i=- I . Write A in 
rational canonical form and in Jordan canonical form viewed as a matrix over C. 

24. Prove there are no 3 x 3 matrices A over <Q with A 8 = 1 but A4 i=- 1. 
25. Determine the Jordan canonical form for the n x n matrix over <Q whose entries are all 

equal to 1. 
26. Determine me Jordan canonical form foc the II x n matrix over IF p whose entries are all 

equal to 1 (the answer depends on whether or not p divides 11). 
27. Determine the Jordan canonical form for the n x n matrix over <Q whose entries are all 

equal to 1 except that the entries along the main diagonal are all equal to O. 
28. Determine the Jordan canonical form for the n x n matrix over IF' p whose entries are all 

equal to 1 except that the entries along the main diagonal are all equal to O. 

The direct sum of the cyclic submodules of V corresponding to all the elementary divisors of 
V which are powers of the same x -). is called the generalized eigenspace ofT corresponding 
to the eigenvalue A. Note mat this is the p-primary component of V for the prime p = x - A 
of F[x] and consists of the elements of V which are annihilated by some power of the linear 
transformation T - A. The matrix for T on the generalized eigenspace for A is the block diagonal 
matrix of all Jordan blocks for T with the same eigenvalue A. 

29. Suppose Vi is the generalized eigenspace of T corresponding to eigenvalue Ai. For any 
k ::: 0, prove that the nullity ofT - Ai on the subspace (T - Ai)k Vi is the the nullity 
of T - Ai on (T - Ai)k V and equals the number of Jordan blocks of T having eigenvalue 
Aj and size greater than k (so for k = 0 this gives the number of Jordan blocks). 
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30. Let A be an eigenvalue of the linear transformation T on the finite dimensional vector space 
. V over the field F. Let rk = dimF(T - A)kV be the rank of the linear transformation 
(T - A)k on V. For any k::: 1, prove that rk_ I-2rk+rk+ l is the number of Jordan blocks 
of T corresponding to A of size k [use Exercise 12 in Section 1]. (This gives an efficient 
method for detennining the Jordan canonical form for T by computing the ranks of the 
matrices (A - Al)k for a matrix A representing T. cf. Exercise 31 (a) in Section 11.2.) 

31. Let N be an n x n matrix with coefficients in the field F . The matrix N is said to be 
nilpotent if some power of N is the zero matrix, i.e., Nk = 0 for some k. Prove that any 
nilpotent matrix is similar to a block diagonal matrix whose blocks are matrices with 1 's 
along the first superdiagonal and O's elsewhere. 

32. Prove that if N is an n x n nilpotent matrix then in fact N/1 = O. 
33. Let A be a strictly upper triangular n x n matrix (all entries on and below the main diagonal 

are zero). Prove that A is nilpotent. 
34. Prove that the trace of a nilpotent n x n matrix is 0 (recall the trace of a matrix is the sum 

of the diagonal elements). 
35. For 0 ::: i ::: n, let d; be the g.c.d. of the detenninants of aU the i x i minors of xl - A, 

for A as in Theorem 21 (take the 0 x 0 minor to be 1). Prove that the i 1h element along 
the diagonal of the Smith Normal Form for A is di /di _I. This gives the invariant factors 
for A. [Show these g.c.d.s do not change under elementary row and column operations.] 

36. Let V = C/1 be the usual n-dimensional vector space of n-tuples (aI, a2, ... ,a/1) of 
complex numbers. Let T be the linear transformation defined by setting T(a) , a2, ... ,an) 
equal to (0. a), a2 • ... , a/1-I). Determine the Jordan canonical form for T. 

37. Let J be a Jordan block of size n with eigenvalue A over C. 
(8) Prove that the Jordan canonical form for the matrix J2 is the Jordan block of size n 

with eigenvalue A 2 if A -=j::. O. 
(b) If A = 0 prove that the Jordan canonical form for J2 has two blocks (with eigenvalues 

nil n-ln+l. 
0) of size 2' 2 ifn is even and of size - 2- ' - 2- ifn IS odd. 

