It tollows that the point ¢ 1S an nterior point of i, contradicting tne
assumption that {b5}£, has no accumulation point in {2. Thus the set £
has no finite accumulation point, and hence, by Theorem 7.1.2, we can find
a meromorphic function f1(z) with the prescribed singular parts at each of
the points in E;.

In the case of E», we claim that § — 0 (k — 00) if there are infinitely
many points in E,. (In case E consists of only finitely many points, the
proof of the theorem is immediate.) For otherwise, there exists € > 0 such
that 6, > ¢ > 0 for infinitely many k, and therefore |bx| < L for infinitely
many k. Therefore, as before, F, has a finite accumulation point in Q.

Now, for each k, let ¢, € 9S such that (see Exercise 2.10)

_Fn — Qn_ =.0p = &wﬂgf %bv

(if there are two or more such points, take an arbitrary one), and expand
Py Aul_fv in Laurent series with center at ¢ in the region {z € C;
|z — ck| > O}

1 w, AP AP
P = .
rANISQV Ao +NI§+ANISLN+

The right-hand side converges uniformly outside any disc D(ck, 7) (r >
61), so choose a partial sum @ x(z) of the expansion above such that

Py ANIWﬂv — Qx(2) H

< > z & D(ck, 26k).

Then

=3 (B (=5) )

k=1
brEE

is a meromorphic function with the prescribed singular parts at each of
the points in E. Because 6 — 0 (k — o0), if K is an arbitrary com-
pact subset of  we can choose N sufficiently large such that the discs
D(cg, 26x) are disjoint from K for all k > N.It follows that

WU TU» Aﬂwﬂ»v = @imvw

E>N
brEEH

converges uniformly on K. Thus f1(z) + f2(#) has the prescribed behavior
everywhere in Q except possibly at 0 and oc. Finally, we add to this sum

Ine singular parts al U and oo 1I INey are prescribed poies, auu we vutaus «
meromorphic function with all the desired properties. O

The Weierstrass Theorem 7.2.1 can also be extended to a general
region:

THEOREM 7.3.2 Let {ax}$2, be a sequence of distinct pointsinaregion
Q having no accumulation point in Q, and {my}32, a sequence of positive
integers. Then there exists a function analytic in Q with a root of multi-
plicity my at ay forallk €N, and nowhere else.

Proof. The proof is left as Exercise 7.33. O

Using this theorem, one can show that given an arbitrary region ) there
exists a function analytic in § that cannot be extended analytically to any
region properly containing (; that is, the boundary of the region 2 is the
“natural boundary” of this function. (Cf. Theorem 8.2.3.)

7.4 Infinite Products

A naive definition of convergence of an infinite product

[[a (ar€C keN)
k=1

would be: Set .
P, = ZS(, (k € N).
k=1
If the sequence {p,}ox; of partial products converges 1o a (finite) limit,
we shall say that the infinite product

0
[T a
k=1

is convergent and its value is the limit above.
This definition has some defects:

(i) Consider the product [[;Z k. We have p, = 0 for all n, and so the
product is convergent, but the product [1%2, k, obtained by deleting the
first factor, is divergent. This is in contrast to the situation in infinite
series where removal of a finite number of terms does not alter the
convergence of the resulting series.
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(ii) Next, consider the infinite product [T~ H“.QH Here
"ok 1 2 3 n 1
T = m P O - .
k+1 2 3 4 n+l1l n+1

hence lim, .., p, = 0. Thus the product converges to zero although
none of the factors is zero. This situation is rather awkward and incon-
venient for our purpose, as we shall see in the sequel.

Therefore we shall adopt the following more restrictive

DEFINITION 7.4.1 An infinite product [ 3=, ax is said to be convergent
if

19 At most a finite number of factors ay, are zero;

20 Partial products obtained after removing the zero factors (if any)
approach a limit;

30 The limit mentioned in 2° is not zero.

Then, if the product is convergent, its value is defined to be the limit
mentioned in 2° provided no factor is zero; otherwise its value is zero.

EXAMPLE.

(a) The product0-1-0-1-0-1---1is divergent because it does not sat-
isfy 1°.

(b) The product0-0-0 - w . w 3. m .- - satisfies 1° and 29, but not 3°, and
is therefore divergent.

(c) The product0-0-0-0-0-1-1-1---1is convergent to zero, because

19,29 and 3° are satisfied.
(d) The product [J¢%, #! has partial products

H.w.w.h...ﬁzlcg._.:

=3 )
1 3 2 4 3 n n—1\n+1
B DED G
I~ n+1
T2 n

. .oon+1 1
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Thus the product converges to W
It follows from the definition that

(i) If a product is convergent, then a finite number of factors may be
removed and the resulting product will still be convergent.

(ii) If a product converges to zero, then at least one of the factors is zero.

(iii) An infinite product [J%2, ax converges if and only if there exists
an integer NV such that the sequence {J]j— @k foo— converges to a
nonzero limit.

THEOREM 7.4.2 (Cauchy Criterion) A necessary and sufficient condi-
tion for the convergence of the infinite product [13Z, ax is that, for every
€ > 0, there exists an integer N such that

m
U_.H ar | — 1| < € whenever m >n > N.
k=n+1

Proof. Necessity. Suppose that the product [[z2, ax converges. Because
a finite number of zero factors can be ignored, we assume that none of the

factors is zero. Then
pn=JJax —p#0 (as n— o).
k=1

Hence the sequence of partial products {p,}52, converges, and, by the
Cauchy Criterion 2.1.2 for sequences, given € > 0, there exists NV such
that

|p|

|pn| > Dk |pm — Pn| < €- 5 whenever m > n > N.
Thus
m m.E
1 = |HH@|3|_H_?;|?_A __wnm
k=n+1 Pn _%d_ 1Pl
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Sufficiency. Assume that for every € > 0 there exists /V such that

m

E ar | — 1| < e forallm >n > N.
k=n+1

Then the condition 1° in the definition of convergence of an infinite product
is clearly satisfied.

Next, set € = w“ then, from the hypotheses of the theorem, there exists
N such that
i 1
”_.lh ap | — 11 < 7 whenever m > N;
k=N
that is,
! & wsleh ag| < = (m>N)
2 FT2 =0

k=N
Hence, if {[]7. v ax}°_y has a limit (as m — o0), then this limit is not
Zero.
Now let ¢ > 0 be arbitrary. For this ¢, there exists V' such that

m

HH ar | — 1| <€ wheneverm >n > N'.
k=n+1
m n n m w
HI._”Q&IHI._”Q»H EQ» m@» IHAMP
k=N k=N k=N k=n+1

EoiaoaSv:NBmi,Zq?@Hrcm,g&mmoncosooénmwo: oﬁq
the Cauchy Criterion 2.1.2, the sequence {[[fL @k} iS convergent.
Because it has a limit different from zero, the original product is also

convergent. a
Taking m = n + 1, we obtain

COROLLARY 7.4.3 A necessary condition for convergence of the prod-
uct [13=, ax is that

lim ar = 1.
k—o0

AH._.WV or MH_AHIWV

The divergence of

—14

e
Il

1
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On account of this corollary, it is convenient to write

ar=1+ck, cx—0 (k — ),
and
[Tar=TIA+cx)-
k=1 k=1

DEFINITION 7.4.4 If the infinite product
TT (1 + fexl)
k=1

converges, then we say that the product [13Z; (1 + cx) converges abso-
lutely.

EXAMPLE. The product [[52, T - Wmﬁv = W does not converge

absolutely.

THEOREM 7.4.5 An absolutely convergent infinite product is con-
vergent.
Proof. This follows from the Cauchy Criterion 74.2 and the in-

equality:

m

II (4fel) g -1 O

k=n+1

I a+erp-1]<

k=n+1

THEOREM 7.4.6 The infinite product [[7—; (1 + ck) converges absolutely
if and only if the infinite series S22 | ¢ converges absolutely.
Proof. Assume that 3 _jo |cx| < oo. Set

n

Pn = E AH + _n»_v

k=1

(n € N).