38. Determine necessary and sufficient conditions for a matrix A E Mn(C) to have a square 
root, i.e .• for there to exist another matrix B E M/1(C) such that A = B2. [Suppose B is in 
Jordan canonical fonn and consider the Jordan canonical form for B2 using the previous 
exercise.] 

39. Let J be a Jordan block of size n with eigenvalue A over a field F of characteristic 
2. Determine the Jordan canonical fonn for the matrix J2 . Determine necessary and 
sufficient conditions for a matrix A E Mn(F) to have a square root, i.e., for there to exist 
another matrix BE M/1(F) such that A = B2. 

The remaining exercises explore functions (power series) of a matrix and introduce some 
applications of the Jordan canonical form to the theory of differential equations. 

TIrroughoUl these exercises the matrices are assumed to be II X n matrices with entries 
from the field K, where K is either the real or complex numbers. Let 

00 

G(x) = Lakxk 
k=O 

be a power series with coefficients from K. Let G N (x) = akx k be the Nth partial sum 
of G(x) and for each A E M n(K) let G N(A) be the element of M/1(K) obtained (as usual) by 
substituting A in this polynomial. For each fixed i. j we obtain a sequence of real or complex 

502 Chap.12 Modules over Principal Ideal Domains 



numbers N = 0, 1,2, ... to be thei, j enuy of the matrix GN(A}. The series 
00 

G(A} = LctkAk 
k=O 

is said to converge to the matrix C in Mn (K) if for each i, j E {1, 2, ... , n} the sequence cf;, 
N = D. 1, 2, . . . converges to the i. j entry of C (in which case we write G(A) = C}. Say 
G(A} converges if there is some C E Mn(K} such that G(A} = C. If A is a 1 x 1 matrix, this 
is the usual notion of convergence of a series in K. 

For A = (aij) E Mn(K) define 

i ,j=l 

i.e., II A II is the sum of the absolute values of all the emries of A. 

40. Prove that for all A, B E Mn(K} and aU ct E K 
(a) IIA+BII " IIAII+IIB II 
(b) IIABII " IIAII·IIBII 
(c) lIaAl1 lal·IIAII. 

41. Let R be the radius of convergence of the real orcomplex power series G(x} (where R = 00 
if G(x ) converges for all x E K}. 
(a) Prove that if II A II < R then G(A} converges. 
(b) Deduce that for all matrices A the following power series converge: 

A 3 AS A2k+1 sin(A) A __ + _ + .. . + (_ I)k + ... 
3! 5! (2k + I)! 

A2 A4 AU 
cos(A) 1 - - + - + ... +(-1)'-- + ... 

2! 4! (2k)! 
A2 A3 Ak 

exp(A) 1 + A + - + - + ... + - + ... 
2! 3! k! 

where I is the n x n identity matrix. 

In view of applications to the theory of differential equations we introduce a variable t at this 
point, so that for A E Mn(K} the matrix At is obtained from A by multiplying each entry by 
t (which is the same as multiplying A by the "scalar" matrix t l). We obtain a function from a 
subset of K into Mn(K) defined by t G(At} atal! poinlS t where the series G(At} converges. 
In particular. sin(At}. cos(At) and exp(At} converge for all t E K . 

42. Let P be a noosingular n x n matrix. 
(a) Prove that PG(At)p-1 G(PAtp-l) G(PAP-1t). (This implies that, up to 

a change of basis. it suffices to compute G(At) for matrices A in canonical fonn}. 
[Take limilS of partial sums to get the first equality. The second equality is immediate 
because the matrix t I commutes with every matrix.] 

(b) Prove that if A is the direct sum of matrices AI , A2. " ' , Am, then G(At) is the direct 
sum of the matrices G(A]t}, G(A2t}, ... , G(Amt}. 

(c) Show that if Z is the diagonal matrix with entries ZI , Z2 , ..• , Zn then G(Zt) is the 
diagonal matrix with entries G(Zlt}, G(Z2t} , .. . , G(Znt}. 