Then, clearly, p,, > 1forall n € N, and the sequence {p, },Z is monotone
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above. We have

pn = [ (1 +lexl) < TT exp {lexl}
k=1 k=1

n o0
expi D lexl p Sexpq > lexlp  (n €N),
k=1 k=

where we have used the inequality 1 + z < €® (z € R).
The converse follows from the obvious inequality

S el < TI (+led) -1

k=n+1 k=n+1

and the Cauchy criteria for series and products. a

Remark. The theorem is no longer true if the word “absolutely” is de-
leted, for the convergence of []%2;(1 + ck) neither implies that of
322, ¢k nor conversely. (See Exercise 7.18.)

COROLLARY 7.4.7 The convergence and the value of an absolutely con-
vergent infinite product are independent of the order of its factors.

Remark. This is an analog of the theorem obtained by replacing “prod-
uct” with “series” and “factors” with “summands.”
Proof. Suppose p = [[72, (1 + ¢) is absolutely convergent. Then we

have
oo
MU lek| < o0.
k=

Let p’ = [[%2, (1 + ¢}) be an infinite product obtained by changing the
order of factors. Then, as sets, we have
{ct; k eN} = {c}; k e N},

and by the remark above about absolutely convergent series,

[ee] o0

> ekl = > lek| < 0.

k=1 k=

It follows from Theorem 7.4.6 that the infinite product p’ = []32; (1 + )
converges absolutely. Set

pn=TTA+er). p.=TT(1+).
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Because p, — p (n — o0) and p,,, — p’ (m — o0), for given € > 0
there exists N’ such that

lpn —p| <e¢ and |p,, —p'| <€ (wheneverm, n > N).

Moreover, by the absolute convergence of [Jz2; (1 + cx) there exists a
natural number N > N’ satisfying

n
I] (1+1exl) p —1 <€ (whenevern > N).
k=N
Letting n — 0o, we obtain
[ee]
I Q+lel)p-1<e
k=N

Now, by choosing m (> N) sufficiently large, we can make every term

¢1, Ca, ..., Cv appear in cj, ¢, ..., ¢;,; hence
j2 -
AISI Vm :” (14 ek]) p —1<e
PN k=N+1

(We have tacitly assumed that p # 0; a minor modification of our argument
covers the case p = 0.) It follows that

[Pl — pn| < € |pn| < € (Ipl + ).
Therefore,

lp— '] < |p—pn|+ |pn = Pl + 1P = Pl
< e+e(lpl+e)+e=€(lpl+2+¢) O

EXAMPLE. (Euler) We now turn to the Euler identity. First label the
primes?

2 Euclid proved that the sequence of primes never terminates.

Euclid’s Proof. Assume the number of primes is finite, say pi1, p2, ..., PN- Let
g=(@p2---pNn)+ 1
Then a ic rertainly laraar than tha laraact nrima hanca ho homathanic ~ Ansnsas Ras waluss
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pr=2, p=3, p3=35, pa=7,...,etc.

Because the sequence of primes never terminates, we may consider the
infinite product

= 1
m — (s>1)
paintl el )
Here
EQH|H||MIHHJH|“ moﬁrmﬁoAQAW (k> 2).
1 - py p;—1 j

The series Y pe; u_m converges, for it is just a part of the (absolutely) con-
vergent series Y = 7=, and we have shown that the product 1% ¢ wl
TPk

converges absolutely for s > 1.

We now consider a typical factor 1

—. Because 0 < p.° < 1 (for

1-p,
s > 1), we obtain
|H||IMHH+PMM+FMM%+..;
1—p,.
mL|I8 1+ 5 +pT254...
1 Imlm +p. + D + .
k=11 " Pk k=1

If there existed a “distributive law for an infinite product of infinite
series” then the right-hand side would become

ST PP,

any prime px. Then
pi|(p1p2---pn), but pfl.
Therefore
pefg (k=1,2,..., N),

and so ¢ is a composite number that is not divisible by any prime; but this result is absurd.