The matrix exp(A) defined in Exercise 41(b) is called the exponential of A and is often denoted 
by eA. The next three exercises lead to a fonnula for the matrix exp(Jt}, where J is an 
elementary Jordan matrix. 
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43. Prove that if A and B are commutillg matrices then exp(A + B) = exp(A) exp(B). [Treat 
A and B as commuting indetenninates and deduce this by comparing the power series on 
the left hand side with the product of the Iwo power series on the right hand side.] 

44. Use the preceding exercise to show that if M is any matrix. and J.. is any element of K then 

exp(AlI + M) = e'" exp(M). 

45. Let N be the r x r matrix with 1 's on the first superdiagonal and zeros elsewhere. CompUle 
the exponential of the following nilpotem r x r matrix: 

o I 

o I 

if N t = 
I 
o 

then exp(N t) = 

I 

I 

I 
1 

" 1! 
I 
1 

Deduce that if 1 is the r x r elementary Jordan matrix with eigenvalue J.. then 

e'" Ie" 

exp(Jt) = 
t

2 

1! 
Ie'" 
e'" 

[To do the first part use the observation that since N t is a nilpotent matrix, exp(Nt) is a 
polynomial in N I . i.e .• all but a finite number of the terms in the power series are zero. To 
compute the exponential of 11 write lt as All + N t and use Exercise 44 with M = N t .] 

Let A E Mn(K) and let P be a change of basis matrix such that p - I AP is in Jocdan canonical 
form. Suppose p - I AP is the sum of elementary Jordan matrices 11 •.. . , 1m. The preceding 
exercises (with t = 1) show that exp(A) can easHy be found by writing E = exp(p- I AP) as 
the direct sum of the matrices exp(ll) •... , exp(Jm) and then changing the basis back again to 
obtainexp(A) = PEP-I. 

46. For the 4 x 4 matrices D and P given in Example 3 of this section: 

D= (! 2 -4 p-e 1 2 

D 
-1 4 0 - 2 
0 1 -2 - 1 0 0 

- 2 3 0 0 1 
show that 

E-e 
e 0 

D exp(D) = 

2e -4e 
e 0 and 

-e 4e 
- 0 0 e 0 e -2e . 

0 0 0 e -2e 3e 
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47. Compute the exponential of each of the following matrices: 
(a) the matrix A in Example 2 of this section 
(b) the matrix in Exercise 4 (where you computed the Jordan canonical form and a change 

of basis matrix) 
(c) the matrix in Exercise 16. 

48. Show that exp(O) = I (here 0 is the zero matrix and I is the identity matrix). Deduce that 
exp(A) is nonsingular with inverse exp(-A) for all matrices A E MII(K) . 

49. Prove that det(exp(A» = etr(A), where tr(A) is the trace of A (the sum of the diagonal 
entries of A). 

SO. Fix any A E M n (K). Prove thai: the map 

K -+ GLn(K} defined by 11-+ exp(At) 

is a group homomorphism (here K is the additive group of the field). (Note how this gener-
alizes the familiar exponential map from K to K x , which is the n = 1 case. The subgroup 
{exp(A/} I I e K) is called a I -parameter subgroup of GLn(K). These subgroups and 
the exponential map play an important role in the theory of Lie group!; - G L n (K) being 
a particular example of a Lie group.}. 

Let G(x} be a power series having an infiruteradius of convergence and fix a matrix A e Mil (K). 
The entries of the matrix G(At} are K -wlued functions of the variable t that are defined for all 
I. Let Cij(/) be the funct ion of t in the i , j entry of G(A/) . Thederivalive of G(At} with respect 

to I, denoted by !!..G(At}. is the matrix whose i . j entry is .!!... c;j (I) obtained by differenti ating 
dt dt 

each of the entries of G(At ). In other words. if we identify Mn(K) with K"2 by considering 
each n x n matrix as an 112_tuple. then t H> G(At} is a map from K to K nl (i.e., is a vector 
valued function of I ) whose derivative is just the usual (component wise) derivative of this vector 
valued function. 

51. Estab1ish the following properties of derivatives: 
00 d 00 

(a) If G(x) = L: a,x' then - G(At) = A L: ka, (At)' - ' . 
k=O dt k= 1 

(b) II v is an n x 1 matrix with (constant) entries from K then 

:t (G(At)v) = (:, G(At)) v. 