Remark. The expression ¢ can be used to exhibit new primes given an initial set; for if
q is not a prime, then its factorization must contain a new prime. For example, let {2, 3}
be the initial set. We have

2-34+1 = 7 (prime);

2-3-7+1 43 (prime);
2-3-7-43+1 1807 = 13 - 139;
2-.3.7-13-43-139+ 1 = 3263443 (prime);
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where a, 3, ..., A are distinct and a, b, ..., [ are nonnegative integers.
Thus, by the unique factorization theorem for natural numbers, we obtain,

formally,
~ oo
[[——==2 %

k=1 P n=1

This is the renowned Euler identity, which equates an infinite product
involving all primes and a series involving all positive integers. We now
proceed to justify the result which we have obtained heuristically. First,
consider the product of the first m factors; that is,

m 1 m " \~
[[—==T[(1+m +m>+) =2
k= - N:Mm k=1 A " o v n?

where the summation Y’ runs through all the natural numbers 7 whose
prime factors are less than or equal to py,. Because the set of such numbers
includes all the natural numbers less than or equal to p;,, we obtain

o | i 1 fe | 1
Ss<lli—==2X=+2"%
n=

n® il Pk

Because the series 5" :F is a subseries of the (absolutely) convergent series
2 S :_m . we can make it as small as we please by taking m sufficiently
large, and we obtain the desired result. We repeat, for emphasis, that the
Euler identity has been demonstrated only with the restriction s > 1.

If s = 1, then the inequality

Nua:H m H—

still holds. It is now evident that, with suitable interpretation, we are
justified in writing

in the sense that the series and the product both diverge to co. This fact,
in turn, implies the divergence of the series 32, ——; but L < 2

k=1 p,—1° pr—1 = pi’
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that there are infinitely many primes. Since ) 2, % does converge, we
see that, in some sense, the squares are sparser than the primes.)
It should be remarked that the function
= |
()= —

ns
n=1

(Rs > 1)

is the restriction to ®s > 1 of a meromorphic function known as the
Riemann zeta function (it turns out that {(s) — mw_ is entire). This function
has inspired the most celebrated conjecture of modern mathematics—the
Riemann Hypothesis—that all the nontrivial roots of ((s) (i.e., other than
the simple roots situated at negative even integers) are on the line Rs = w
Hardy proved that ((s) has infinitely many roots on the critical line.
Hadamard and de la Vallée Poussin also proved, independently, that ((s)
has no root on s = 1, but the problem of whether or not ¢(s) has roots in
the half-plane Rs > 1 still remains open.

In passing we mention another celebrated theorem closely related to

the Riemann Hypothesis.

Prime Number Theorem (Hadamard-de la Vallée Poussin) If m(z)
denotes the number of primes less than or equal to x, then
2 ()

. thatis, lim ——— = 1.
z—oo z/logx

m(z)

Gauss guessed this relation after looking at a table of primes in the first
10000 integers. As an example, let z = 100; then

- logz

@ 100
~ — ~22. but 7(100) = 25.
logz 4.6 , but 7(100)
For z = 10°,
X HO@ 6 9 6
~ —— ~ 48 ~ 50.5 x 10°.
Togz 207 x 10°, =(10”) = 50.5 x 10

These two cases show that the convergence of wﬁwv while assured, is
very slow. i

We now return to the general topic of infinite products. If {fa(2)}22,
is a sequence of functions defined in some region 2, then we can consider

the problem of local uniform convergence of the infinite product

TT{1+ fu(2)}
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DEFINITION 7.4.8 Let { fr(2)}32 be a sequence of functions defined in
a region Q. The infinite product [[32,{1 + fi(2)} is said to be locally
uniformly convergent on 0 if for every compact subset K C Q there
exist at most finitely many factors in the product that have roots in K, and
if these factors (if any) are deleted, the partial products of the remain-
ing infinite product converge uniformly on K to a function that does not
vanish on K.