52. Deduce from part (a) of the preceding exercise that 

d 
dt exp(At) = A exp(At). 

Now let YI (I) • ...• YII (t) be differentiable functions of the real variable t that are related by the 
following linear system of first order differential equations with constant coefficient<; D;j e K: 

, 
Yl = 011 )'1 + a12)'2 + ... + alll YII 

= DlIYI +a22Y2 + ... +a2n)'n 
(0) 

, 
YII = a ll l }'1 +l1n2Y2 + ... +annYII 
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(here the primes denote derivatives with respect to t). Let A be the matrix whose i. j entry is 
ajj. so that (*) may be written as 

or. more succinctly. as y' = Ay. where y is the column vector of functions YI (t) •... , Yn(t). 
An n x n matrix whose entries are functions of t and whose columns are independent 

solutioos to the system (*) is called afimdamenIal matrix of (*). By the theory of differential 
equations. the set of vectors y that are solutioos to the system (*) form an n-.dimensional vector 
space over K and so the columns of a fundamental matrix are a basis for tile vector space of 
all solutions to (*). 

53. Prove tbatexp(At) is a fundamental matrix of (*). Show also that if C is then x I constant 
vector whose entries are Yl(O) •.. .• Yn(O) then yet) = exp(A/)C is the particular solution 
to the system (*) satisfying the initial condition yeO) = C. (Note how this generalizes 
the I -dimensional result that the single di fferential equation y' = ay has fill as a basis for 
the I-dimensional space of solutions and the unique solution to this differential equation 
satisfying the initial coodition yeO) = c is y = cel".) [Use the preceding exercises.] 

54. Prove thai if M is a fundamental matrix of(*) and if Q is a noosingular matrix in Mn(K), 
then M Q is alsoa fundamental matrix oC(.). [The columns of M Q are linear combinations 
of the columns of M.] 

Now apply the preceding two exercises to solve some specific systems of differential equations 
as follows: given the matrix A in a system (*), calculate a change oC basis matrix P such that 
B = p - l AP is in Jordan canonical form. Then exp(At) = Pexp(Bt)P - 1 is a fundamental 
matrix for (*). By the preceding exercise. P exp(Bt) is also a fundamental matrix for (*) and 
exp(BI) can be calculated by the method described in the discussion following Exercise 45 (in 
particular. one does not have 10 find the inverse of the matrix P to obtain a fundamental matrix 
for (*». Thus. for eJitample. if A = D and P are the matrices given in Exercise 46. then we 
saw that the Jordan canonical form for A is the matrix B = p-I AP consisting of two 2 x 2 
Jordan blocks with eigenvalues 1. A fundamental matriJIt for the system y' = Ay is therefore 

p (8) = r; g g) = 
exp 1 0 0 0 0 0 e' te' e' le' 0 0 . 

o 0 1 0 0 0 0 e' 0 0 e' re' 
Writing this out more explicitly. this shows that the general solution to the system of differential 
equations 
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yi = Yl + 2)'2 - 4n + 4Y4 
= 2Yl -

yi = Yl + , 
Y4 = 

Y2 + 4n - 8)'4 

Y3 - 2Y4 

Y2 - 2)'3 +3Y4 
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where at •...• a.J are arbitrary elements of the field K (this describes the 4-dimensional vector 
space of solutions). 

55. In each of Parts (a) to (c) find a fundamental matrix for the system (*). where the coefficient 
matrix A of (*) is specified. 
(a) A is the matrix in Part (a) of Exercise 47. 
(b) A is the matrix in Part (b) of Exercise 47. 
(e) A is the matrix in Part (c) of Exercise 47. 

56. Consider the system (*) whose coefficient matrix A is the matrix D listed in Exercise 46 
and whose fundamental matrix was computed just before the preceding exercise. Find the 
particular solution to (*) that satisfies the initial condition Yi (0) = 1 for i = 1.2.3.4. 

Next we explore a special case of (*). Given the linear nth order differential equation with 
constant coefficients 

y(n) + an_ly(n-l) + ... + au' + aoy = 0 

(where y(k) is the kth derivative of y and yeo) = y) one can fonn a system of linear first order 
differential equations by letting Yi = y(i - 1) for t :s i :s n (the coefficient matrix ofthis system 
is described in the next exercise). A basis for the n-dimensional vector space of solutions to 
the nth order equation (**) may then obtained from a fundamental matrix for the linear system. 
Specifically. in each of the n x I columns of functions in a fundamental matrix for the system, 
the 1. 1 entry is a solution to (**) and so the n functions in the first row of the fundamental 
matrix for the system form a basis for the solutions to (**). 

57. Prove thaI the matrix, A, of coefficients of the system of n first order equations obtained 
from (**) is the transpose of the companion matrix of the polynomial x'! + all _lxn- 1 + .. 
·+aIx+ao· 

S8. Use the above methods to find a basis for the vector space of solutions to the following 
differential equations 
(a) ) ,111 - 3)" + 2y = 0 
(b) y"" +4y'" +6y" + 4y' + y = o. 

A system of differential equations 

yi = F1(YI.)'2, ... , Yn) 

Y2 = F2(Yl.)'2 •. ..• Yn) 

= FII (YI,)'2.···. YII) 

where Fl, F2 • ... , F" arc functions of n variables, is called an autonomous system and it 
will be written more succinctly as y' = F(y). where F = (F1, ... • F/1)' (The expression 
autonomous means "independent of time" and it indicates that the variable t - which may 
be thought of as a time variable - does not appear explicitly on the right hand side.) The 
system (*) is the special type of autonomous system in which each Fi is a linear function. In 
many instances it is desirable to analyze the behavior of solutions to an autonomous system 
of differential equations without explicitly finding these solutions (indeed, it is unlikely that it 
will be possible to find explicit solutions for a given nonlinear system). This investigation falls 
under the rubric "qualitative analysis" of autonomous differential equations and the rudiments 
of this study are often treated in basic calculus courses for 1 x I systems. The first step in 
a qualitative analysis of an n x n autonomous system is 10 find the steady states, namely the 
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conSlant solutions (these are called steady states si nce they do not change with t). Note that 
a conslant function y = c. where c is the n x I coostant vector with entries q •...• Cn. is a 
solution to y' = F(y} if and only if 

c: =0= Fj(CI •...• cn} fori = 1,2 •.... n. 

so the steady states are found by computing the zeros of F (in the case of a nonlinear system 
this may require numerical methods). Next, given the initia1 value of some solution, one wishes 
to analyze the behavior of this solution as t -+ 00. This is called the asymptotic behalliorof the 
solution. Again. it may not be possible to find the solution explicitly. although by the general 
theory of differential equations a solutioo to the initial value problem is unique provided the 
functions Fj are differentiable. A steady state y = c is called globally asymptotically stable if 
every solution tends to cas t -+ 00, i.e .• for any solution yet} we have lim )'j(t) = Ci for al1 
;=1.2, ... ,n. 

In the case of the linear autonomous system (*) the solutions form a vector space. so the 
only constant solution is the zero solution. The next exercise gives a sufficient condition for 
zero to be globally asymptotically stable and it gives one example of how the behavior of a 
linear system may be analyzed in terms of the eigenvalues of its coefficient matrix. Nonlinear 
systems can be approximated by linear systems in some neighborhood of a steady state by 

considering y' = Ty, where T = ( ) is the n x n Jacobian matrix of F evaluated at the 

steady state point. In this way the analysis of }inear systems plays an important role in the local 
analysis of general autonomous systems. 

59. Prove that the solution of (*) given by Yi(t) = 0 for aU i E Il, ...• n} (i.e .• the zero 
solution) is globally asymptotically stable if all the eigenvalues of A have negative real 
parts. (For those unfamiliar with the behavior of the complex exponential function. assume 
all eigenvalues are real (hence are negative real numbers). Use the explicit nature of the 
solutions to show that they all tend to zao as I -+ 00.] 
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