THEOREM 7.4.9 (Cauchy Criterion) A necessary and sufficient condition
that an infinite product

141+ £.())
n=1

converges locally uniformly on  is that, given any € > 0 and an arbitrary
compact subset K of 0, there exists an integer N = N (K, €) such that

- .
Hl‘_”ﬁ._.\?uvw —-1|| <e for m>n2>N.
k=n+1 K

THEOREM 7.4.10 Let {f.(2)}5%, be a sequence of functions continuous
on a region Q. If the series

|2 + [ ()] + -+ | fal2)] +

converges locally uniformly on (2, then

(a) The infinite product

oo

p(z) = [T{1+ fu(2)}
n=1
converges locally uniformly to a continuous function on Q.

(b) In particular,if f,(z) € H(Q) (n € N),then the product is an analytic
function that has a root in ) where and only where at least one of the
factors in the product has a root.

(c) Moreover, if the product does not vanish, then the logarithmic deriva-
tive w\% of the product p(z) is the sum of the logarithmic derivatives
of the individual factors, that is,
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and the convergence is uniform on every compact subset of § not
containing roots of p(z).

[e¢]

Proof. Let K be an arbitrary compact subset of Q, and {pn(2)}nz
the sequence of partial products. On account of the uniform convergence
on K, 322, | fa(2)| defines a continuous function; let o be its maximum
value on K. Then, forevery n € Nand z € K,

T+ Al < [T+ 1A60
k=1 k=

TT exp {12} = exp {32 1)l b < 7.

k= k=1

lpn(2)] =

IN

Therefore,

1Pa(2) = Pac1(2)] = [paci(2) - fal2) S €1 fa(2)] (2 € K).

Now, by the uniform convergence of the series on K, given € > 0, there
exists an integer N such that

> 1fal2) <€ forall z € K.
n>N

Then, for m > n > N,and z € K, we have
lpn(2) — @:.IANV_ + _%:.IANV - ﬁ:+NANV_

+---+ _EBI;NV .IMGSANV_
e {| far1(D)| + [ fap2(Z) + -+ | fm(2)]} < €7 - €

Pn(z) = pm(2)] <

A

Thus, by the Cauchy Criterion 2.4.1, we have the desired local uniform
convergence of the product, and hence p( z) is continuous on 2.

Part (b) concerning the analyticity is a consequence of Corollary 4.5.5,
and the assertion about the roots follows from the definition of the conver-
gence of infinite products.

As for Part (c), because p,(z) — p(z) locally uniformly on {2, by
Corollary 4.5.5 we also have p/,(z) — p/(z) locally uniformly there.
Thus

ml =Y L N

larallyr nimifarmlyr measridad

§7.5 BLASCHKE PRODUCTS 235

However, a simple computation gives

P(2) < fil2)
=2, Tw»\im%

k=1

and so

provided p(z) # 0. O

52
2
n2

Fix an arbitrary R > 0. If z € D(0, R), then we have

because ) .7, m.w < 00, the infinite product converges uniformly in the
disc D(0, R). Because R > 0 is arbitrary, we conclude that f(z) is an

entire function.

7.5 Blaschke Products

We know that the roots of an analytic function cannot accumulate inside the
region of analyticity unless the function is identically zero. Furthermore,
if the function is not identically zero, then the number of roots inside the
region is (at most) countable. (Why?) More can be said if the function is
bounded.

THEOREM 7.5.1 (Blaschke) Let f(z) be a bounded analytic function, not
identically zero, in the unit disc D. If {a, }22, is the sequence of roots of
f(2) in the unit disc D, each repeated as often as its multiplicity, then the

product
E |an]

n=1
is convergent,; equivalently,

[o.¢]

Muﬁ — |an|) < o0.

m=1

Proof. If f(z) has only a finite number of zeros, then there is nothing



